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•PREFACE. 



The following work contains treatises on the sciences of Statics 
and Hydrostatics, comprising the whole theory of Equilibrium. It 
was intended as Uie first volume of a course of Natural Philosophy, for 
the use of those who have no knowledge of Mathematics, or who have 
made hut little progress in their mathematical reading. 

The Theoretical principles of Statics are comprised in the first 
THREE CHAPTERS of the work; the remaining chapters contain little 
more tlian a practical application of these principles. 

It is impossible to arrange the parts of a demonstrative science in 
the order of their difficulty ; these first chapters will probably be 
found to present more difficulties to the student than any other por- 
tion of the work. A thorough knowledge of the elementary principles 
discussed in them, is, nevei*theless, a necessary introduction to the 
more practical parts of the science of Meclianics. 

Into every practical quesCion of equilibrium, there enters the con- 
sideration of weight; the mass held in equilibrium, whatever other 
forces may be applied to it, being necessarily subject to the action of 
the force of Gravity. 

A di oussion of the influence of the weight acting in every portioil 
of the mass of a body, upon the conditions of its equilibrium ; and of 
the properties of its centre of gravity through which this weight may 
be supposed, in every position of the body, to act ; constitutes, there- 
fore, the subject of the next, or Fourtli Chapter of the work. 

There is scarcely any case of equilibrium, among the forces com- 
posing which, there do not enter two or more resistances of the 
surfaces of bodies in contact. The question of the resistances of the 
sui-faces of bodies, constitutes, therefore, the subject of the Fifth 
Chapter. The method of treating it is altogether new. 

It is shown, that force applied to the surface of one body by the 
intervention of the surface of another, is destroyed, however great it 
may be, provided its direction lie within a certain right cone ; having 
its vertex at the point of contact, and its axis perpendicular to the 
touching surfaces : and that it is not destroyed, however small it may 
be, provided its direction lie mthout that cone. 

It is by means of this property, that allowance is made for what 
is usually termed, fiiction—which is in reality, no other than the 
difference of the case of the resistance of a surface, as it actually obtains 
in nature, from the hypothetical case of resistance only in the direction 
of a normal : which hypothetical case, introduced in the infancy of 
the science, and intended to facilitate its first deductions, has been 
most unaccountably retained as a principle of equilibrium. 

The nature and properties of the forces from. wVietv^^ft \Xv^ ^o^sSa- 
briam of matentd bodieB commonly resulia, liaVm^ \i^cti \X\x3a ^srk. 
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tallied, the nest eioht chapteiis present tlie applieotiun of tlie»^^ 
tlie Inclined Plane, the WeJge, the Lever, the Wheel and Axle, tJ*^ 
Screw, tmd the Pulley; usually termed the Mechanical Powers, 

Cliapfers Fourteen and Fifteen contain the theory gf the equili- 
brium of systemd of variable form. It is ihown, that tlie conditiotJS 
of the equilibrium of a rigid system are neceaary to the equilibriuff^ 
of the same system, when made to admit of variatiun in its form, but 
not gi0eietU. And from this principle are deduced certain conditions 
of the equilibrium of polygons and frames of rods and cords, of the 
catenary, and finally, the conditions of the equilibrium of bodies in. 
contact, including the Arch. 

Chapter Sixteen contains aDiscussion, of Dr. Young's theory of the 
strength of materials, and a table of moduli of elasticity and extension. 
Jn Chapter Kighteen, will be found Lagrange's celebrated Demonstra- 
tion of the principle of Virtual Vttocities, which it has been attempted 
to bring within tlie comprehension of ordinary readers ; and Chapter 
Kineteen, which contains tlie theory of Resititances and a demonstra- 
tion of tile new prmciple of Least llesistance, completes the theoiy of 
Statics. 

The tlieory of Hydrostatics or the Equilibrium of Fluid Badie% 
presents the extreme case of the equilibrium of a syslem of variable 
fcnn. Any portion of such B fluid mass in equilibrium, is tlierefore 
Bubjeot to the same conditions, as though it were a solid ; togetlier 
with such otlier conditions as result from Its fluidity. It is on this 
principle, that the whole theory of Hydrostatics is built. 

In the Firat Chapter is discussed the principle of the equal 
^atribution of fluid pressure; in the Second, the conditions of the 
equilibrium of a heavy fluid ; in tlie Third, the oblique pressure of a 
heavy fluid, the foi-ma of embankments, tlie centre of pressure, &c.j 
the Fourth Chapter treats of the conditions of the equilibrium of 
floating bodies ; the Fifth, of specific giaritj', and the instruments- 
used for determining it: and the last, treats of the Science of Ihien- 
matics, or the Equilibrium of Elastic Fluids, and the Hydraulic 
Instruments dependent upon it. 

Throughout the whole, on attempt has been made to bring the 
principles of exact science to bear upon questions of practical appli- 
cation in the arts, and to place the discussion of these within the 
reach of the more intelligent of that useful class of men who are con- 
nected witii the manufactures of the country. 

The Autiior has to acknowledge his obligations to the work of 
il. Dupin, entitled Mcchanigiie appliquie aux Arts, for several of 
Ihe illustrations of the Parallelogram of Forces, and the Centre of 
Gravity ; and to the popular work of Dr. Lai'dner on Hydrostatics, for 
the rules stated to he tliose which govern the relation of the changes. 
of tlie barometer, to ilie changes of the weather, ^h 



INTaODUCTIO:^ TO THE STUDY 



NATURAL PHILOSOPHY. 



It is esBoitial to tlie developemenf of tlie energiea of tl 
inMleetua] principle which is within us, ihat an intercourse 
cttablished between it and the material exiBtencea nithoi 
The immaterial and undying soul is, in this, our preaent >tal 
K) wrought around and entrammelled hj its material apj 
dagea, as to be incapable of any availing exercise of iis powM 
until they hare first been Bcboolcd and diaciplined hy that i 
terooarse. Without it, reaioning there could be » 
tliere would be no data: memory none, where nothing had b 
perceiTed; imagination none, where there was no rciJity. ^kI 
ludy might combine all the existing elements of its power and 
h^\ity ; the blood of life might flow through it ; the Bonl might 
iitAim it her accustomed seat; and the Bensea, her ministers, 
tuight be disposed around, ready to do her bidding ; but were 
were no external objects whereon to occupy those senses, or 
^ttt the sentient principle careless or unable to avail herself of 
Iheir ministry, the whole would present the emblem of a death- 



h 



repose, of a perpetual and dreamless sleep. 



Foe the carrying on of this intercourse, man is provided, i 
^t organs of sense, with means, of boundless application, an 
ot most esi^uiaite contrivance. The Hand, for instance, : 
rapable of moving accurately to any point; of varying thl 
quantity and direction of its motion and pressure in every con^J 
ttivable way ; and, hy habit, it may be made to measure am* 
lo take notice of this power and direction with inconceivabl 
mioufeness. The manual skill acquired by punters, sculpto 
and operative mechanics, is no other than the application of i 
knowledge of the efiects of difierent, and of exceedingly minute, 1 
developements of force, accurately measured, both as to their 
quantity and direction, in the mechanism of the hand, and 
treasured, with these results, in tlie memory. It is beyond tha 
power of imagination to conceive the variety and cr>tn^lex.il^ q 
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its operations. 'Writing is one of the simplest of them, and 
in the formation of everj written character, there takes ph 
a certain minute deTelopement of force, varying in quantity, 
and direction ; which is accurately poised in the hand as to its 
qnantity, measured as to its direction, and remembered, and 
may be re-produced, the Game, even ^vithout the assistance of 
the sight. 

The Hand serves further as a probe, to measure the degrees 
of the hardness or softness of hodies, and the sraoothness of 
their surfaces; as a balance, to compare their weights; as a 
thermometer, to estimate their temperature. ' 

The Ear estimates for us the motions of the minute atoms 
of that form of matter (the air,) which is among the moat sub- 
tile ; regular vibrations of the atmosphere, when made ivitli 
different velocities, producing distinct sounds. And, similarly, 
the Eye notes the motions of the still more minute particles of 
light, indicating their different relations in the varieties of 
colour. How exquisite must be the mechanism which enables 
US thus to measure the force of impulses of whose existence the 
lightest body we can conceive, however delicately suspended, 
will, when opposed to them, give no perceptible evidence ; im- 
pulses of atoms so minute, as to be incomparably less than the 
smallest portion of matter whose distinct existence we have ever 
been able to recognise ! 

Exquisitely wrought as are the senses of hearing and sight, 
who will assert that any superfluous contrivance has been be- 
stowed on their construction ? Were it not for the perfect 
sympathy thus established between our organs of sensation, 
and those subtile fluids of air and light which pervade the space 
in which we exist, all that we see, having distinctness and 
form, and all that we hear of modulated sound, would have 
"been lost to us. There might, with less of contrivance in the 
•eye, have been the perception of light, but there could have 
tjeen none of those exquisite varieties of shade and colour which 
enable us to appreciate the objects we look upon ; and so, with 
a less delicate mechanism of the far, there might have been 
hearing, but all distinction of the rapid and evanescent varieties 
in articulate sound would have been impossible, and there could 
have been no perception of measured harmony. 

Not only has man the means of carrying on the intercourse 
thus essential to nil that constitutes his active existence, but he 
is irresistibly impelled to the use of those means, and to the 
establishment of that intercourse; for, the circumstances in 
which man is placed, impel him, of necessity, to acquire the 
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e nliich he Los tLua the means of acquiring. He is 
itituted as never to he capable of deriving entire satis^ 
^ from anything which he may ohtajn. Not only is he 
with senses enabling him to distinguish the iiunutest 
differences of external things, hut each of the perceptions which 
Ete thus obtains is coupled ivith an emotion equally delicate and 
1, of pleasuie or pain. Thus exquisitely sensitive, he finds 
If urged perpetually by vrants which nothing in the world 
kabita offers tUelJ' to gratify, liable to calamities which 
Sbg, of itself, interTcnes to screen him from ; and he is 
without the hope uf some enjoyment, or the terror of some 
nBering. 

This apparent destitution of man is the great element of Jus 
intellectual and physical superiority; inasmuch as it forces him 
to the acquisition of that kkowlkdce in which he finds the 
Mcret of supplying his wants. Nature has so ministered to the 
comforts of inferior animals as to limit the wants they arc theih- 
selres called upon to supply to a definite and an exceedingly 
Bmsll number; and limited as these wants, arc their means of, 
peicoiving the qualities of the external things which are neceiH 
Huj for their gratification. 

Han is a cieature of boundless desires and wants, niid lie is 
thu intellectually and physically great, because his desires and 
tiswants are thus boundless. Urged on in a perpetual round 
of Dew sensations, every one of which is more or less perma- 
nently registered by the memory, and rendered an element o£ 
knowledge; he may he called emphatically, as distinguished 
fiom ail others, a learning animal. Had he possessed no other 
iilinctive qualification than that of organs infinitely better 
snitt'd than those of any other class of animals, to convey to his 
mind distinct perceptions of the material world in all its modi- 
firations, coupled with equally acute emotions of pleasure and 
P«in, together with unlimited desires for the enjojTQcnt of the 
Mo, and for exemption from the other ; and, thus constituted, 
bad he been placed as we find him in a world where nothing 
wu supplied to his hand, for the gratification of these desires; 
■"litre erery desire and every su&eriiig pointed to the kmow- 
"^OE of some class of material existences, through which that 
desire might be satisfied, or that pain avoided: were there no 
tigber attributes of humanity than these, it is scarcely possible 
to affix a limit to the superiority which might, even with these, 
aida, he acquired hy it in the scale of existence. 

Here, then, is evidence of wisdom and goodness even in ' " 
watUt and the snjferiiigs which have been aWoUei \,Q i&a.ii, ' 
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nently calculated to reconcile him to the discomfottj \riiich it h 
pleased IleaTen to place around him — the restleasness of those 
desireB nhich are implanted in hia bosom, and bia apparent 
destitution in creatiou— elements, as these are, of that which 
constitutes hia pre-eminence. With power almost creative over 
the material existences around him — with knowledge, the secret 
of applying that power — with senses, admirably adapted for 
acquiring that knowledge — and with necessities, impelling him 
to its acquisition — let us combine the godlike facultj of reasok, 
a principle of life to the whole, and we behold in man a being 
created for dominion in this lower world. "Thou, God, hast 
made him a little lower than the angels, and bast crowned him. 
irith glorj and honour. Thou madest him to have dominion. 
OTer the works of thy hands." 

Thus furnished for combating with the physical erils around 
him, how complete is his triumph over them ! lie piles up for 
himself a dwelling in which, surrounded by an artificial hea^ 
he endures the storm, and may, if he chooses, scarcely he sen- 
sible of the variety of the seasons. One animal he strips of its 
coat for his covering, the life of another is sacrificed for his 
food, and a tliird hears his limbs in luxurious ease. The earth 
no longer produces the variety of her own spontaneous fruits^ 
but yields her increase under the exercise of his skill. Her 
natural boundaries impose no restraint upon him, the inequalities 
of her surface vanish from his path, and he harnesses the winds 
to his chariot and traverses her seas. No distance removes her 
stores beyond his reach. Within the boundaries of civilization 
it is to be doubted whether there he any individual so destitute 
or so wretched that the four quarters of the globe do not daily 
minister to his necessities or his comfort. 

When, in obtaining for himself the objects of his desires, his 
own strength fails him, he aeizrs upon the forces inherent in 
matter, and brings them, in all their stupeudoua energy, to co- 
operate with his feebleness. He can accumulate the weight or 
attraction of inanimate matter to any extent, and direct its 
combined operation to any point ; that power, as existing ia 
Said matter, he can cause to transfer itself any where, dis- 
seminate itself through any space, and exert itself in producing 
effects, however minute, or however powerful ; in sweeping 
away the smallest particle of dust, or causing to revolve a yast 
complication of machinery. He holds in equal mastery that 
force of repulsion which also pervades matter as universally as 
attraction, and which we call beat. He can unloose it from 
the mineral substances amidst whose atoms it lies bound. He 
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cuiufiue it into others whose pnrts are held together by forces 
inconwirably greater than any we can appreciate ; he cud orer- 
CDme ibose forces, and separate those porta. He can cause it 
tviaonuate itself, for inatuace, nithin the pores of the diamond, 
BCatter the cobesire power which constitutes it the hardest of 
BMterial bodies, and dissolve it in air. In its combinutioa witli 
fluids, in the form of steam, he ran accumulate and concentrate 
Ibis repulsion to any extent, and cause it to transfer itself to 
an; point where it may suit him to avail himself of its energies. 

No less complete is his control in the upplicution of tbeso 
poweia when ucquired. By the intervention of moclunery he 
CSBTvytbeir quantity and direction in any way; concentrate 
Cbem (0 as to caose forces, nciiiig through ever so large a spaoc; 
loeiert themselves through ever so small a one, with cnergiei 
greater as that space is less, lie can again dilute these in anj 
degrep, 90 as to cause them to exert a feebler influence over a 
liijer space. The same quantity of power which, with infinitfl 
ligbloess, but inconceivable rapidity, fines the point of a needle, 
loay likus, under another form, be made slowly to lift the ham- 
nwrgf a forge. To carry on the iinulogy of a iluid, he can pour 
iia force from one body to another, accumulate successive in- 
flucs, and then throw their united energy wlierever he chooses 
(s avail himself of it. How wonderfully is it seen acting in tha 
different parts of a manufactory, moving as it were through 
huge <:hanne[s along its centre, thence diffused in smaller veins 
toils extremities, and fielding there to each workman a fouii* 
bin of power proportioned to bis wants ! 

It is not, however, in respect to his physical nature alone 
liatbe is thus elevated in creation. In respect to his moral 
'"i religious nature also, uuin enjoys a high privilege in the 
camrerse which it is permitted him to bold with the Most Iligti 
«iiis works. However a knowledge of the truths of Natural 
Siitace may offer to him the means of augmenting bis tempoi-al 
^l&re, did the study of them produce an influence pernicioua 
la him in regard to that welfare which is eternal, who would 
"otwiah that they should for ever be to him as a sealed hookV 
^t it is not so. The principles of physical science, if rightlj" 
newed, point directly to some of the great and most importai^. 
biiihs of Ris^vKLATioN ; above all they lead directly to an assured 
^wledge of the existence and atlrihutes of God. "For the 
invisible things of him from the creation of the world are clearly 
*^en, being understood by those tlungs which are made, even 
ais eternul power and Godhead*." 

* Romans i. 20. 
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The following are some among those numorous processes of 
iDductifc reasoning by ivliich this grtat trutli of revelation may 
be nrriyed nt. 

It is an enrlj operalion of ilie mind, when it turns to the 
consideration of its own perceptions, to make a distinction be- 
tween sucli as it derives perpetually the satne, 'n'lien the senses 
arc directed to the same objects, and those nhich are in their 
nature momentary, or at least transitory. The former, it classes 
as properlics or qiialilies; the latter, a% fads or acliom. Of 
these facta or actions, it is among the first perceptions of erery 
one, that some are subject to liis own Tolition, that it depends 
upon himself to produce their existence or not. Hiinself thus 
acting he designates a catite; and the fact or thing done, an 
effect. Further, among the facts or actions themselves, to 
which he thus stands in the relation of cause, he traces a 
similar dependency, so that each fact is connected with some 
other or others, by a relationship, essential to its existence. 
This necessary relationship, like the other, he calls hy the name 
of cause and cff'ecl. The difference of ihe cases lies only in this, 
that the one is voluntary and the other necessary. To the 
class of facts which are dependent, is given the nati;e of effects; 
and of causes, to those on which they depend. "When the 
actions of which he is himself the immediate cause, become in 
their turn the causes of others ; to these last, they are said to 
stand in the relation of iecondartf causes, and himself of priviari/ 
cause. These secondary causes may in their turn become causes 
of others, and these of others, and so oa through an infinite 
sequence, to the whole of which he stands in the relation, of 
primary cause. 

Now, turning from the facts which are thus linked with his 

own volition, to those which are independent of himself, he 

traces a similar sequence. There is a perpetual chain of cause 

and effect visible through all Nature. Wherever he directs his 

investigation, he finds causes which are hut the effects of other% 

and these of others iu a perpetual chain. Is It wonderful, that 

here too (to complete the analogy) he should look for a ^rst 

cause? A first cause, to which this infinity of sequences stands 

in the same relation that he does to such as are the creatures of 

his own volition. Although his search for that first cause among 

the beings whose existence is made known to hira through the 

medium of sensation, he in vain, yet, ascending through the 

L^^jiain of causes, he has a distinct consciousness that he is 

iHfi^V I ig *° ihejirst cause. The number of facts which he 

^^^^H °*'andin the relation of causes to the rest, continually 

^^^^1^ he proceeds, until at lengl\i,\ie Miwesat «;CT\.!aa. 
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1, leyond which his senses refuse to carry liim ; and these 
id next in order to the first caiiee. They may 
Md under the heads of Time, Space, MATTcn, and Force. 
uideration of these in nil their relations, and through the 
a of effects which grow out of their combination, coa- 
M the science of Natural PuiLosoptiy, or Puveics. 

e of Mechanics, wltich, perhaps, properly includes 
bole, has been limited to those general principles which 
1 the operations of force, in combinatiou with matter, 
T may he the nature of that force. Natural Philosophy 
I with this the investigation and discussion of the forces 
fliBnielres, as to their n.iturit and distinctive properties. j 

Time and Space are, in their nature, one, and indivisible,] 
We can conceive no separation of their ports, such as that, is 
their interval, there sliould be no time or no space. These thff 
mind readily admits to be primary effects and secondary causes. 
Of Matter and Force, there are numerous varieties akeady 
knoirn, and many may remain to he discovered. It is impoB- 
•ible, with any confidence, to rank all these varieties in the list 
of primary effects. The number of existences, believed to stand 
u immediate relation to the first cause, has hitherto continually 
diminished, as science has advanced ; philosophers having, 

:hau«:eeding age, contrived to establish a dependence betweeo 
laiiEee, which those of some preceding age had deemed second- 
M7 and independent. 

Every thing then leads to the conclusion, that the real num- , 
■Krof secondary existences is exceedingly small. Does not thi^ 
Iwk like the mode of the operation of a ihigle agent ? Why 
Itis apparent economy in creative energy? Why these ti'acea 
uogleness of effort? Is it not precisely the manner in which 
w seek to exert our own energies as far as we axe able, within 
the little sphere of operation which is allotted to us? Supposing 
ooifnite -wisdom, knowledge and power, to become iiifiiiile, our 
Mtnre remaining in other respects the same, should we not 
tliiu seek to economize our efforts, in obedience to a law of 
tittt nature, by which we are now perpetually impelled to a 
fite economy! 

Are we not then led to the conclusion, that these few primary 
exiitences, thus endued with a power of infinite reproduction, 
Bpring from the hands of a Being, to whose nature our own 
bears some infinitely remote, but still distinct resemblance ? 
The truth thus indicated by reason, is confirmed by Revelation. 
" God created man in his own image, in the image of God 
created he him." 
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JaaW of bit wrs wiitMn, moj i 
fwmr «^ iMJf/iwg aid '"■T*^ d^o^ fcifetlfai «riik tbe «- 
^pMM«f OMM B^ elect pvwing o«t «f cadi, n ein j «■■ 
■rfmlll iepve, m4 tbt be faM alw Ibe pow«r af a^jnttic Kb 
^Em IB inil laaw, M M to pnJMe ■ cntna RBote e&et, ad 
mMv M«« Mr iM (bn dat efiect. Ibb ad^tioa of flu 
frfMij CMW (ad wMi h of all the inta 
* »w i M eft-di, be alb pesicii. 

It it Am pMHT of d€iign, or conlritsanee, 
Aa triti sa «f mh asd eAxt, in living md inteDigrat brbgi^ 
Ami Ibat whiA rzbte in Ibe opeiatiaB of j p awiwiil e agents ttd 
■riMltPiyI beia^ WbcrercT we tiaoe tfaia reUdoa of eme 
amA dbct, emfM ^A dengn, ifaere we U>a«A>Te conc]a<]e dw 
•xiMeaee a«d operation of ao intelligent being. Now this de- 
jifa ii MAjtCTRn Aroughont Nalore. Every blade of gni^ 
•fWj bad, eretr \tai, etery blos»oiii that the innd sticwa 
MWad ■■, CTCrf eae of those organized and liring beings ivliich 
MWd dM tntentieea of matleTV each of these, in its order, pn>- 
JUima dnigD ia Ae operation of ihat fiist cause to vchidi it 
•MM itB bciag; and tbiu^rt ptochums the existence of a liTing 
asd ialcOigent Cmtf^. 

Tbii argviDMit from design has been rendered familiar to 
C*ay voe by the admirable work of Paley. 

Twning again from the contemplation of the worts of God 
ia ti>» tmivenf, to the consideration of his otvn powers, man 
peroeiTe* that not only can be render those poivers amtlable for 
tbe prodoction of certain remote effects, but further, that he can 
render thoi|g^^ t*iernai powers, over whose action he has no 
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MnCrol, availalile to the same end. Nut in any way modifyiag 
those powers, for ibut is impossiUe, — the mode or law of iheit 
kCiioQ being bj che will of the great First Cause, but apjilyvig 
them. Thus, he can avail hiiust'lf of che grarilaliiig force, or 
trcight, of a stone, to produce eithi^r pressure or impact; the 
utton of the slone is the same, but in the one case the impulsea 
of gravitation which it contiuually receives are aa conlinuall^ 
destroyed, whilst in the other, their accumulated energy is de- 
stroyed a]t(^etber. Nuy, further, he has power to bring about 
the action of these natural causes upon one another. lie can 
bring, for ioatance, matter under the action of force; be can 
subject these is erery variety to the influence of time and spacer J 
fie can, further, induce the operation of these combinationB ujj 
trerj possible degree upon one another. ^k 

Now looking into the natural world, he perceives that tlierS 
must have taken place in it some such operation as that of wbicli 
be thus finds himself capable. All that now exists, might then 
bare existed as it does now; there might have been every atom 
ofmatler, every particle of fotce, and the same space occupied 
thtOQgh the'same time, and these subject to the same laws; and 
jet bad not these been brought und^r the operation or influenco 
cfone another, there would have remained a state of things, 
the disorder of which it is beyond the power, or even the pro- 
Tincfe, of imagination to conceive. The whole would have re- 
Bained without form and void, replete with the elements of 
disorder, and the subject of perpetuid change. Here, then, wa T 
trsce again, evidence of the openition of a First Cause, bringinffl 
together what we hare termed second causes, and thus applyiuCfl 
Ihnr combined action according to the laws which he has hin^*V 
lelf first imposed upon them, according to a method of operatioil>l 
to which man finds something similar, but inconceivably inferior J 
ffl degree, in hb own power. 

There Is yet another proof of the existence of (he Deity, \ 
drawn from strictly scientific considerations, and founded indeed 1 
U the very principles of science, so striking, and yet so llttla J 
geaerally known, that it cannot be here misplaced, although iofl 
tailing the attenlioa of the reader to it, it will he necessary, i 
the argument is of some diihculty, to bespeak his allenllon. 

Force, considered as a principle., or cause, of motion, resides 
permanent!^ in every particle of matter, whether it he animated 
natter or not, the subject of an invariable law, and constantly 
in action. In animated beings a further portion of it is lodged 
nnder the implicit direction of the will; at one dme acliue, at 
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anotlier inert. Now the effects of tliis principle of force, in 
com mDiiicn ting motion to bodies capable of moving freelj in 
space, differ, accordii)}; as llic cause is tbus eonalanl in its actioD, 
or inUrmiilenl. In botli enses the veloeily commimicated by 
each impulse is rclained; but in tbe one case the impulses are 
continually Tepeated, and the Telocity Tcsalting from eacb is bc- 
cumulnted in the tnoTing body; ivbilst, in tbe other, there is not 
necessarily any repetition of the impulse, and the resultant 
Telocity, if there be no such repetition, is uniform. If, there- 
fore, we can trace, in nature, the existence of free motion unac- 
eelcraled, we are assured that it cannot Iiave resulted from the 
operation of any of the permanent forces now acting in matter, 
nnd that it must have sprung from a principle no longer appa- 
rent in it, similar to that ive find residing only in animated 
beings. Now there ib that molion. Looking into tbe system of 
the nniverse, we behold motions, which the existing force of 
gravity is not sufficient, alone, to account for; ^re find effects, 
which cannot have resulted except from the operation of a prin- 
ciple whose action has censed; an impulsive force, umilar to 
that which we find placed under the direction of our own toU- 
tion. Were there no other cause in action, the planets would 
each direct its course towards the sun, and all matter would, 
long ago, hare collapsed in his substance. 

There is no force acting tiaw to draw them obliquely in 
Gpnce, for, if it act nan', it must have acted Irora all eternity, 
and be a permanent force. The orbit and the quantity of 
motion of each planet would then, demonstrably, be oilier than 
it is. Here, then, is proof that at some previous period, there 
acted a Power impulsively upon each, by which it was projected 
into space in a direction other than that which it would, by its 
own inherent attraction, have taken. "We understand, then, 
that the worlds were framed by the word of God, so that, the 
things which are seen were not made of the things which do 
appear*." Wo hiotv that when the universe assumed its posi- 
tion in space, there was there a Being endued with power 
similar to that which we find residing in animated beings, and 
which we call life. We know that " there was a band by which 
the heavens were stretched forth, and a spirit by whom their 
hosts were commanded." 

Not only, however, do the planets revolve round the sun, 
but about certain axes within Ibeniselves, producing thereby the 
alternations of day and night; and these axes are inclined at 
ceituin angles to the planes of their revolution, thereby briiigJDg 
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about the yariety of the seasons. Now to effect all this, as we 
find it effected, the one original impulse must have been made 
mih a certain force, in a certain direction, and at a certain point, 
on the surface of each planet. Here, then, is design. And 
^hen we consider that the whole of Animated Nature is con- 
trived with a view to the alternations of light and heat,— the 
green leaf, the bud, the blossom, and the fruit, in vegetables; 
the clothing, much of the internal organization, and the energy 
and duration of the principle of life, in animals-— do we hesitate 
to admit that design to be the emanation of infinite wisdom ? 

It may be asserted, that these are evidences indeed of the 
operation of a creative power, but of that power acting in sub- 
mission to pre-established laws of force, and that it remains to 
ascertain the existence of a Being in whom those laws have 
their origin. To this argument, again, science furnishes us with 
a direct answer. Although this principle of force is shrouded 
from our view with a mystery, which Nature throws about no 
other of her operations, yet here too, are we enabled to see far 
enough to distinguish infinite contrivance in the laws by which 
it is governed; and contrivance is indubitable evidence of crea- 
tive wisdom. 

^ There is observable throughout nature^ a wonderful economy 
of this principle of force. Animal beings, in whom it is placed 
in subjection to the will, are impelled to that economy, (under 
the direction of instinct, or reason,) by the sense of weariness 
and exhaustion. In eveiy particle of inanimate matter, it is 
implanted, directed to the same object, by infinite wisdom. 
Accordingly, we find in the former class of beings, perpetual 
efforts at the economy of force, which are necessarily feeble and 
erring; and in the latter, ihal economy perfect. Throughout 
inanimate nature, all is done with the least possible action; no 
developement of force, however minute, is thrown away. 

The nature of the principle to which reference has been 
ffiade will, perhaps, be better understood from the following 
illustration. If I wished to ascend or descend a hill, or pass 
from one portion of it to another, with the least possible mus- 
cular exertion, or expense of force, a slight consideration would 
show me that the precise path to be pursued, would be depen- 
dent on the form and inclination of the diiSerent parts of the 
hill; upon the nature of my own muscular energies ; and upon 
other data, of which I could scarcely by any possibility acquire 
a knowledge, and on which when known, my intellectual powers 
would be quite insufficient to enable me to found a conclusion. 
Under these circumstanceSy the chances aie iu?imV^\^ ^^^\&x> 
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nild select the wrong than the tight path. 
vrere to project a atone up the Iiill, or obliquely across it, ot 
Buffet it to roll down it, whuteyer obstitclea opposed its motion, 
whether ihey arose from friction, resistance, or any other cause, 
coDfitaut or casual, still would the stooe, when left to itself, ever 
pursue that path ia which there was the least possible expendi- 
ture of its efforts; and if its path were fixed, then would iti 
effoits be the least possible in that path. This extraordinary 
principle is called that of least action; its existence, and ani- 
Tersal preraknce, admit of complete mathematical demonstra- 
tion. Every particle of dust blown about in the air, every 
particles of that air itself, has its motions subjected to it. Every 
raj of light that passes from one medium into another, deflects 
from its rectilinear course, that it may choose for Itself the path 
of least possible action; and for a similar reason, in passing 
through the atmosphere, it bends itself in a particular curve 
down to the eye. The mighty planets, too, that make their 
circuits ever within those realms of apace, which we cull oui 
system; the comets whose path is beyond it; all these are alike 
made to move so as best to economise the forces developed in 
their progress, 

Now, those forces which are not developed by living beings, 
are phinted in the substances in which they reside, by the hand 
of Goil, and subjected to the laws which he from the beginning 
imposed upon them. It has pleased the Almighty, then, that 
the norks of his Lands should ever be wrought in accordance 
with that principle of least effort which he has also implanted as 
s principle of our nature in us, and which, thus impelled, we 
ever develope more or less, in our own feeble eifords. The 
difference lies only in this, that in him this principle acts con- 
trolled by infinite wisdom, and therefore, its operation is per/eel: 
with us it manifests itself under the guidance of a limited 
knowledge and most erring judgment, and its developement par- 
takes in their imperfection. In the adjustment of bis efforts, 
BO as to produce the required effect with the least possible ex- 
pense of force — it has been shown, then, again, that {according 
to a great truth of revelation) man is created in the image of 
Ood, and that he retains the resemblance. The principle of 
force lodged in each particle of matter, has been believed to he 
but a direct emanation of the Deity, lliere acting continually, 
and at every moment. The scrupulous economy of force, the 
■wonderful store (if the expression may be used) ivhich Nature 
sets by it, strongly points to that conclusion. 

Man was created in the image of Ood. And it baa been 
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ni, that, in tlie possession of a power, almost absoluti^, oret 
tk mslerial existences around him; and, in the exercise of an 
intellect whose resources no effort nould seem to exhaust — and, 

1 which he exercises that power and that intel-. 
iM— be may yet be said to retain traces of that original froi 
yfikh he first sprung, and that intnge wherein he ^ 
d. 

not these reflections at once suggest (he contrast of hiti 
condition? What does this description of his majestioj 
creation, the extent of his physical powers, tbs I 
' his intellect, and liis resemblance, in respect to hit I 
id^ncal nature, to the God who made him, so forcibly preseaftl 
to the mind as the degradation of his moral nature, and its &llx 
fiem that perfect image in which we may reasonably condois^ 
Ait it too, as well as his physical nature, was first created^ 

Here, then, is another great truth of revelation suggested by 
the reasonings of Natural Science. 

Ii has been deemed expedient to be thus full in endearour- 

fog to sliow the direct and necessary tendency of the study of 

fiatural Philosophy, to strengthen our belief in some of the first 

^idbrfitndamental truths of revelation, because an opposite ten- 

^^HMrhns been attributed to it. — Were it not an impiety to 

^^^^Mi the manifestations of iuiinite wisdom and goodness ia 

^^Ipad things, otherwise than with sentiments of gratitude to 

ttcCreator, and of deep humility before him, it could at best 

be considered but as an aflectalion or a folly. It is impossible 

to consider a course of instruction complete, which, having foe 

its object to develop the relation of cause and effect in those 

portions of the sequence of natural things which lie within the 

Kope of sensation, does not poitit out their dependence upon 

lliat First Cause which is beyond it. To he taught correctly, 

tfae truths of Natural Science must be taught with a frequent 

iiA direct reference to (he wisdom, the goodness, and the power 

of the Author of Nature, The study of Natural Philosophy 

and Natural Theology, if rightly pursued, are one; and true 

science but a perpetual worship of God in the "firmament of 

His power." 

It may he asserted that we are suf&ciently assured of the 
existence and attributes of the Deity, by that revelation which 
He has been pleased to make of Himself in his word; and that, 
eren were (his not the case, yet that the proofs of it are mani' 
Jul and ever^ rehere; that they require no study, and constitute 
no science. But, alas! although it be true l\ia.t \.Vft ftsiS.^ ' 
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" full of the goodness of God," and that His existence, power, 
jind ivisdom, are every tvhere to be (raced, yet, (erring and feeble 
CIS we ate,) the very ubundance and repetition of th»t proof 
hsTG a tendency to render us insenaible to it. Now ecience 
opens to us, on these points, netv views infinitely more striking 
than any that can be seen by tlie untutored intellect; yiews 
calculated to impose gratitude on the most insensible, and to 
bend in worship the minds of the most slubbDm, 

It has been attempted to point out the physical advantages 
which man derives from a knoivledge of the laws which govern 
the relation of cause and effect, in inanimate nature. This 
attempt will probably be met by the assertion that the know- 
ledge necessary to secure to us these advantages demands no 
study, and constitutes no science; that it b necessarily attained 
or readily attainable by all of us. That all the knowledge of 
natural things which is really practical and useful is given by 
every man's experience. 

It is true that there is a vast fund of knowledge which ia 
acquired by us all in common, and in which Nature herself is 
our instructress; a fund of knowledge, in comparison with vvhich 
all the extraordinary and artificial acquirements of any of us 
above our fellow-men is probably as dust in the balance. The 
whole sum of knowledge nliich a savage, for instance, must 
have acquired, before he could frame together the materials of 
his hut, or hollow out his canoe, is perhaps greater than the 
addilional knowledge requisite to convert that hut into a man* 
sion, or replace that canoe by a ship of the line. But it ia 
equally true that this common knowledge has long ago exhausted 
itself in our common comforts. If we would add to the well- 
being of society we must knom more. It is a great but a pre- 
Talent mistake to suppose that the inventions which have of 
Jale so greatly augmented our physical happiness, have resulted 
eitlier from chance, or from the speculations of men untaught in 
science. The very reverse has been the case. There is scarcely 
a valuable mechanical discovery of modem date, which is not 
in its nature essentially scientific, and dependent upon principles 
either not generally known, or not to be acquired without con- 
siderable research. 

If it be urged that men eminent for their inventions have at 
any rate advanced but liltle beyond mere principle, it may be 
answered that it was because those applications of science to 
the arts which constitute their inventions were to be found even 
in its principles, and on its threshold, not because there were 
not other and even more valuable applications beyond it. 
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Science, in all i(a dtpartments, is rich in knowledge appli- 
cable to the wants of Bociely. It is ivlien pmcttcal men add to 
tbdr experience sound views in iheory, thnt it is made to con- 
tribate its resources to the public welfare. This is, hoivever, 
an exceedingly rare union. The arts are, conaequenlly, rastly 
bebind philosophy. The practical man imagiDcs unreal diffi- 
culties in the attainment of scientific knowledge, and consolea 
UmEelf by underrating the advantages which science has to ofiet J 
bin. The man of science, wrapt up in the pride of abstracts 
reasoning, will not trouble himself to encounter practical difili* ? 
colties. His vocation is to discovery to smooth the paths and 
to extend the donuuns of knowledge; it belongs to the other to 
ibilon in his steps, and to apply it. The considerations which 
haie been here staled have augges 
imk. 

The object of the work, then, i 
men, and others whom it may c< 
Tihieli abstract science has shown ti 
of ibe equilibrium and (he motion of n 



I the plan of the following 

make knows to practical 
those great principle^^ 
determine the conditions 
bodies, subjected 



i operation of force in all its modi6cationB, And to do 
thit, as far as it may be possible, by direct experiment, or by 
elementary reasoning directly founded upon experiment. J 

The author is convinced that much sound and useful me-J 
cbanical information may thus be communicated to those who 1 
\srt aci^uired no previous mathematical knowledge. And moat ' 
TBlnaUe of all scientific knowledge as he holds that to be, yet 
dwt be think it in the highest degree desirable that all such 
■cieatific truths as admit of application to the ivants of life, and 
ff being soundit/ (that is, demonstratively,) communicated, ' ' ' 
out reference to abstract principles, should so be communicatecLB 
At the same time he begs to state, that he can offer a knowledgofl 
of tbe subject of which he is about to treat, ton 
not gifted with a certain share of intellectual aptuess, and who 9 
"Ki not possess an inquiring spirit, — a disposition to attend to 1 
that which is taught him, and an ability to think for himself. 

There is no method of acquiring sound scientific informal 
•wn, without thought and persevering attention on the part o 
tte student; and there is no other than smmd infoimalio 
which can be useful, either as a discipline and high accomplish" 
■Beat of the mind, or as practically applicable in the arts. The 
business of philosophy is with the understanding. That know- 
ledge is falsely aaid meretriciously called scientific knowledge, 
which is intended for the memory, and takes its standing there^ 
Rclusivelj', und which, consisting in no iea\ accyiiie"ta«a!isi V 
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7. If, instead of applying tlie two forces which are thoa 
equal in opposite directions, we apply ihemj both in the same 
direction, the force which must be apphed in an opposite direc- 
tion to sustain the Iwo is said to be double of either of them. 
If we take a third force, equal to either of the two first, and 
applj the three in the same direction, the force which must be 
applied iti the opposite direction to sustain the three, is said to 
be triple of either, and so for nny number. 

B. Thus, fixing upon any one force, and ascertaining hotT 
many forces equal to this are necessary, when applied in an 
opposite direction, to sustain any other forcCj we shall arrive at 
a true conception of the amount of that oilier force, in terms of 
the first, and may compare it witli any third force whose amount 
has been ascertained by reference to the same standard. 

9. The single force, in terms of which the amount of any 
other force is thus ascertained, is called an iiiiil of force. 

10. Forces, whose amount is ascertained in terms of some 
known unit of force, are said to he measured, 

11. The units of force ivUich it is found most conyenient 
to use, are the weights of certain portions of matter, or the 
forces with which they tend towards the centre of the earth. 
The quantities of matter whose weights are used as units of 
force are different in different countries. 

12. With us the unit of force, from which all the rest are 
derived, is the weight of 22'815* cubic inches of distilled water, 
called one pound troy. This being divided into 5760 equal 
parts, the weight of each is a grain troy, and 7000 such grains 
constitute the pound avoirdupois. 

13. When we wish to represent the value of a force, we 
usually wtite down the number of the units contained in it; and 
annex to the figures expressing that number, the designation 
of each unit. Thus, IS pounds avoirdupois, represents a force 
equivalent to fifteen units; each unit being one pound avoirdu- 
pois; that is, each being the weight of a quantity of distilled 
water, found by dividing 2285 cubic inches of it into 6760 
equal parts, and taking one of these parts 7000 times. 

14. Another method, however, of representing the value of 

a force may be conceived. 
B r— 1 1 1 1 1 1 1 i. If «"e take a line A B, com- 
posed of any number of 
equal parts, and suppose each part to represent an unit; then 

* This BtaiiJard is fised by 1 

harometer to stand at 30 inches. 




__ whole line convey to the mind an acurate idea of a 
tii Bs many nnits as there are such parts in it. Now it 

' (nt that on this 

b^lhesis, the actual 

Itnglh of the line is im- a , , , 1 — 

material. Two lines 4 b 

and CD of different lengths may. In fact, represent the same 
force; the lengths of the parts p and i-', representing unitg, 
being different*. For in- p* 

Btaaee, p and p' each re- — 

presenting one pound, ^ | — i — i — i — r — f- i — 

either line will represent 
leven pounds. 

15, Lines taken as ahove, fo represent forces in magnitude, 
tare this father advantage, that they may ho made to repre- 
Btnt them also in direction. Tims, if two forces act upon a 
point in directions inclined to one na- 
Olber at a. certain angle, and two lines 
io and n o be drawn inclined to one 
anolher at that angle, then taking any 
line n, to represent an unit of either 
force, and measuring o P so as to contain b 
B as many times as there are units in 
tlie one force, and oq so as to contain 
It as many limes as there are units in the other; these liu 
wj q will represent accurately not only the relative magni- 
tudes of the forces; hut their relatire directions. And the con- 
Hption we shall obtain of them from the diagram will l>e com* 
plete, if when they act lotvards o, they be supposed to be repre* I 
tented by po and qo; and by oP and oq, when they actyjin 

it. PO and iio taken as nboye, are said to represent the two I 
Eawi concerned in magnitude and direclioii. 

16. It is quite clear that these two forces will not hold the i 
punt to which they are applied at rest, not being equal to one I 
Uother, or acting in the same straight line, and in opposite | 
fections. (See Art. 0.) A t/iird force is necessary to the I 
eiailibrium. The rai^itude and direction of that third force I 
luiy he determined as follows. 

' The lines or parts, taken as above, to represent kbiV* of force, ;..„ 
o the following trealiie, called nnits of length. It ig evident that if we 
b apon tbe len^tb nf the line to represent a farce, we eball find the unit 
it iagth bf dividing the line into as mnny equal parts as tbere are utiiEa in 
■he force; and conversely, if ne fix upon tlie unit of length, we shall find 
■oE length of Ihe line representing lie force, by repeating ftuA into, ul \wugii. 
w iMi.j times as tliere are units in Che force. 
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TUE PAR.U.LELOGRAM OP FORCES 

17. TUrongb the extremities p and a of the lines do auj 
P 0, draw ttTD other lines, q r and p n, one of them q r parallel 

to o p, and tlie other r r parallel 
to o Q. The four will then fom 
a parallelogram foqr. Jtnnita 
two opposite Btiglea o aad a 
by the straight line 'o r. Tbm 
this line OR, called the diagonil 
of the parallelogram, representi 
the force which will hoM tlw 
other two nt rest, in magnitude and direction. Or, in other 
words, if we take a force containing a number of units equal ts 
the number of times the line n is contained in or, and applf 
this force at o in the direction o R, it will just he in equilibrium 
frith the other two. 

This remarkable law of the Parallelogram 'of Forcet, whiA 
governs the equilibrium of any three forces of whatever kind, 
may be stated as follows. If three forots acting upon a peiid 
are in equilibrium, and lines be meamredfrom Ihit point in tit 
directions of the forces, to as to contain, each, a given uw( ^ 
length, as mani/ times as there are iitiilt in each force; tke» 
fkese lines mill form the adjacent sides and diagonal of « 
parallelogram. It may he shown to be a necessary conseqaenM 
of a few exceedingly simple and self-evident principles. Uo- 
fortoaately, the deduction requires, however, considerable ma* 
thematical knowledge, and lies beyond the scope of a work like 
the present*. 

18, It is, nevertheless, easy to assure ourselves of the 
truth of this law by experiment. The accompanying figuw 
represents a circular frame or ring of wood, supported firmly ill 
an upright position, upon a stand. Moveable pulleys P„ P^ P^ 
are so contrived as to admit of being fastened at any points n 
the circumference of this ring, having their wheelst parallel to 
its surface. Weights w„ w„ w^, are then attached to fiM 
jsiken cords passing over these pulleys, and knotted together in 
a point o. The system being left to itself, will, after a tinWi 
assume a position in which it will rest The three forces 
acting at o, having in that position the directions necessary to 
their equilibrium. Now, if the hollow portion of the ring be 
filled up by a board, slightly receding from its anterior surfacer 
BO as to allow the system of strings to move perfectly free of it, 

* See Appendix A. 

■f These wheels mnst ba made vrith every precauLion against friction ; 
tlie Bilc should be fixed in the icAef /. 
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and npon tliis board (nbich may be covered vriib paper, or 

blackened, bo as to adroit of havmg lines drawn upon it with 

pencil or chalk), we draw linea in tlie directions of the string* 
, o p„ and o p^ ; then, taking any line d for an unit of length, 
setting olf this line d (with a pair of compasses) as many 

times along the line o p 

(beginning from o) as 
are unita of weight 

(ounces for instance) in 

tlie weight Wi, and along 

OF, as there are of these 

]i4e^g the parallelo- 
Q, by drawing 
lines upon the hoard, 
\d n, parallel 
to OQ and op respec- 
tirely; we Bhall find 
tbat D will be contained 
as many timea in tJic 
diagonal or as there 
are units of weight in 
T^ and that this dia- 
gnial will he in the 
tune straight line with 
BP,. Kow, the lines 
OP and 0(1 represent 
^^^of the forces acting at o in magnitude and direction; and ] 
^^^^ue held at rest hy w^ acting in the direction o p,, whtch 
^^^B.«I).own to he represented by o R in tnngnitude and 
^^Hpe: and this is true, whatever be the magnitudes of the 
m^tli w,, Wj, Wj, or the posiiions of the pulleys f„ 
i&ence the truth of the proposition is apparent*. 

* Aroong tha tpparitus of the class of Natunil and Experimental ^ 
fluloiaplif in King's College, is a jiaralU Ingram □ f a. u, made of thin ilips ' 
4 boi-wiKMl, divided iaCo incbes and [entlis. These are canaected together 
H the angles by moveable joints, aod each of the points p and a ao con- 
Irned that it may be made to slide along either of the sides which it 
nuDects together. A flip of wood, n' c, of sufliuient length to rotm b 
^agonal to the parallelogram, moves freely with o p and o a, on tl , . 
— ftwn the eitreme hghlneas of the materials, the weight of the whole I* 




Iliia instrument is thnj applied to prove the propoaidnn stated ii 
teit: An inch, half, quarter, or eigh^ of an ineh, being lixed upon n 
HHt eiKiTenient nnit of length, the joint f ie made to sMealcnt^oi, 
ftitline eoataiue as many of these units as there are uiuta rA 'wei^'i.'' 
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] 0. ir, instead of tlic forces o f and o Q, we apply at o a 
represented in mnfrnitude by the line or, and acting in 
line from o towards n, it is clear that tlie point o will 
remain at rest, the forces applied to it being cqiinl and opposite. 
The same effect resulting from the action of the single force, 
from that of the two o p and o q, {viz. the support of 
the force in the direction o p,, and the ecjuilibrium of the point 
,) it is said to he their resultant, o r and o q being called iCi 
tpoitenls. 
20. Conversely, if a force, represented in magnitude and 
direction by the line o r, sustaia a force acting in the direction 
of the line o Tj; and we take forces acting in any two other 
directions, o P, and o p„ and represented in magnitude by linei 
OP and OQ, determined hy drawing from the point nlinesBP 
and an, parallel to the directions o p, and op,; then, if iheu 
forces be made to replace the single force o n, the cquilibriaDi 
will remain under the same circumstances as before. The fowe 
OB is then said to he resolved into the two op and oa, and 
these are said to be equivalent to it. The directions o P, and 
o Pi are any whatever. A given force may, therefore, be resolved 
into two others, in jiny given directions whatever. 

many units of kngfli » 
e tlipn made, liy meau of 
lengths with o a and o ?■ 
btriDga are then tiatBW^ 
to tlie extremities A a is^ 
c of the slips o A □ B bH^ 
OR and these ore poiM^ 
over the poIlevE F, F, IX*^ 
p, (seep 31) and uttodie^i 
to tile weights w, w, W» 
The aystem bang now llJ 
to itEelf the eqnilibn*** 
will take place under tb> 



tlie position of the iiagoa^ 

of the assumed units of lengt* 
as there are ot the tmita »1 
weight m w, 

fte may vary the ex- 
periment by Bltering the 
weight Wj! w, and W, remaining the same. The system will then take ni» 
B new position! but still ob' will be found to coincide with the iliagima 
OR, and tlie length of this diagonal to have been increased or diminished by 
*'■" mber of units as the weight Wj. 
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' It is clear, that, wfaaterer be the number of forces acting 
npon the point o, we may replace any one of tliem, o n, by two, 
OF and 0, into ivhich it is resolved; and conrcrsely, we may 
replace any two, o p and o «, by their resultant, o b. 

21. Knon'mg the directions of Ihe Ikree J'urcet which hold 
e point at retl, and the magnitude of one of them, tve can 
ittermine the magnitudes of the other two force*. For we 
knoir that lines representing the three in magnitude and 
direction, will form two adjacent sides nud the diagonal of 
1 parallelogram; taking, therefore, a lioe representing the 
known force for any one of these parts of the pnrallclogram, wc 
lure only to complete it so that the two other parts may be in 
tliB directiom of the two remaining forces. Tliese parts will 
t^en represent those forces in mngnitude, and they will conse- 
pently be known to us. 

Thus, if three forces net upon the point o, in the direclioi 
op, OQ, BO, (fig. page 30,) and the magnitude of that v ' 
nets in o p be known ; then, representing this force by o 
Older to determine the magnitudes of the other two, we hare 
only lo form a parallelogram, of which o p is one of llie sides, 
ud which has its other side and diagonal in the directions of 
Oft and OB. Such a parallelogram will evidently be formed 
by drawing through p a line parallel to o a, until it intersects 
the direction of o n, iu it, and through it, a line parallel to o p, 
intersecting o % in 4. 

22. If a body be acted upon by three forces, and these 
bold it at rest, the lines in which they act will, when produced, 
meet in the same point. Let Pj />„ p, ?>,, p, p, (see fig, page 27), 
li6 the directions in which three forces act upon the body* 
i^Bc, being applied to it at the points p^, p^, p,. ProdnoM 
Pip,, and p,p,, to meet in o. Now, the force Pip, will produooa 
flie same effect, at whatever point we suppose it to be applied! 
W the body, provided that point be in the line Pj o, in wliii^' 

. lie force acts (Art, 3) ; and the same is true of the force p,pj,' 
The forces P|P,, p,J',, produce, therefore, the same effect upoB! 
'he body as though they were applied to it in o. 'I'liey hnru 
therefore, for their resultant, a force acting through that polntd 
Now, supposing them to be replaced by their resultiint, it UA 
clear that the body will be acted upon only by two forceM 
iinmely, this resultant and the third force, f^;)^; an<1, since ill 
n at rest, these must act in the same straight line, but in 
-lA^wite directions (Art. 6) ; that is, the resultant of the forcflfl 
■M^BBd p, p„ which passes through o, must be in the saisQ 
^^^H * The body i* to be supposed vithout vet^V^i. { 
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yith P,;; 



, wben produced, musl', therefore, 



■tnught line k 
pass through o. 

The above demonetration applies, strictly, only to that case 
in which the directions of the forces, when produced, meet at 
some point within the body; it may, however, be applied to 
the equally coiDinon case, in wliich they meet at some point 
without it. For let ns Bup- 
"" pose P| and Pi, when product 
to meet in a point o, withoat 
the body. Then, although we 
cannot at present suppose the 
forces to be applied to the body 
in o, the body, in fact, not ex- 
iating there, yet we may suppose it to be extended, so as to 
include that point, without altering the conditions of the 
equilibrium; provided, that by bo extending it we do rot in any 
wayaddtoor diminish the forces which already act upon ir. 
The forces and their points of application remaining the same, 
it is clear, that if they were in equilibrium before, thej will be 
80 now, Now conceiving the body to be thas extended, so as 
to include the point o, the case will resolve itself into that 
which we have before considered. ■ 




Applications of teie Pbisciple of the ParallelooraS^I 
OP Forces, 

There is scarcely any case of equilibrium, in which the 
principle of the composition of forces acting upon a point does 
not find its application. Out of the variety of illustrations 
which present themselves, we shall select the foUowiag; — 

23. Let us suppose a given weight, w, to be supported, as 
in the accompanying Agure, by means of a 
horizontal beam, a c, abutting in a vertical 
wall at A, and sustained at its opposite 
extremity by an oblique stay, BC ; and let it 
required to determine the thrust* and 
strain upon, the timbers AC and Be, and 
upon the wall at a and b. Draw b d panil' 
■ to A c, and c n to a b ; divide c d into as 
iny equal parts as there are units of 
weight in w, and find how many such parts 
a c A and c b. The numbers thus obtained will equal 
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tboKof ihe units of we!g1it in (he pressures in ac nnd i 
For the point c is held at rest hy forces in the directions cR, 
OA, and Bc. These, therefore, nre represented in mngnilude 
and direction by the side* nnd diiigoniJ of a pnmilelogntm. 
{Jrt. 170 Now, (Art. 14,) CD represents one of these in 
magnitude and direction, and ca »nd Dc are in the directions 
of the other tiro. If, therefore, ve construct a ptinillelograni, 
banng c o for one of its sides, and having another in the direc- 
tion c a, and its diagonal in the direction CB, this vriil be the 
parallelogram of forces acting at c. (Art. 21.] The only such 
patnllelogram which can be formed, is manifestly a D c d. 

I^ c rem.iiiiiiig the same, we cause the point b to move 
to'ffards *, giying to cu a more inclined position and shorteiung 
i^SD will be diminished ; &nd, dividing it as before into as 
parts as there are units in v.-, each of these parts must he 
'ian before ; the number of parts equal to them in a C 
,dierefore, be greater than before, and, therefore, the 
rr of units of weight in the pressure on xc must be 
gmter ; and similarly it may be shotrn, that the presaure on 
CGis increased. In the above in vest i gat ion we have neglected 
the weight of the timbera themselres. 
The Russel Press. — a c and b c 
represent two bars jointed togetlier at 
fte point c ; these being placed be- 
tween two surfaces, a and n, on one 
W both of nliich pressure is to be 
Jitodoced, a force is made to act upon the joint c, in the drec- 
tiftn of p Q. The tendency of this force to increase the angle 
lOfl is resisted by the surfaces at a and b; this resistance is 
profited along the rods a c and b c, and when there is an 
^ailibrium, the point c is held nt rest by forces acting in the 
ions AC, Bc and Pd. To determine the first two forces, 
the last, we have, therefore, only to complete a poral- 
ACBD, and to divide its diagonal, c D, into as many 
there are units in pq; the numbers of these parts 
in AC and bc will ascertain for us the pressures 
Kquired. (Art. 21.) It is clear that as cd is less, or the angle 
iCB greater, CD will be less, and therefore the magnitude of 
«ch of the parts into which CD is divided, will be less, and the 
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- - - o , — pressures in these 

directions will, therefore, be greater. Also when c D is exceed- 
in^y small, or a c and c b nearly in the same straight line, these 
iWta being exceedingly small, the number of times they are 
«Wwned w ac and bc will be exceedingly great. TVv«a ^Vft 
C '2. 
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pressures on a tinA n may be increased without limit by bringug 
AC and B c more nearly into tbe same riglit line. 

25. Tbe mecbanical contri- 
vance to wliicli the strings o£ 
, Iiarps are attached, enables the 
tuner to distend them with a 
force equal to four or five times 
that of his wrist* ; yet a child 
has in its fingers sufficient power 
to sustain tbeir tension when 
but slightly deflected. This is 
readily explained : — If a a b re- 
present the deflected striug, and 
we complete the parallelogram 
Q m n o, of which the equal sides 
Q m and Q n represent, each, the 
tension of the cord, the diagonal 
OQ will represent the disturbing 
force, when it just sustains these 
tensions (Art. 17); and this is, 
manifestly, esceedingly small, compared with the former, pro- 
yided ihe deflexion be small. 

26. A very simjile illustration of tbe pnntiple may be 
drawn from the method usually adopted m tightenmg the cori 
of 1 package A por- 
tion of tiie cord having 
been passed trans- 
versely round it, in the 
direction a b e, and 
pulled tight by means 
of a slipping-knot on 
the opposite side to 
■that shown In the figure, the remainder is made to traverse it 
longitudinally, and, being passed under the cord ab, is pulled 
backwards; and it is found, that, however tight ABE may 
before have been drawn, a very slight force thus applied in the 
direction pd is suflicient to produce a considerable deflexion of 
tbe cord between a and b, and thus increase the tension upon 
that cord, and tighten it throughout its whole length. The 
amount of this tension may readily be determined. Completing 
Ihe parallelogram Apnm, we have only to divide the diagonal 
p m into as many equal parts as there are units in the force we 
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eserl in tlie direction p d. The number of these parts contnineH 

in p A or p B will give us the number of units of force ia the 

tension (Art. 17). 

27- Suppose an arrow 

to be draivii buck into the 
poKlion E p o, immediately 
Before it is rele.-ised from the 
bow; the force which is ex- 
erted hj the blind of tlie 
archer at a, to resist the 
expansion of the bow, is 
ibat with which the arrow 
ii discharged. Now, tlie 
point o is held at rest by 
this force, and the tensions 
ofthe string in the directiona 
c and g d. — These tensions 
ire equal, if the string be 
drawn by the right band, 
md the bow bent by the left, eaeb precitel^ in iU middle point. 
Taking, then, two equal lines, a m and a u, to represent these 
tenaioDS, and completing the pnritllelogram m k n o, the resultant 
(irt, 19) of these, being that force with which the arrow is 
diicha^ed, will be represented by the dingonni o k (Art. 17). 
It ii clear that a i is greater as the how is more bent. 

28. 'i'he direction in whivh a hotly acted upon ht) ant/ 
unber of forces first mores, is manifestly that in which a single 
fifee of sufficient magnitude might be applied, so as to hold it 
^i rest- Such a force is equal, and opposite to the resultant of 
tke forces tnhich act upon the body. Hence, therefore, coii- 
VKly, the direction in 

vhich a body moves is 
ihal of the resultant of 
tie forces which act 
"poii il. 

29. The resistance 
of (he air to the motion 
ofeachof the wings of a ' 
bitd is perpendicular to 
tbe surface of the wings. 
Jbd the force with 
which the bird urges 
italf forward with each 
V^S IB ia a direction 
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Opposite to tills resistance. Draw D A nnd D B, perpesclicular to 
Ihe surfaces of ihe two ninga; then n a and d u arc iLe direc- 
tions of tlie forces hy 1^hicll tlie Mrd impels itself forivord witli 
eacU v'mg. Tiike the lines D e and d p to represent tliese 
forces in mcgnilude, and complete iLe parallelogram e o f; 
tbeir resuliant d o (Art 19), tlius determined, is in the direc- 
tion in whicL tlie bird is made to move. If the wings be 
Eimilarly extended, and tbe force which the bird exerts nidi 
each the surae ; the lines a d and d d, will miike cqiinl angles 
widi the line p d passing Ihrbngh tbe centre of the hird's body, 
and E D and f d being equal, d g will coincide with that line. 
So that the motion of tbe bird will be directly forward. 

29. The forces by which a swimmer impels himself, are in 
directions perpendiculnr to llie soles of bis feet, and the palms 
of his hands. If these 
be equal on either side 
of bis body, his motion 
is in the direction of 
its length, the reanlt- 
ants of both forces 
J ^lA''^-—-— ^^^^^:^~^^-'^?^:^<C^ lying in a line passing 

Vjy_^ /^w-— ^_^C~^/^-'\/ through the centre of 

I ^^-Z^^.^ ^ [ A '''^ '"'^^* ^^ '''^ *"""* 

■ ^^»>'-^ xT^'^y ivith which he moves 

^^^^^ ^ one foot be greater 

^^^B / tlinn that with wliieh. 

^^^^^ W he moves the other, 

^^^* one of the adjacent 

I Bidea of the parallelogram, a'bcV, being greater than the 

other, the diugonal will lend towards tlie greater side, and the 

motion of the lower part of the body will be in that direction. 

If he use greutet force with that hand which is on the same 

side the body, the resultant of the forces on the hands will, on 

the contrary, bo from that side; and the head will move towards 

((1. that side, and thus his body will 

be turned round. 

30. The rowing of a boat 
presents another case of a body 
impelled by forces applied oh- 
]it[uely on either aide; but having 
their resultant in the direction of 
its length. 

31, The sails of a ship -may 
as to cause it to move in a Election (t^atly 
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diSvrent from that iii vcbich the ivind blows ; i 

n^uired, to hold a course directly in opposition ii 

the wind to come iu the direction p q, and 

Me of the sails of the vessel to he placed 

obliqaely to it in the direction of C D. Take 

F q to represent the force of the " 

complete the parallelogram p K (t T ; having the 

Kde T (^ parallel to tlie sail, and q n perpendi- 

cnlar to it. The force p q is then equivalent 

to the two (Ah. 29), t q and n a, of Mhich 

TQ being applied in a direction parallel to the 

tinfuce of the sail, takes no cRect upon it. 

The only effecrive force is, therefore, r q. 

DrawQM parallel, and^s perpendicular to a 

line passing throngh the centre of the vessel, 

and complete the pnTalielogram tt M rs. Tlien the force n q u 

BgMn equivalent to the two x a and s q, of which the former ' 

tends to give the vessel a motion in tlie direction of its length, 

and the lutter sideways. I'iic latter force is opposed hj the 

action of the fluid on the broadside of 

(he vessel; the former, by its resist- 

Bitee on (he sharpened prow. Hence, 

Ihemotionsideways, called ilslee-wii\-, 

ii exceedingly small, compared with 

iHt in the direction of its length. 

It is clear, that if the wind blew 
i« Ihe direction b a (fig. 1), it coul.l 
■Dot be made to fall upon that surface 
ttf the sail c D which is towards the 
ttem of the vessel, on which surface 
it mnst evidently fall, so as to impel 
the vessel, in any degree Jbrwards. 
To cause the wind to fall on tliis snr- 
filee of the sail, we must incline the 
podtion of the vessel to its direction. 

Sappose it to be required to sail b 

fonn B to A (fig. 2); the wind blowing 

£ttcl1y ^m A to B, and let the vessel he brought round 
vith lis head in some direction b p inclined to b a. The 
iiulsmny then be so placed, as that the wind may fall obliquely 
npon them, and it will move in the direction b p. Having 
tailed fur a time on this tack, its course may he altered to p q; 
and a third tack will bring it to a. 



-4 



J 



1 of my ntmirr I 34 Illiutntioii of the 1 
orFonfa ipplinl to ■ iwiitt. I Forces. 

33 The Puljrgou of Forte*. | 

33. To determine the conditions of tlie equUibrium of ai 
Mimber of forces ucling opoa a point. Let the lin 

&c., represent V 
magnitude and M 
rection any n 
of forces* 
upon the point I 
Through t!ie j 
p, and p,, drawM 
aud p, ;j, parallffl^ 

spectivelj-, and jifil 
o;i,. Thcntiietw) 
forces o p, and Q F, 

tv ^^^^ y \t "s^ I are cquiYaleot to a 

X„^'^^ / ^s,^^ \ single force repif- 

** / ^so sented in quuntity 

/ ' and direction bj 

/ OP,. (Art. 19.) 

" Through Pj mi pi 

draw lilies pjj, and 
, parallel to o p, and o p, respectively, and join o /),. Then 
o ;>, represents in magnitude and direction a force equivalent 
to o p, 'ind o Pji and, therefore, lo o p,, o Pi, and o p,; MM 
o ;), is equivalent to the two first of these. Similarly, if « 
draw through the points P^ and p„ lines parallel to o p, and o P, 
respectively, and join o p,, that line will represent a force eqiu- 
vnlent to the two o p, niid o r,; that is, to o p,, o p„ o p^, ani 
o P,; that is, to o p„ o P„ o p„ and o P^. In like manner, it my 
be shown, tliat if pjy^ and p^p^ be drawn parallel to o Pj and 
p^ and o /ij be joined, this last line will represent a force equi- 
Talent o p,, o p„ o p„ o p,, o p^. 

Since, then, the force o p^ is equivalent to all those which act 
upon the point, excepting only the force o p, ; if ihe point he 
kept at rest by these, the forces o p, and o p, must he such as 

Bid hold it at rest; that is, they must he equal and opposite. 
* It is immaterial ivliellier the forcca be in live same \i\BT>t or ivw.. 
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Thus, knoiving the directions and niagniludes of any numlier of 
forces, op,, op„ &c., and finding a force ops, equivalent to 
them, BS explained above, we know tlie magnitude and direc- 
tion of another force, o Pa, sufficient to complete the equilibrium, 
and keep the point o at rest. The force ap^ is tlie rcsullanC of 
the five, o P„ o p,, o p^, o p,, o p,. 

It wilt be observed that tlie line o p,, represents the first 
force, and tlint p, p^, nhich is equal to o p,, (being opposite 
sides of a parallelogram,') represents the second in nmgnitude, 
and is parallel to its direction; and, similarly, that the lines 
PtPsi F 3Pi< PtPi^ ^"V'^^^'^^ ^'•^ other forces in magnitude, and 
are parallel to their directions. Noiv, these lines form the sides 
of a polygon, o P, p, p, p, ps, which the resultant, o ;>,, comphlea. 

33. Hence, therefore, if any jiiimber of farces act upon a 
point and ive take a polygon, one of whose aides is formed by ike 
line representing one of the forces, and the other sides in succex- 
sion by lines representing the other farces, ia magnitude, and 
parallel to Iheir directions, then the line which completes the 
polygon mil represent the resnllanl of the whole. This proposi- 
tion is called th.it of the polygon of forces. Its discovery is 
attributed to Leibnitz. 

34. The following is an instance, among many others, of 
the action of more than three forces. Great bells, which it is 
beyond the power of one man to 
move, are tutig by the joint ef- 
fort of several men. These pull 
each a rope, attached to the 
main rope of the bell, the force 
upon which is the resultant of 
their individual efforts. The 
amount and direction of this 
resultant may, in nil cases, be 
readily found. — Let o p^, o p^, 
o Pj, &c., represent the direc- 
tions in which the forces of the 
different ringers are exerted. 
Draw, parallel to these, the 
linesp, p,, p,, p„, &c., represent- 
ing in magnitude the force ex- i 
erted by each, and forming sides 
of a polygon. The line p^ p^, 

ompleting the polygon, wiil represent the n 
1 of the resultant force, 
He ringers at each bell are commoiij ■5\sw:ei. ^^ t^^^'^ ^ 




and direo- 



^■i 



42 FORCES APPLIED TO DIFFERENT 

tonces round the circuiuference of a circle, having n point ia- 
medialelv licnealh tlie main rope for its centre. Supposing &e 
forces they respectively eiert to be equiJ, tbeir resaltant will be 
in ttie vertical direction of the tuain rope itself, and will have nc 
tendency to commuuicale a lateral or oblique motion to it. 



CHAPTER III. 



n Of a 



.umlicr of I 
cat Points I 



» Body, but acting all in tk 



.15. On a smootli liorisontal tu)>Ie, let a flat board a B c be 
laid*, and let there be filed any nbere round tiie edge of the 
ta ble a series of pulleys, Pi, p,, Pj, &Ct (in planes at right angles 
^^^ to its plane), 

^^^^ ^g^^^^^^^^^^^ eaob having the 

^^B .^^^^^^^^^^^^^^K. highest portion 

^^^ ^^^^^^^P^^^^^^^^^^B^ '^ ''^ circuiule- 

S^^^Kr n < -^ ^ ^I^Bl ^'^ '-^^ eurface 

I ^^^^T ^.^ pl^^ of the loatd. 

Attach strings 
to the points ;i,, 
, P*i 7V /V ;'i' any 
ivliere taken on 
the sorfiice of 
the hoard, and 
having passed 




tbei 



the 



&c., fasten to 
their other extre- 
mities wei^lB, 
T\'hiL-h we will suppose to be repreaented also by the letters 
r„ P,, P,, P,, Pj+. lit the system row be left to itself; nhen it 
has attained a state of equilibrium, there ivill he found to exist 
the fullowitjg remarkable relation between tlie quantities and 

• To prevent IHction, the board should be miide to rest on three small 
ivDry holla, bo planed na not to he bronght into contact. It is B yet better 
expedient to float the bonrd in a vessel of water, so that its surface may riie 
slightly above the edges of (he vessel, on nbich the pulleys are to be lixed. 

f The vreighti are not shuno [n tbe figure. Eiperiinents of this class 
are Hie more sceunitB, as the weiglUs, Mid tt\e 4\aine«;i& <A ftit -^iH*^*. 
jire greeter, and the rigidity of the corda, ani \.\ie tec^QTi o^i^*™^ ^ *^ 
mtfliaa of the board, lees. 
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faclions of (he forces applied to if. If from any point M, is 
tbe plane of tbe surface of the lioaril, we draw perpendlcnlara 
Km,, M in,, M Wj, &C., upon the directions P, p,, p, ;i„ p^ p„ Ac, 
of (lie (iifferent forces acting upon it, nnil multiply the number 
of utiils in the length of each perpendicular hy tlie number of 
nnits in the force on whnse direction it is drawn ; then the BDm 
of these products, taken in reference to tliose forces which tend 
to turn the fij-stem about tliat point, in one direction, will be 
fotmd to be ec[ua1 to the sum of those taken in reference to the 
forces lending to Inm it in the opposite direction*. Thus, in 
tlie figure, if the force P, be multiplied by Mwiif, p, by mm,, 
tad p, by M m„ and the sum of these products taken, it will ho 
tvaai that this sura will equal ttiat of the products, p, by h m^, 
md p, by M w,. The product of the force, by the perpendicular 
spon its direction upon any given point, is ciilled the moment of 
thot force about that point. Hence, therefore, the law may he 
itatcd tliuB. 

* Eiperienn proves to ni tba following importaat law of atitks ; tlikt 
W May fljatem of fbrccH be ipplied ta a body, so as to bs io eqailibrioDi, 
nd a. second ByMem oF forces be spgiUeil to the Mine body aUo ia eqni- 
iknm, then the oonditioiis of thin tut Ec|uilibriiim shsll be pncudy the 
Bob u though the lirrt lyitem of forces dul not eiut; the tiro laU of 
trees not intp-rfering in sny way with one another. Thus, if there be tw» 
leti of tbrcea, uid either of theni nil] keep the body at rest, whiMi applied to 
itKparaCely, then the two will keep it at rest when apptied logetber; sod 
Mnraely, if two seta of forces appUed tu a body, bold it at rest, and it U 
bowD that the forces mmposing ooe of these are in equilibrium with OPO 
WMher, then it is lUo known tliat the forces of the other set must be io 
nttJEbiium amongat themaelTES. la the invest igntion of the laws oC atstica 
I? dpeiiment, it is of great Imporlaace to Iwar tliia ^t in mind. Thfl 

K obstacle to the experimental metbod of iuveetigacion consists in tbe 
, lubility of our obtaining any portion of matter, whereon to apply the 
blWB, the conditions of wbnie equilibrium wa wish to investigate, which ia 
■M ilreBdy acted upon by the force of gravity ; the nature and amount of 
■liOK aoCion upon it we must be supposed not to know. Tlie dUficulty is 
IK mer at once, by cattsing the body on which wb are about to experiment, 
to be acted upon by forces wliich will just neutralije its gravity or we^;ht. 
ThenDndiClons of tbe equilibriain of Che forces we then apply, will ba pre- 
dady the s>me as though no other* acted upon it. Tlie aiperimeitl in the 
leit presents an eiample of this, The board ia, in point of fact, acted upon 
l>r two seta of forces ; its weight and the reaistanceB of the bslis in directions 
fopndieolar to the plane of its surface ; and tbe tendons of the strings f» 
<liat plane. Now we know, that the forces of the first set are in eqailibrinm 
*Wi one another, for if we take away tlie cords, so that its weight and the 
tedrtaacea of tbe balls may be the only forces which act upoa tbe board, it 
iritl remain at rest. Hence, therefore, we conclude, that tbe forces of tl>e 
SKrad set, which are those acting in tbe phine of the board, are also in equiH- 
btam. The principle sUted above is culled that of lie tujurrpimiion nfforeet. 
t Id Ibis and in other parts of this trnstise, where force is spoken of •»; 
*iillipIM by a line, the number of units in the forue is W ^le \vi\iira\i«i s* 
atltipSed bf tbe number o( units in the line. 



44 THE EQUALITY OF MOMENTS. 

36. Ang number of /arcei, acting ani/ tvkere in the samt 
plane, and atiij point lieiag taken in that plane, the sum ijf the 
momtnlt (if Hiejbrcei tending la turn the tyslcm in one dii-eclhn 
about that point, f« equal to the sum of the momenis of those 
tending to turn it in the oppotite direction. 

37. This ia not, however, all; it will further be found, that, 
if the j'orcet acting upon the different points of the si/stem be 
transferred to a single point, and applied to that fmint parallel to 
their preient directions, theg will hold it at i-est. There must, 
therefore, further exist between them, that relation which is ne- 
cessary to the equihbrlum of forces .icting upon a point. 

38. On tlie whole, then, forcea acting aa above, upon aay 
Dumber of different points in the same plane, are subject, first, 
to the same conditions which govern the equilibrium of forces 
acting upon a jmnt: and, secondly, lo this further condition, 
that the sums of their opposite moments about a point any nhere 
taken, are equal to one another. 

39. These conditions do not only obtain whereTer there u 
an equilibrium, but nhereTcr they do obtain, we are sure that 
there must be an equilibrium. They are not only necessary, but 
sufficient. Hence, therefore, if we have a system of forces not 
in equilibrium, and we would wish to equilibrate, or place it in 
equilibrium, we have only to add such other force or forces, as 
iriU cnnse the above conditions to obtain in the system. 

Let us suppose the system represented iu the figure to be 
acted upon by the forces p^, p„ p^, p^, and let it be required to 
determine the amount of the force P,, and the direction in which 
it must be applied, so as to produce an equilibrium. Take any 
point N in the plane of the surface of the board, and through it 
draw a line w «;, pamllel to p, p^, representing the force p, in 
magnitude (Art. 14); and through iij aline, », n,, parallel to 
p, p,, and representing p, in magnitude. l>raw n, h, and h, w^ 
similarly representing the forces f, and i', in magnitude, and 
parallel to their directions; then joining 14 »^, this line must re- 
present the remaining force, Pj in magnitude, and he parallel to 
its direction. (Art. 33.) 

We have now determined p, lo be of such a magnitude, 
and parallel to such a direction, that it may cause the system to 
satisfy the first condition of the equilibrium; namely, that the 
forces should be such as, if applied to a jminl, would hold it at 
rest. It remains to apply this force to such a point of the 
system, aa to cause that equality of the moments which conetitules 
the second condition. With this view, let us tiike any point m, 
and aEcerlais the sums of the opposite laoixient.^ of vVie Coicab 



THE RESULTAKT OF FORCES APPLIED TO— 

>i,F„p„ p, about tbftt point. Comparing these sums with one 
inoihw, we shall know how much is wanting to their equality. 
ffebave only then to apply P5 parallel to its proper direction, 
Rn,, at such a distance from m, as that its momentum shall just 
make up the equality. 

We shall at once find this distance, if we divide the differ- 
ence of the sums of the moments about M, hy ihe force f,, de- 
lennined as above. 

The easiest method of determining the line in which p, is 
to Is applied, will he to draw through .m, aline M "i, equal in 
length to the distance found ahoTe, and perpendicular to the i 
direction of n n^, A line p,/j,, perpendicular to this through itti 
atreraity, is that in which the force must be applied, ■ 

40. If any number of forces be in equilibrium, a ./orcM 
Ijtutl and opposite to anif one of Ihem ii Ihe resultant (if oJIfl 
theral. For if all the rest were taken away, and this one pufifl 
in their place, the equilibrium would manifestly remain ; siuottl 
it tvoald exactly Gustain that single force to which it would^ 
under these circumstances, be opposed. There would resultifl 
therefore, from the action of this single force, the same effect wtM 
remlted from the action of those which have been token awaj^ 
or it is their resnllaiit. Hence, then, in finding the foice necea*9 
uiy to produce an equilibrium among the forces in the laiM 
article, we have, in fact, found their resultant; for we know thaM 
that resultant will be a force equal and opposite to this whtckl 
v{ hare found. I 

41. One of the conditions of equilibrium may oblaisv 
unoDg a number of forces without the other. Thus the equality I 
Df moments may obtain among the forces, and yet these raaya 
nolle such as, applied to a point, would hold that point at resfl 
(See Art. 38.) In this ease we may find the amount of thtffl 
force P, necessary to produce equilibrium in the sj'stcm as be^ 
fore, also the line h n, parallel to its direction. Now, in ordeal 
to produce the equilibrium, this force must be placed in thofl 
system, so as not to destroy the equality of moments which a^ 
present exists; it must, therefore, have no moment about m; Sj^t 
ifit bad any, it would increase the sum of the moments, tendiotffl 
to torn the system one way, or the other. The perpendiculalH 
fioin u upon the. direction of this force must therefore equ^fl 
nothing, or its direction must pass through m. And the directioaifl 
of Ihe resultant is opposite to that of this force. fl 

42. TAe resulfanl of any number of forces, Ihe sums q^[ 
*&Me moments aboiil a given point are eijHdl, j'csscs, lhev«j"w«B 
tkvi^A lAal poliil. ■ 
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43. Let ua suppose aoy c 
equilibrium to be represented i 
tion, by 




fore, ec|ual to twice tlii 



Q of the forces of a Gyatcm ia 
magnitude, ns well as iu direc- 
i line, F Pi contaiuiDg as many 
uoits of length as there are units in that 
force, and diiiw lines from p and p to m, 
forming, with Pp, the (riiuigle m pp. Now, 
by a well-known proposition in geometry, 
twice tbe area of tbis triangle is equal to 
tbe product of the number of units ia the 
base pp, by the number in the perpendi- 
cular M m. But this product is the mo- 
ment of tbe force. That moment is, there- 
of the triangle. Hence, therefore, 
if we take as above a 
of lines, P, pi, 



»■= ;'.' 



&c., I 




present the forces of 
tbe system, and join 
their extremities with 
the point m ; the areas 
of the triangles thus 
formed being doubled, 
will respectively equal 
the moments of tboae 
B" forces; and, since tbe 

suras of the moment!, 
in respect to forces act- 
equal, the sums of the nreas of 
the triangles, being doubled, are equal; and, therefore, the 
halves of these, or the sums of the areas of the triangles them- 
selves, are equal*. 

44. Thus, then, we haTe the following important law. If 
tee represent an^ number of Jinxes acting in the same plane, 
and being in equilibrium, by lines, and Join the extremities of 
all these lines niih any point in the plane, then the turn of Ike 
areas of the triangles thus formed, which have for their bases 

Jorces lending to turn the system in one direction, shall be equal 
to the sum of those having for their bases forces tending to turn 
it iu Ike other direction. 

45. If all the forces acting upon the system he parallel to 



opposite direct iona, ; 



• TbnB if the for 
ig reyresented hj 



L^ 



3 in the tigare be ia eijuilihrium, (their directions 
e direcliona of the urnwa,) then the areag of tbe 
M p, muBt eqaal, nben added together, thme of tiw 
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one another, tlie same liue vihiuh is perpeniliculiir to one of 
them, will, vrhea prodaced, be perpendicular to all the rest. The 
moment of each force Is, therefore, 
its distance trom the point u, mea- 
sured along this line, multiplied by 
the number of units in the force. In 
order that there may be an equili- 
brium, the sum of these momenta, in 
reference to (he forces tending to turn 
tiie system in one direction about u, 
must be e^ual to their nira, in refer- 
ence to those lending to turn it in the 
other direction. 

46. Further, the forces themselves must be such ns, being 
applied parallel to their present directions to a single point, they 
would bold that point at rest. (Art. 37-) But being so applied, 
ikey will maaifestly all act in tbe same slringkl line. But forces 
acting in the same straight line cannot be in cfjuilibriura, unless 
t^e sum of those acting in one direction be equal to the sura of 
those acting in the other. Uenoe, therefore, in the case of 
para/lel forces, the condition that tbe forces should be such as 
would hold a point at rest, resolves itself into tbe following: — 
Hal the sum of thote tending lo fsrn Ihe fi/stem one mag, shall 
ofteal the sum of those lending la iiirn it the vlher'. — Thus, 
if the forces p^, p_, p^, p^, be respeclively lib., 21b., 31b,, 
4ft., and the perpendiculars mih,, Mm^ mih„ si?n„ respect- 
mly, 6, 5, 3, 1 inches; then tbe force, P^, necessary to hold 
ftese in equilibrinm must equal the earn of lib., 21b., 31b., 
draiinished by 41b.; that is, it must equal Gib. diminished by 
41b,, or 21b.; and this must be applied pLtraliel to tbe direction 
oflberestat a distance from m, such as, being multiphed by 
3, will give a product equal to the difference. 

(6x1 +5x2 + 2 + 3) -(1x4); or 13, 
Now, since the product of 2 niultipUed by the distance Mm^ 
is 18, it is cleat that that distance is 9. 

* Thus, in the Bgnre, the Torcea &□<! directions miiEt be sudi. that 
e. + ri+P.^^+Fsl 
>ndp,x>imi+PiXi^i + PjX^a=p*xW,+i>5xWj. 
Kue oonditioiil are necnsary and sufficient. 




CHAPTER IV. 

47 Equilibrium of Pnrallel Pornts. ; 51 The Centre of Grs' 

49 If tbete preserve nlvty* Ibeir 1 54 ExiierimenUl method of i 

paralttlitM in all positions of the mioiog it. 

body to which tliey «re ■pplied, 55 — 57 lUuatnitiODB of the Centre of 

their Reiultimt passes slwKys Grsvitf. 

tbroDgh the tanu point in it. I 

47- Let us now endeavour (o find ihe quaiilit// and direc- 
tion of I he resiillaiil uf an;/ number ofjbrces acting in direclioiis 
parallel to one aiiolher, hut not in tlic same plane. — In the fiwt 
place, let it be observeil, tliut any two parallel lines, being 
neceBsarily in tbe same plane, tlie directions of any two forces 
vrhicli ive may take in a. system of parallel forces are essen- 
tially so. 

48. Let us then, in the first place, find tlie resultant of two 
such forces. Then considering this resultant as n new force 
leplacing the first two, let us find its resultant with a third 
force. This last resultant will be that of the three first forces 
of the system, and may similarly be combined with a fourth. 
And thus we may find the direction and the amount of the 
resultant of all the forces of the system. 

4i). It is clear that the amount of the resultant force is the 
sum of the component forces, if they all act to move the body 
in tbe same direction. (Art. 46.) For the resultant of the first 
two is their sum, and that of this resultant and the third force, 
is iheir sum; that is, the sum of[the three first forces. This 
again, combined with the fourth force, gives a resultant equal 
to the sum of the first four, and so on; the resultant of the 
whole being the sum of all the coinponenls. 

50. If some of these components, however, act to move 
Ihe body in a direction o])posile to the rest, these must be sub- 
tracted from the sum of the rest, to obtain the resultant force; 
as may he shown in the same manner. 

51. If a body be acted 
upon by antf number of 
parallel forces, which art 
such Ihal its position being 
altered in any teat/, these 
forces shall continue to act 
upon the same points in it, 
always in directions paral- 
lel to their first directions,; 
then is a point in (liis hady^ 
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'Mnngh tekich the resvllanl of i/iese forces ahetiys passes i 
Rvry posgilile position of the bod^. 

For, let p and p' be ihe points of application of two sucb 
forces; join p p", and divide il in o; so (bat the products of the 
fimes P and p', by the lines o P and g p' respect iv el j-, may be 
tqnal; tben will tbe products of these forces, by the litiea o m 
Bud Q M, draw perpendicular on their directions, be also equal. 
For it is an elementary principle of geometry, tlint since the 
triangles a m p and a' m' p' are similiir, whatever prirt, □ m is of 
c p, tbe same part is a m' of a p'. Whatever part, therefore, tbe 
product of o M and p is of the product of a p and p, the same 
part is the product a m' and p' of o r' and p. But tiie products 
G p and p, and g p^ nnd p^ are equal. Therefore, also, the pro- 
dacls of c H and p, and c. n, and p, are equal ; that is, their 
momenta about o are equal. The resultant of P and p' passes, 
therefore, through a. (Art 42.) And this is true, whatever be 
the position of the line p p', in reference to the directions of the 
forces p and p'. Whatever position, therefore, this line may, 
m the motion of tbe body, be made to assume with respect to 
dose forces, their resultant will always pass through the same 
point, o, in it. 

Now, a point through which the resultant of tbe first two 
forces almatfs passes bting thus found, let this point nnd the 
point of Application of the third force be joined. And the re- 
sultant of the first two forces being supposed to replace those 
forces, let a point, through which the resultant of this resultant 
and the third force of the system always passes, be found as 
before. The point so found will be one through which the 
resultant of the first three forces a/niai/i passes. And, by con- 
tinuing this operation, a point through which the resultant of 
all the forces of the system oltvat/s passes, may be ascertained, 

52. Now, the forces with which the parts of alt bodies at 
Ihe earth's surface tend to descend, may be considered parallel 
to one another; since they converge towards a point, the earth's 
oentre, whose distance is infinite, as compared nitli the dis- 
hiDces of the parts of these bodies themselves. Hence every 
such body may be considered as acted upon by a system of 
parallel forces whose resultant may he found; and these forces, 
in all positions of the body, act upon the same points in it, in 
directions pauJlel to their first direction; there is, therefore, ia 
each such body a point through which the resultant always 
passes, in whatever position it is placed. That poitit is called i 
the centre ^gravity of the body. J 

Tbe centre of gravity, therefore, of a hoAj ia a poiul Owwiiy 
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nkich Ike rtsuUanl of the meightt of tit elemtHls alit-ays pasm, 
in cceri/ puilliun of the body. If the nhole of lliese weigbb 
could be ciirocted from them and concent ni re il in this point, 
the [larts of the moss still retnining tlicir Tolume and aoUdj^, 
the Eitme cfFn'ta would, under nil circuni8tance&, be produced. 

63. Although the process esplutned in Art. fil, is suffii^ent 
to assure us of the existence of a point in all bodies possessing 
the properties of the centre of gravitj', yet it does not enable us 
to determine the actual jtotitioH of th;it point. And manifestly 
for this reason: that the points of application of the gravity of 
Amass being infinite in number, and infinitely near to one ano- 
ther, that process must be Jufiuiiely repeated to bring us to any 
result; and the divisions, which it supposes, must be made in 
lines which have no appreciable lengths. The position of the 
centre of gravity may, however, always be fixed upon by the 
methods of the Integral calculus- In a great number of cases 
its position may, also, be determined by a much easier process, 
as will be shown hereafter, and the following experimenlal 
method is applicable to all. 

54. Let the body he snspended by a string 

it -* ^1 f''"^ ''"y point in it, p; and let p m he 

1 the direction which a plomb-line would take 

'■ yji' hangiag freely from this point. Now the 

- jMBH^^ ""'y forces by which it is acted upon, are the 

'^^B^KSB^ weights of its different parts and the tensimi 

^HHHgBW of the string in the direction p a.. Also the 

^^^B^^r former may be replaced by their resultant, 

*] The body will then be acted upon by two 

I forces only, viz., the resultant of the weights 

I of the different parts of the mass, and the 

tension of the string. And, since it is in 

equlibrium, these are in opposite directions, and in the same 

, striiight line. The resultant of the weights of 

T the parts of the body acts, therefore, in the direc- 

I tion of the line r u. But this resultant passes 

^fc^ always through the centre of gravity. The 

^^^^^ centre of gravity is, therefore, in the line 

^^^KKk Having marked the direction of P />, 

:^^^^^^B' the body from any other point, q. It miiy be 

^^HHV shown, as before, tbat when it rests, the centre 

^^^^ of gravity is in the line <i M. It is, therefore, in 

both the lines Q (/ and p p. These lines, there- 

„| fore, inlei'sect; and the centre of g' ' ' 

their intersection, o. 
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ILLUSTMTIONS OP TUE CESTBE OP CnAVITY. 

65, A boJjr, wHen placed upon a horizontitl plane, will 
Ml orer, anless its centre of grnvity lie above its bcisc. For 
■thft-lbrces which impel the body downwtird being equivalent to 
Bgle vertical force, acting through that jioinf, cannot be 
'led unless the plane supply a reristance in a direction 
Ite to that force; which it manifestly cannot, unless this 
tlon pnu ihrough the base of the bod/. 
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Thus if o be the centre of gravily of either of the mosses 
Kptesented in the nceuinpanying figures; the forces 'acting 
upon that moas are equlraleot to a single force acting in the 
direction of the vertical a g, and cannot be sustained by the 
resistance of the plane a n, unless that single force can be so 
sustained; tliat is, unless 
the plane can supply a re- 
sistance in a direction op- 
posite to Gg; but this it 
manifestly carrnuC, unless 
C^ pass through a n. In 
fig. 1, therefore, the solid 
will stand; in fig. 2, it nill 
full over. If attention be 
paid to this fact, buildings 
may be constructed so as to 
atand SBfely> altliough they 
lean considerably from the 
Tertical. Thus there is to be 
seen at Pisa, a tower called 
the Hanging Tower*, which 
so fai inclines from the 

* The dinipasionf of thi> tnier cnntrnct as joa dsomd it. and thii 
walli IB greatlf less at the top than at the bottom. Both 
re B tcndeiL<;y ta hrin^ ite centn; of gravity below the middj< 
in the beight of th<^ tower,- auil thus, the vtrtienl I'tiiougYi "Caat ^I'J'aA 
witbia the boandarj of the base. 
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▼eriical a« to fill strangers nith a terror lest it slioald fiill- 
The vertical line through its centre of gravity does not, 
nevertheless, fall without the boundary of its base, and it 
Btnnds firmly. 

56. It is not necessary to the equilibrium of a solid body, 
resting upon a horiaontal plane, that the vertical through its 
centre of gravity should intersect that plane at some point 
where it is actually in contact with the body. All that is 
requisite is, that the direction of this vertical should be such 
that the pressures oa the various points of the surfaces in 
contact may have for their resultant a force in a direction 
opposite to that line. Now this is manifestly possible if several 
distinct portions of the body bo in contact with the plane, and 
the vertical from the centre of gravity lie hettveeii them- Thus 
ia the accompanying figure, there will be au equilibrium if o ^ 
lie between the surfaces of contact A and b. And, in the 
tripod, if it lie between the three points a b c. 




And, generally, if we draw lines joining the extreme points 
where a body is in contact with the plane on which it rests, the 
area included within these lines is virtually the base of the 
body, and there will be an equiiibrium, if tlie vertical through 
the centre of gravity intersect the horizontal plane any where 
within this area. 

57. The human body is virtually supported upon a base 
whose boundaries are the outside edges of the feet, and lines 
joining the heels and toes ; and every change in 
its position is governed by the law, that its 
centre of gravity shall lie immediately above 
e point in this narrow base. The motion of 
any one portion of the body is thus always 
accompanied by the motion of some other portion in the opposite 
direction, and thus each action of every part requires an appro- 
priate attitude of the whole. In that wonderful selection of 
attitudes by which we bring about this nice adjustment of the 
weight of the body over its base, we cannot, nevertheless, be 
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Kid to exercise any skill, eftch poailion being, for tlie raoat 
pari, taken up instinctively and unconsciously. Tlie adaptittion 
of each Attitude yiUh the least possible displacement of the 
body, constitutes what is called grnce of tnoveraent and position; 
and in the knowledge of the attitudes appropriate to diSerent j 
kJcda of action, consists much of the skill of 
tfa« painter and staluaTy. Thus, in the lieau- 
tifiil statue of the Fli/ing Meicuri/, of which 
(lie accompanying figure is a sketch ; the god 
being in the act of bounding from the earth, 
hia body and left arm are thrown forward; 
and, with them, the centre of gravity is carried 
beyond the rertical, passing through the ex- 
tremity of the right foot, on which the figure 
rests. To bring it into tJiat vertical again, the 
sculptor has thrown the left leg and right arm 
back ; and thus the statue assumes a position 
of stability, into which the human figure would involuntarily J 
throw itself, under the same circumstances. 1 

58, A man who supports a load, so adjusts its position J 
and the attitude of his body, as thnt, the resultant of tlw.J 
iveights of these, shall fall within the area spoken 
of before, as that on which he supports himself. 
Thus a porter, (fig, 1,) bearing a load upon his 
back, so inclines himself forward as to bring the 
conimon centre of gravity, g, of his body and the 
load, within the area bounded by his feet. This 
point g lies in the line joining the centres of 
gravity, g and n, of his body and the load ; and 
its position is such tliat go multiplied by the 
weight of the former equals ^n multiplied by 
that of the latter. (Art. 4.5.) Ifhcstood upright, 
as in fig. 2, it is clear that (although the weight 
of his load bore only a small proportion to that of his body,) j 
the vertical through g would intersect the ground 
^" ' his heels, and be would fall backwards, 
every porter knows well enough by e\- 
and thus in taking his load on his 
lers he inclines himself forwards, that he 
may bring the resultant, of its weight and that 
of hia body, within the prescribed limits. If he 
can in any way distribute the parts of his load 
external form, the shape ho 
^ieeta is the ^attest possible, that he may W\ng 



(Fig. I.) 
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its centre of gravity as neat a' 
through the 



'aJ^ 




can to the Tertical, _ 
re of gravity of his body, 
equilibrium with the least 



and produc 
possible i Del mat ion. 

A weight carried before the body, produces 

the contntry effect, cnusiDg it to be thrown 

back. Ttms, if the tray which the womaa 

carries before her, in the accompanying figure, 

coDtain any considerable weight, the point g 

will be brought eo far forward as to lie beyond 

her toes, and she will then inevitably fall. 

She avoids this, by throwing the upper part of 

her person back, as iu iig. 1, and she inclines 

backwntds, resting them upon her sides. Again, in 

stooping to place a weight upon the ground, 

her position necefisiirily throws the head 

and shoulders forwards. To compensate 

this, the rest of the body is bent buckwards, 

beyond the line of the heels: and this, the 

more, as the weight to be deposited is 

greater, and the position more curved. 

Still, in stooping, the line of gravitation is 

necc'ssnrily thrown much more forward, 

thnn in any of the upright positions of the 

body ; and accordingly, it is in this position 

that the body is most likely to he overlhrown. 

For reasons analagous to the above, stout persona incline 
the upper part of the body as fur back as possible. A woman 




carrying a child on one arm, inelinea her body in the opposite 
direction ; and thus brings the common centre of gravity of 
herself and the child above her feet. A person carrying a 
package on one shoulder, or olrrying a water-bucket in one 
band, leans the other way. But a nurse carrying children. MH 
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uckcts in each lina^, standa 1 




59. When a man stands upriglit, the TCrtical through hi* 
«ntre of gravity falls in the middle, between his feet. " 
Iherdoce, he lift one of them, this line will lie wholly without 
llie area corcred by the other foot, and he must full. 1 
thi^ at the same time that he lifts his foot, he inci 
Wy lowarda the opposite side, and thus keeps bis centre of 
gravity ahove the narrow base on which he has to support him- 
lelf, when standing on one leg. In walking, n man thus 
nipports himself alternately upon his feet; he is, therefore, seen 
J>erpetually to move the upper part of his body from one dde 
to the other. 

60. The centre of gravili/ of a slmighl Vine of uniform 
iklehiut, a metal rod,for inttance, is in its middle paint. For, 

suppose the rod a n to be diTided 
into two equal parta in the point o, 
and let g and g' be the centres 
of gravity of these parts respeo- 
I lively. Now since the parts a a 

■^ '^ and o B are equal and similar is 

every respect, it is clear that theii; 
centres of gravity g and g' are similarly situated ; so that if the 
|vt o B were turned over, and made to coincide with a A, the 
1^ and g' would coincide, g g is therefore equal lo Q ^. 
"le resultants of the forces acting on g a and g b, passinif 
through g and g' (Art. 52), also these resultants being 
equal to one another; their resultant must always pass 
ftnngh the middle point a between g and g' (Art. 42). And 
ditt resultant is that of the forces acting on the whole line A. a. 
Soce then the resulUmt of the weights of the different parts of 
attraight line passes always through its middle point; such a 
line will baJnnce ia every position, if sa^ended ty iVs Ta\&Skfi 
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61. Ani/ geometrical^gure which it tgmrnetrical milh n-\ 
gard to a certain line, has ill cfiilrt of gravity in that line. 
For, firsl, suppose the figure to lie all 
in the same plane. Let it le repre- 
sented by A D B c, and let it be symde- 
trJcal about A u, SO tbat the parls adb 
and A c B may be equal and siniilat in 
every respect. Take^nnd g' the cen- 
tres of gravity of these parts. Then, 
as before, if the part A D B be turned 
over ani laid uponACB; the figuta 
themselves eoinciding, their centres oE 
gravity g and^ will coincide. Therefore, joining xrg* which' 
tersectSAiiino, G^nndog'areequal. Also the forces acting 
and g', being the weights of tlie equal figures a d b and a 
equal. Their resultant passes, therefore, always tlirough a, (Ait. 
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AD. That is, their centre of gravity is in A 
62. If a figure, as above, have two 
lines of symmetry; its centre of gravity 
is in both of them, and lies, therefore, in 
their point of intersection, that being the 
oiilypoint which is common to both lines. 
Thus, a parallelogram being symmetrical 

t<ii. ■ -, . ,. -; ■ 'A about its diagonals, its centre of gravity 

lies in their intersection. 

63. A figure is said to be symmetrical about a point, when * 
it is symmetrical about all lines drawn through that point. 
Such a point is, therefore, manifestly the centre of gravity of the 
figure. Thus a circle and an ellipse, being Bymmetrical about 
their centres, have their centres of gr.ivlty in those points. And ' 
for this reason, a wheel being supported upon an axis passing 
through its centre, rests into whatever position it is turned 
round upon it. 

64. If we suspend a body freely by one extremity of its line 
of symmetry, it will not rest until that line is in the vertical. 
For the centre of gravity is in that line, and it is has been shown, 
that a body suspended freely cannot rest, until its centre of 
gravity is in the vertical passing through tlie point of suspension. 

The frames of pictures are eomraonlj of an ob- 
^^^^^^^ long form. Now an oblong is a symmetrical 
■^^^^1 about a line joining the middle points of two of 
nj',3^2g^B its opposite sides. If, therefore, it be suspended 
I^^S^^^I from the middle point of one of its sides, it will 
hang with that line vertical, and, therefore, its 
*'■■ ' 'yhieb are j>arallel to that line wiU lAso \)c iie'c\.Yiaii.. 
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65. A curved surface, or a solli], Is said to be symmetrical 
about a certain line, called on axis; when being intersected by 
a plane perpendicular to that axis, the section is symmetrical, 
snd its centre of symmetry lies in that axis. Hence, therefore, 
the solid or surface, being intersected by a series of such planes 
exceedingly near to one another; the centres of grnvity of the 
Ihin sliceis, or rings, between each two adjacent planes, are in the 
uis of symmetry: and the whole solid or Burfuce being made up 
of tliese, the centre of gravity of the whole is in that axis. If, 
therefore, a solid have two axes of symmetry, since its centre of 
jravity lies in each of these, they must intersect, and that point 
lie in their intersection. Tlins the figure, oklled a parallclo- 
pipedoD, represented in the accompanying diagram, which is 
eonttiined by six planes, of whicli each 
tvo that are opposite are parallel, .ind 
vliich is symmetrical about a line 
joining any two of its opposite angles; 
has its centre of gravity in tlie inter- 
Mction a of two such lines, and how- 
erer it be suspended, that point will 
lie when it rests immediately beneath 
its point of suspension. 

A sphere is symmetrical about 
its centre; that point is therefore 
its centre of gravity. A cylinder 
is symmetrical about its axis, 
about a line bisecting its axis perpen- } 
dicularly. The bisection of its axis 
is tlierefore its centre of gravity. 

66. We shall now proceed to consider the positions of the 
centres of gravity of certain bodies which are not symmetrical 
about a point. To find the common centre of gravity of""!) ifo 
lines AB and a'd'. Bisect a b and a' s' in a' and a". These 
points are then their centres of gravity, and the resultants of the 
forces which act upon them, 
pass always through those points. 
These resultants arc the weights 
of the lines a b and a' b'. Join 
therefore, a' a", and take a point 
O, 80 that G o' X (weight of a b) 
may equal oo" x {weight of a'b'). 
Then will the resultant of the 
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the system; act, in every position in which it can be placed, 
through o. (Arts. 42 and 51.) And g is the centre of gravity. 

67. To find the centre of gravity of three lines forming a 
triangle. — Take half the sum of the weights of ac and BC, and 
half the sum of those of A B and b c, and find a point g' in b c, so 

that the first sum multiplied by G^ c 
shall equal the second multiplied by 
g' b. And find a second point o'^ by 
a similar process in a b. Join a g' 
and cg", and the point g is the 
centre of gravity to the whole. 

For the lines have the same 
centres of gravity as though their 
weights were divided, each into two 
equal parts, and collected in their extreme points. Suppose 
them to be so collected in a, b, and c. The centre of gravity of 
the weights collected in b and c will then be at g'. Therefore, 
the centre of gravity of all the weights collected in a, b, and c, 
will be in the line joining a and g'. Similarly, the centre of 
gravity of all the weights may be shown to be in the line cg'". 
Since, therefore, it is in both these lines, it must be in their 
intersection g. 

68. Tojind the centre of gravity of a thin plate or lamina^ 
in the form of a triangle, — Let a B c be the triangle. Bisect 

its side bc in m, and join am. Sup* 
pose the triangle to be divided by lines 
parallel to bc, and exceedingly near 
to one another. Let pq be the por- 
tion included between any two such 
lines. The centre of gravity of pq is 
in its middle point q. Now the bisec- 
tion g of p Q, and of every other similar 
element, is in the line am. Each element has, therefore, its 
centre of gravity in the line am; and the centre of gravity of the 
whole triangle is, therefore, in that line. 

In the same manner, if ab be bisected, and CN joined; it 
may be shown, that the centre of gi*avity of the triangle is in 
that line. It is, therefore, in g, the intersection of a m and c N. 
A G is equal to two -thirds of a m. 

69. To find the centre of gravity of a pyramid A BCD; in- 
tersect it by planes, pqb, exceedingly near to one another, 
and parallel to either face B c d. Take q\ the centre of gi*avity 
of this face, and join xg\ This line intersects all the sections of 
the pyramid in points similarly situated in each, and it passes 




A TRIANGLE AND A PYRAMID. 



59 



through the centre of gravity of the 

section adjacent to BCD, therefore, it 

passes through the centre of gravity 

of each other section; and the centre 

of gravity of the lamina lying hetween 

any two sections, is in it. Now the 

whole pyramid is made up of such 

laminse. The centre of gravity of the 

whole pyramid lies, therefore, in a g''. 

Similarly, if we tfike g", the centre of 

gravity of the face abc, and join dg", 

the centre of gravity of the whole 

pyramid will lie in tliis line. It is, 

therefore, in the intersection g of the lines dg''' and ag'. 

equals three-fourths of a g^ 
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CHAPTER Y. 



The Resistance of a Surface not ex- 
clusively in a Direction perpen- 
dicular to that Surface. — Fric- 



tion. — The Limitin^f Angle of 
Resistance. — Illustrations. 



70. "We shall, for the present, suppose, that the parts of a 
solid hody cohere, so firmly, as to he incapable of separation, by 
the action of any force which may he impressed upon them. 
The limits within which this supposition is true, will be dis- 
cussed hereafter. The question we are about to enter upon has 
reference to the direction in which the surface of one body can 
be pressed upon that of another so as not to slip along it. 

71. Let us suppose a mass a to be pressed upon another b, 
by means of a force p, acting in a direction pe^-pendicular to the 
common surface of the two bodies. And let a second force q 
act also upon it, in a direction parallel to this surface. Then, 
since the forces p and q act in direc- ^f/^ 
tions perpendicular to one another, 
they manifestly cannot counteract one 
another, and one would expect, that 
the body should move in the direction 
of the second force. This, however, is 
not^found to be the case. So long as 
the force q does not exceed a certain limit, no motion ensues. 
Some new force f, therefore, has been produced in tlie system 
counteracting the force q. That force is called frictlow. It 
acts, alwajsi, in a direction parallel to the surfaces \iv eotvV^c\.^\>xA. 
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is alfvoi/s for surfaces of the same ntilure, ihe same fracitoH, or 
part, o/" the force p bif tvhic/i these are pressed logelher, what- 
erer be (he amount of that force, or whatever the eiteut of 
the surfaces in contnct. This frattion is called the co-efficient 
of friction. Whilst it is thua the same for the same surfaces, 
whatever be the extent of the sui-faees or the force with which 
they are pressed together, it is different for different surfuces. 
Thua when the surfaces are both of brass, the oo-cffioient of 
friction is represented by the fraction 5-77 ; whilst, if one be of 
brass, and the other of steel, it is j-r;. 

72. Let UB now suppose the force f instead of having its 
direction perpendicular to the surfaces in contact, to have been 
impressed obliquely. Draw mp' per- 
pendicular to these surfaces from the 
point M where the direction of p 
meets them. Draw pp' perpendicu- 
I /j f\ lar to M p', and complete the paral- 

^^H _/ i/ lelograra pq.mp'. The force P being 

^^^V //1 then represented by the line pm is 

^^^B '/ i equivalent to two others represented 

^^Er , i^ j£, ^'j I by p' M and oM. The former is that 

I i^- — u ■ ' ]jy ivhicli the surfaces are pressed lo- 

gelher. Their actual friction upon 
one another is, therefore, a certain given fraction of this force 
p'm. Take mh' equal to this given fraction of p'm, complete 
the parallelogram p' of and draw its diagonal p" m. Since then 
H t' represents the friction of the body upon the plane, or the 
force called into action by pm, which opposes the motion of the 
body. Since, moreover, q m represents the force tending to 
produce motion in it upon the plane; it follows that the body 
will move or not according as q m is greater or less than n' m, ot 
as pp' is greater or less than p" i"', or as the angle phb is 
greater or less than c m b. 

This angle c M B may he ciiUed the limiting angle of resist- 
ance. It depends upon the co-efficient of friction, having for 
its tangent the fraction ^7^ or JJ^, which is equal to that co- 
efficient*. It is, therefore, the same for surfaces of the same 
nature, whatever he the actual amount of the impressed force p; 
j but different for different surfaces. 

I 73- From the above, then, it appears that force impressed 



* Thp properties of the limiting anple 0/ reeitlance were first giveTi by 
the Butbor of this work in a puper publieLeU lathe fifth Tolame of the Cam- 
^■■'- 'o^ougihieal TrBTuacriotit. 
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njwn the surfiice of a solid body, at rest, I>y the interrention of 
another solid body, will be destroyed, nhaterer be its direction, 
provided only the angle which that direction makes with the 
peipendicular to the suriace do not exceed a certain angle, culled 
the limiting angle of the resistance at that surface. And that 
diis ia true, however great the force may be. Also, that if the 
direction of the force lie without this angle it cannot be sustained 
by the resistance of the surfaces in contact, and (bat this is true, 
however small the force may be. 

In works upon meehanies, the direction in wliich the resist- 
ance of a surface is exerted, is usually slated to be that of the 
purpendiaular at the point of contacL Tliis is altr^ether a plu- 
losopliical abstraction, introduced originally to simplify the con- 
ditions of equilibrium, and diminish the difficulties which attend 
the tlieory of statics. It is much to be doubted, whether, in 
the pre«ent state of science, nay of the reasons for introducing 
an bypotiiesis, directly opposed to the facts of the case, remain. 
The data being false, the results are, of course, opposed to ex- 
perience ; and all propositions, thus established, are suhject to 
■mureclians for friction. 

On the whole it appears, that whereas surfaces perfectly 
folu^d and free from friction, {if such existed,) could destroy 
by tlieir resistance, only such forces as were im]>ressed in direc- 
tions perpendicular to their surfaces; bodies, such as are actually 
fband in nature subject to friction, destroy all forces incident 
st any angle with the perpendicular less than the limiting angle 
of tbeir resistance. In the following treatise, the resistance of 
a autiace will, therefore, he considered as exerted equally in 
mtj direction within that angle. 

'j4. In walking, the weight of the body is thrown at each 
ne^ vipon the fork of the legs, and their tendency to separate is 
aeroCed fay the friction of the feet against the ground. As long 
as the inclination of the h'gs does not exceed the limiting angle 
«f Tedstance, the feet will not slip, whatever be the weight of 
die mass they support, or the muscular force with which they 
are brought to the ground. Most of those substances whicJi 
fiorm the surface of the earth arc, in their nature, hard and 
rough, having a large limiting angle of resistance. So long as 
the ground on which we tread is a horizontid plane, we may 
incline our legs at a very considerable angle from their natural 
position, without danger of slipping, as may he sufficiently ob- 
««rved in running or leaping. But if the ground he inclined, so 
fliat the direction in which the weight of the hody is sustained 
iy the legs is already jaclined to its BUiface, a "YCt^ a\\^\. tox- 
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tlier inclination of tliem, is Bufficient to bring Hie direction oE 
the pressure without tlie limiting angle, and cause the Ludy to 
slip, In cases ^vl1e^e tlie limiting angle of resistance ia sniidl, ^ 
alight inclination is sufficient to cause a fall. Thus, a man's leg* 
readily slip from under him when he walks upon ice; the limit - 
ing angle of resistance bettveen ice and the leather of his sbo^^^ ^ 
bei]ig Bniiill ; lie is, therefore, careful to lake short steps, so .^ s 
to incline his legs at the least possible angle. On the Earn. --^ 
principle he would fall still more readily, if shod with iron. 

75. If his feet be supported upon the edge of a thin piec ^^' 
cf iron, like the iron of a skate, the portion of the surface f" ' 
the ice which ultimately sustains the pressure being exceedinp-| ~^ 
Bmall, yiilde, and the iron sinks into it. Its motion sideway ~~'^ 
is theu opposed by a lidgc of the abraded ice, extending throug^L—^^B 
out its whole length; and lengiliways by a similur ridge, nhos- ^ 
length is, however, only equal to the thickness of the skate-iroi^K^ 
His feet, therefore, readily slip in (he direction of iheir length -^ 
but there is little danger of their yielding laterally. 

76. The muscular force which a man exerts in walking i ^ 

the same at every step, being wholly destroyed by the resistauc— '^ 
of the earth when one foot comes to the ground, and reprodutii^ 
■when the other foot is r.iised ; a portion may be considered tw ^^ 
be exerted in a Tcrtical direction, and another horizontally; th- -* 
latter is wholly resisted by the friction of the earth. 

77. There is scarcely any thing which would produce '^ 
greater inconvenience to us ;than the loss of that friction, wliic^^^ 
■we complain so much of when we find it robbing us of th^- - 
force which we apply to artificial uses. Yet, were it not for th^^ - 
existence of some principle, acting everywhere and at evcrjC— 
instant to destroy the forces which we are ourselves perpetually^ 
producing in excess, and wliich are generated around us, wheiT'^ 
they have produced their effect, this world of ours woulcir^ 
scarcely be habitable. '\\'ere there, for instance, no friction, i*" ■* 
Tvould be impossible for a roan to move from any position iif* 
which he might be pl.iced, without the aid of some fixed ob — ■' 
stacle by means of which he might push or pull himself forward— ^ 
And were tliere no horizontal power of resistance in the grouuft^ 
on which he treads to destroy the forward motion which h^^^ 
gives himself at erery step, he would retain that motion unti K^ 
some obstacle interposed to destroy it; so that the prineipa^^ 
part of his time would be spent in oscillating about betweer^^^ 
the obstacles, natural or artificial, which the earth's surface pre- — 

ipted to his motion; an oscillation which would be common t<w^- 
le objeelSj animate or inanimate, about him. The slightetfid 
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wind "would sweep him before it ; the sh'ghtest iucHnation of his 
body would bring him to the ground : every thing he put out of 
his hand would start away from him, with the lateral force 
which he could not fail to communicate to it, in releasing his 
hold. If he attempted to sit down, his chair would slip from 
under him ; and when he sought to lie down, his couch would 
glide away from him. He would, in all probability, be driven 
to forsake the land, and dwell upon the waters as the more 
stable element. 

78, The following table contains a list of the principal sub- 
stances whose friction upon one another has been determined ; 
annexed to each is the constant fraction which the friction is of 
the insistant pressure; and beyond it the limiting angle of resis- 
tance, corresponding to this fraction. 



Nature of Surfaces in Contact. 



Steel and Ice 



Ice and Ice 



•••• •••• •••• ••»• •• 



Hard Wood and Hard Wood .... 



Brass and Cast Iron.... 



•■t« •••• •■ 



Brass and Steel 

Soft Steel and Soft Steel 

Cast Iron and Steel 

Wrought Iron and Wrought Iron 
Cast Iron and Cast Iron 



Hard Brass and Cast Iron 



•••• ■•■• 



Cast Iron and Wrought Iron 

Brass and Brass 



• ••• • • 



• • • • • • 



Tm and Cast Iron 

Tin and Wrought Iron 

Soft Steel and Wrought Iron 

Leather and Iron 



Co efficient of 
Friction. 



69'81 

1 
7-73 

1 
7*38 

1 
7-11 

1 
7 'SO 

1__ 

6 8 5 

__1 

6-6 2 

1 

1 

6*12 
1 

0*0 

1 

5-87 

1 
5-7 

_1 

5-5 9 

1 
5' 5 3 

I 



••*• •••• •••• ••■• 



5-28 

1 
4*00 



Limiting Angle 
of liesistance. 



o / 

49 

1 35 

7 43 

8 

7 54 

8 18 

8 36 

9 5 
9 17 
9 27 
9 40 
9 57 

10 8 

10 15 

10 43 

14 2 
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Kitore pf SmboN In OOQtoM. 


FrlutloD. 


LimlltaRAiigto 


Timmdlln ..„ 


tVb 


U 49 


. Granite uid Grnnite - 


T^H 


16 52 


^B, Yellov Deti ■nd Yelbw D<ai .._ .... 


TTe 


19 9 


^1 Sind Sloiic <u>d S^d St<.»e 


1^ 


19 50 


" Woollen Cloll. snd Wnollen Cluth ..,. 


-rrz 


23 30 
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" He Inclined Plnne. 

79 The Equilibrium of iiMasiplaced 

upon ail ludined Plane, and not 
supported utherwiie tliaa by the 
ResisUnce of Cbe Plane. 

80 Of a Muj partly supported by 

another Force acting in any di- 



81 The beat Directioti of thia Force 
sa Ibat it may be upon the point 
□r giving Motion to the Mass 
upwards. 

83 The Equilibrium of a Cylinder on 
an Inclined Plane. 

Independent of Friction. 

TTie Carriage WheeL 

79. Lbt u8 suppose a heary mass, 
wLoae centre of gravity is a, to be placed 
on an inclined plane a o; and let it be re- 
quired to determine under wbat circum- 
stances this mass will just be upon the 
_ point of slipping down the plane. 

Draw the vertical line a m: the whole 
pressure of the mass may be supposed to act in the direction of 
this line ; and this pressure will juat be destroyed by the resist- 
ance of the surface of the plane, when the angle G F a, which 
G P makes with the perpendicular I' a, is equal to the limiting 
angle of resistance. (Art. 73.) Now, it is easily seen that the 
angle g p »t, is equal to the angle bag. A mass of any substance 
will, therefore, just be sustained on an inclined plane, without 
slipping, when the inclination of the plane is equal to the limit- 
ing angle of the resistance of the surfaces in contact. 
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80. If the mass, I>eddes tlie resistnnce of the sarlace of 
tlie phiDp, be sustained by a force, equal to the weight n, acting 
in ihe direction up; we may deter- 
njine under what circumstances it 
fill remain at rest, by producing pq 
to meet the vertical o h, tiirough 
tlie centre of gravity, ia a, and 
bking a d and a b, to represent tlie 
Teights of M and n. For, completing 
tte parallelogram a ii c d, BO aa to 
have a rf for its diagonal ; ocwillre- 
JiTHent the quantity and direction of 
the force requisite to sustain the two 
dlhets in equilibrium. (Art. 21.) If this direction be not ioclraed 
t«Ac, beyond the limits of resistance, the requisite force will be 
supplied by the resistance of the phme, and the body will rest. If 
it lie beyond that limit, the resistance of the plane is inadequate 
(0 inpply the force required to sustain the other two ; and the 
mass will descend. 

If the direction of the force o c be upwards, the tendeoty 
ef the mass will he to slide 
Up tlie plane, instead of 
down it : tind provided a c 
be inclined in this direc- 
tian, just within the limit 
of resistance, motion 
he upon the point of taking 
place. 

81. Now let us con- 
sider in what direction the 
bree k must be made to 
■ct, BO that it shall preserve 
tiie equilibrium under these 
circamgtancea, and be the 
least possible force that wi!l 
do so. Take a d as before, 

to represent the weight of the mass, and draw d c in the limitinff^' 
direction of ihe resistance upwards. (Art. 73.) Through d draw 
d i parallel to a c. Then any line a b, drawn from « meeting 
i i, irill represent, in quantity and direction, a force, such as 
*o«ld just maintain the equilibrium {Art. 21); for drawing rf c i 
pUallel to a fi, any such force, together with the force a d, wiU M 
We for their resultant a c, which is in the AirectVoti to -wViiSa'* ' 
vBjaat be deslroyed by the resistance. No\y oS ii\ OaesaXvaaa 
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which can he drtiwn from a to b d, that which is perpendicuLir 
to it is the least. That line is, therefore, in the direction of the 
least force, and represents it in magnitude. It is in this direc- 
tion that a given force, the force of a horse for instance, would 
he exerted with the greatest advantage to drag the mass upwards. 

82. There is a further condition necessary to the equilihrium, 
namely, that the resultant of the forces acting upon the mass 
should pass through that portion of its surface K L, hy which it 
touches the plane. (Art. 55.) It will manifestly he upon the 
point of turning over, if a c, heing produced, pass through either 
of the points k or l. 

83. If the hody rest upon the plane, only hy a single point, 
the resultant must pass through that point. Suppose it a cylinder, 

p whose centre is g, and let the 

^^^ force N, applied to the point g, 

he that which will just hold it 

in equilihrium. Then since two 

of the forces holding the mass 

y^ at rest, (namely, the force n, 

JL x^^ ^^ B and the weight of the mass 

B ^ ^^^y itself,) act through the point g, 

U ^^^ therefore, the resistance which 

N. is equal to their resultant, acts 

^^ through the same point. (Art. 
^ 22.) But this resultant acts 
also through l. Joining, therefore, G L, it acts in the direction 
L G. If the force n he ever so little increased, the resultant will 
he hrought within the angle l G P ; and if the mass he moyeahle 
ahout G, it will thus he made to roll up the plane, l g, heing a 
radius of the cylinder, is essentially perpendicular to the plane, 
which it touches in the point l. In this particular case, there- 
fore, its resistance is exerted only in a direction perpendicular to 
its surface, so that the conditions of the equilihrium are not 
affected by the friction of the surfaces. Thus a carriage-wheel 
might, if there were no obstacle in its path, and no friction at its 
axle, be made to move up an inclined plane, by means of any 
force however small, provided it were greater than that which 
would be necessary to support it upon the plane. 

84. Take g a to represent the weight of the mass, and draw 
a c parallel to g p, and c b parallel to a g. Then g b will repre- 
sent the magnitude of the force N, necessary to produce equili- 
brium, on the same scale on which g a represents the weight, 
and G c the resistance. 

85. lffn»he parallel to a c, (see fig. aAjoxe,"^ a c nVyVV f^^Yivclde 
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irith a l; and* if, in this case, we take a c to represent th^ 

weight of the mass supported, b c will, on the same scale (or to 

the same unit,) represent the weight n, necessary to support it, 

and A B the resistance. If g p he parallel to the hase, a b, of the 

inclined plane; BC heing taken to represent 

(he weight of the mass o, a b will represent 

that of the weight ^t. In the first case, 

dividing a c into as many units of length, as p 

there are units of wei 

these units as there 

units in the weight 

dividing B c into as many units as there are ^ 

m the weight G, the value of N will be determined by the number 

of these units in a b. 





CHAPTER VII. 



The moveable Inclined Plane. 

86 The circumstances under which 

it will be upon the point of slid- 
ing upon a mass which is pressed 
against it by given forces. 

87 The Wedge. 

88 Its angle must not exceed the 



limiting angle of resistance. 

89 Circumstances under which tlie 

Wedge cannot be started by any 
pressure of the mass into wliich 
it is driven on its sides. 

90 Examples of the use of the 

Wedge. 



We have supposed the plane c a b to be fixed in its position ; 
let us now suppose it to be moveable. The force requisite to hold 
it at rest, is equal and opposite to the resistance it sustains. 
That is, it is equal to the force a c, (fi^, page Qb^) and in the 
direction s a. 

86. Let us suppose all the 
forces which act upon a mass m, to 
have for their resultant a force act- 
ing in the direction p Q. Produce 
p (I to f», and take q m to represent 
the resultan t force. A force repre - 
sented in quantity and direction by m q, will then just hold the 
plane at rest. Draw q n perpendicular to b c. The forces re- 
presented by m n and n q are then equivalent to that represented 
hyjwQ. These would, therefore, hold the plane at rest. But if 
it be placed with its base a b upon a horizontal plane, the verti- 
cal force, m 7i, will be supplied by the resistance of that plane. 




* Bj reason of the similarity of the triangles o a l aud. K c *%. 
t Bj reason of the similarity of the triangles G a c oxk^ k'& c. 
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To keep the plaae at Kit, all UiHt is re(]iiisite is*, thorefnre, « 
apply to tlic back of it r, a force h' n, represented i; 
and direction by n n. 

Tlie angle which P<t makea with the perpetidiculat qa. It 
die surface of the plane, will ainays eqnal the limiting angle of 
resistance, whatever be the force n' ii, applied to the back of tlie 
phme, provided the force fq he supplied by the resistance of 
Bome fixed mass, of which H forma a part, or against whiiAit 
abuts; and provided the direction of n a be nilfioul the limicbf 
angle of friction at Q. For it is manifest that, if the directint 
of n () had bten ivilliin the limiting angle of resistance, thatfora 
would have been wholly counteracted by the resistance of the 
mass u, so that f 4 and n a wonid have been in the same strugbl 
line, and no reaction of the plane a o on which the body reiti 
would have been necessary to the equiiihrium; also, that if the 
force >i n be ivitkoat the limiting angle of resistance at <t, so that 
the resistance of m is insufficient alone to sustain it, only K 
much reaction will be supplied by the plane a b as is necessary 
to render it sufficient, or to produce together with nQ, a reraltniit 
force m % just within the required limits. 

If the force «' n be so for increased as to cause the force « 
to be greater than any resistance which the mass m, or that of 
which it forms a part, is capable of supplying; the equilibrium T 
will be destroyed, the plane will move in the direction ni n, the 
reaction of the plane a b mil cease, and by the action of the 
force n o, whose direction is supposed to be without the limiting 
angle of resistance, and which is the only one now acting apon 
it, the jilane will be made to slide along the surface of H, until 
its base is again brought in contact with the plane a b. When 
thus employed, the action of the plane is precisely similar to that 
of a wedge. 

The Wedge. 

87. Let m and m' be portions of 
a solid, pressed upon the sides of a 
wedge C a c', by eijunl forces acting in 
the direction vci and p'q'. Take Qiu 
and q' m' to represent these forces, and 
resoWe them into 11 m, and q n, «' m' 
H n. Of these, n m and n'm' are 
equal, and act upon the wedge in op- 
posite directions. They therefore de- 
stroy one another. The forces q n 

Tlie horiiontal plane A B la supposed to be witliout friction. ^H 
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PVf*%'<'' i"c sustained hy a furcc R, appliail perpendicularly lo 
"fle nnddle ofllie back of the wedge, nnd equal to their sum. 

Bjtbe iaat article, it appears that the directions of P« and v' n' 

«tU, under tbese circumstances, make, with the perpendiculars 

to Ibe surfaces a c and a.' c', angles equal lo the limiting angle 

tf resistunee. Also that when the forces m q and m' q.' are made 

ts exceed the resistani-'e of » aud m' the wedge will slip forwards, 

Bad thus produce a still further separatian of the solid, against 

niuchit acts. 

88. Returning to the case of a ..^^ 

moss held in contact with the sur- / 

{nee of an inclined plane, by the re- 

■iatunce of an immoveable obstacle. 

Let R Q e equal the angle of fric- . 

iton. And draw q p parallel to the 

base of the plane. Then, if the 

angle it q s be greater than n ci p, 

llie directiou of m q is within the 

Mgle of resistance, and no force, however great, applied to tli«| 

back of the plane, can cause it to move on the mass m. Noir 

the angle K ft P is equal to the angle a c d. The plane cannot, J 

therefore, be moTed, if the limiting angle of resistance exceed J 

that which it makes with its back. 

8B. Let us now suppose the wedge to be driven, and let n 

coBsIder tlie pressure which the subst;uice into which it is 

must exert upon its sides, in order to force it out. Let pq 1tt| 

the direction of the resultant of the forces 

acting upon the face a c', which being 

propagated through the moss of the wedge, 

tends to cause the face a c to slide upon 

the surface with which it is in contact. 

Draw Q R perpendicular to the surface in : 

(Ills point. Then if p q it be not greater 
than the limiting angle of resistance, no 
force with which the mass into which 
the wedge is driven tends to collapse, c 

Although we can very well understand how a substan 
into which a wedge is driven, may oppose a resistance, i 
direction, to its motion forwards, yet it is diSicult to co 
how this substance should exert an effort to colliipie, t 
tiirow it out, otherwise than in a direction perpendicular to 
sides of the wedge, especially if it be of a fibrous nature. 
being thus supposed perpendicular to ac', the angle c Ac' 
egaaipQH. On ibk bj-pothesis, therefore, i£ iW atv^ti lA "3 
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weilgc Le not greater tlinn tlie limitiujr angle of resistnnce, it 
will remain firmly fixed in the substance into which it is 
dnvci), 

yO. This property of the wedge rendera it eniinenfly use- 
ful in carpentrj. The following may be taken as one out of a 
Tust vivriety of applications. Suppose it were required to fix 
two pieces of timber A n and a' b' togelher; and that, either by 
Kaaon of the greater economy of wooden fastenings, or tho 
liability of the timber to occasional damp, and consequently to 

Fts. 1. 

^^^^nitosion, by contact with iron, it is desirable to avoid the use 
^^^H of iron bolts. Let two wedge-shaped 

^^^B (Fg. ».i ^ mortises he made in the timbei-a, repre- 

^^^B ^H ^S*" sented by ace' a' &nd />cc' b'; being of 

^^^H ^n Sff equal size at their snialler extremitiee. 

^^^K ^m ^fii^ ^^* *^^ timbers be laid together, these 
^^^^^JH^ -^^H ' extremities of the mortises coinciding. 
I jfeWi^^ ^^ W^^b.- I,et two pieces of hard wood be formed 
I into the shape represented, fig. 2; the 

I fece acb corresponding with the side a c i of the monise, fig, 1 ; 
' hut the upper extremity a being somewhat nnrrowcr than b. 
I Let these two jiieces of timber be placed in the moitises, the 

I corresponding faces coinciding. The space between them will 

then have the form of a wedge, by reason of their being nar- 
rower at the top than tlie bottom. Let a wedge of the proper 
dimensions be driven in between them. If the angle of the 
wedge be sufficiently small, no possible force exerted on its 
wdcs can start it; no possible force, therefore, can separate the 
timbers. [This method is used in fixing together the timbers 
of the immense wooden bridges which have been erected in 
America. 

91 . There is scarcely any instrument whose applicationa 
are more numerous than those of the wedge. Nails, awls, 
needles, axes, sabres, &c., all act on the principle of the wedge. 
As illustrative of tlie great power of the wedge, it may be 
stated that ships- mh"" in dock, are easily lifted «5 \i^ laeana of 
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wedges driven under their keels. An engineer, i?ho liad built 
a loftj and heavy chimney for a furnace, found that, after a 
time, owing to the dampness of the foundation, it yras beginning 
to incline. He succeeded in restoring it to its uprightness by 
driying wedges under one side*. 

92. The resistance to the motion of a wedge depend s'j not 
only upon the angle at its vertex, but on the depth to which 
it is driven, and, consequently, the extent of surface which 
sustains its pressure; and further, it depends upon the quantity 
by which the particles of the mass are displaced: for being 
elastic, these particles will tend to come together with a force 
proportional to their displacement. These are all reasons why 
a wedge is driven with difficulty, when it is driven deep. 

The wedge ac(/ having been driven, 
by the action of a force p, a certain ^^ 

distance into a mass whose surface is 
mn; let us suppose a second force q, 
to be made to act upon it, its upright ^ 

position being otherwise preserved. ^^P| 

This force q will press the surface AC %^^:/ 

against the mass lying between M and -^ >S^y 

m', and being sufficient, it will remove N__tt_ 

that mass, so that the vertex of the / W ^ / 

wedge will encounter a new surface a. 

m^n', parallel to mn, and may be made 

to enter it as before by the action of the force P. If, instead of 
acting separately, the forces p and q be made to act together, 
the effect will be precisely the same, tlfeir directions being at 
right angles to one another. Such is the theory of the common 
saw. It is formed of a series of such wedges cut in the edge of 
a thin lamina of steel, and tends, by its weight, perpetually to 
drive the points of these wedges into the substance on which it 
acts, and by its longitudinal motion to present a fresh surface 
continually to their action. When the teeth are small, the 
portions of matter, lying between each two, are small, and the 
force requisite to remove each is proportionately small. Thus 
saws with lai^e teeth are used for soft, and saws with small 
teeth, for hard substances. The majority of cutting instruments 

• The enormous power of the wedge is principally owing to its being 
driven by impact. The resistance on its sides is of the nature of pressure ; 
and it is a fundamental principle of dynamics, that a pressure, however 
great, necessarily yields at the moment of impact to an impinging force 
however small. The momentary separation of the ina£% \)bx];& ^tQ^>^^^^^ 
readered permanent, by the forward motion of the ^edge. 
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act as saws; ■the asperiiies ]iroduoed in their edges, bj sharpen- 
ing, acting as so many ivedgea. To tliis class belong scytliea, 
table-knives, sabres, &c. 

93, In sawing atones, nothing but a simple Wade of soft 
metal is used; the small angular particles of the substance to 
be satrn, or the powder of some Larder substance mingled with 
tliem, are, by the action of this blade, moved backwards and 
forwards on the slone, and act as so many wedges in cutting it. 
The hardest stones may, by this means, be sawn asunder. For 
catting granite, emery is used. In cutting glass, emery is 
mingled with water, and made to drop upon a sharp-edged 
wheel, put rapidly in motion; and in engraving gems, diamond- 
powder, mingled with water, is made to drop on the point of a 
slender piece of soft iron, rcTolving with great Telocity, upon Its 
axis. The glass or gem to be engraved, being held, under ^ese 
circumstances, against the instrument, is cut with wonderful 
facility, by the action of the minute wedges into which the 
crystiillized substances used, form themselves, when powdered. 
Files are commonly rods of steel, having their surfaces Studded 
with small wedges, and acting on a principle precisely analo~ 
gous to that of the saw. 

The carpenter's plane is no other than a wedge, which, instead 
of being formed like the teeth of a saw, in a slender lamina of 
metal, is of considerable width, and has its axis slightly inclined, 
that the longitudinal motion which is given to it may drive it 
into the substance to he planed. Its action is otherwise preciKi" 
analogous to that of a tooth of the saw. 
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The lever is an inflexible rod, which rests by one point 
against an immoveable obstacle, and sustains a force called the 
resistance at one of its esfremities, by the action of anothca^ 
force vailed the power applied at the otVcr. ^H 
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94. Leren ore of fiiree kindi. In the first kind, fig. 1, 
the power p and xesiitince b ore applied on opposite sides of 



mi- 1.) 




(Figs.) 




(Fig. 3.) 



the folcmm c. In the second, fig. 2, the resistance r is between 

the power p and the fulorum. In 

the third, fig. 3, the power p is 

between the resbtanoe b and the 

fokrom. 

95. In all these the equili- 
brium of the power and resistance, 
if we conceive the lever to be with- 
out weight, is governed bj the 
following simple law. That the 
power multiplied by the perpendi- 
cular from the fulcrum upon its 
direction, shall equal the resistance 
multiplied bj the perpendicular 
upon its direction. This law is 
easily deduced from a general prin- 
ciple which we have established. (Art. 35.) It is this: — "When 
any number of forces, acting in the same plane, are in equili- 
brium, if any point be taken, and the moments of the different 
forces of the system about that point ascertained, then the sum 
of the moments of those forces which tend to turn it one way, 
shall equal the sum of those which tend to turn it the other 
way." In each of the above cases, let the fulcrum be fixed 
upon, as the point from which the moments are measured. In 
each case, drop the perpendiculars cm and cn, from the 
fulcrum c*, upon the directions of the force and resistance, 




* Tbe lever is held at rest by three forces ; but, if we select the point 
of application of one of them for liie point about which we measure the 
moments, we fitall get rid of the moment of that force*, cmce ^^ '^«r^«?(v- 
dicnlar upon its direcdon will be nothing, and therefore \t& ^xcAxiljcXXs^ ^Cd3^ 
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respectively. Then by the principle of the equality of inomeuts 
it will follow that ia all the three cases p X cm=r x cn. 

Ilcuce it is apparent that if cn be less than cm, r is greatei 
than p, or the resistance greater than the power, and this 
inequality may be carried to any extent by diminishing the 
perpendicular cn. Thus we may increase the resistance whicb 
a given power will produce to any extent, by diminishing that 
arm of the lever to ^vhicli it is applied, or causing its direction 
more nearly to approach the fulcrum. In levers belonging to 
the first and second classes, the resistance commonly exceedB^ 
the power; in the third class it is less than it. Tiiere is a 
popular error ariting out of this fact, which it is worth while to 
notice. It is believed that, by the intervention of the lever, the 
greater resistance is made to be sustained by the lesser power. 
This is not the case. A greater force can, under no circum-^ 
stances, be supported by a less. The fact is, that by the 
contrivance of the lever, a portion of the resistance is made to 
be borne by the fulcrum, the whole of it being divided between 
that point and the point of application of the power. And the 
same remark applies to all the various cases in w^hich, by the 
aid of a machine, a less force is made to hold a greater in 
equilibrium. 

96. Since the lever is, in each case, held at rest by three 
forces, viz., the power, the resistance, and the reaction of the 
fulcrum, it follows, that the directions of these three forces 
must meet in a point. (Art. 22.) In all three cases produce the 
directions of p and R, to meet in z. Then the direction of the 
third force, that is, the reaction of the fulcrum, is through that 
point. Also in each of the cases it acts through c. Join, 
therefore, zc, and this line will be in the direction of the 
reaction. To determine its amount; from either of the ex- 
tremities A or B, drop perpendiculars, one upon the direction of 
the force at the opposite extremity, and the other upon zc. 
Then, as before, by the principle of the equality of moments, 
the product of the first perpendicular, by the force; shall equal 
that of the other, by the reaction of the fulcrum; thus, if the 
perpendiculars bk and bl be drawn from b {^g. 1), 

p X BK = (reaction at c) X b l. 
From the two conditions stated above, we can readily solve 

perpendicular, nothing. Thus, selecting the point c, the principle of the 
equality of moments gives us a relation between p and r, independent of 
the reaction of the fulcrum. If we had taken any other point, this relation 
would have been dependant upon that reaction, which we are supposed not to 
know. 
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tbe MoTrin^ problems. Fint : Knoiving tlie qunnHty and 
direction of the force applied to one extremity of n lever, to 
determine that nhich must be applied in a given direclicn to 
tie opposite extremity, so as jnst to suatiiiu it. Second : 
Knowing the forces applied to the arms of & Icrcr, to find the 
Jireuute npon its fulcrum. 





97- The conditions we hare established obtain, wlintCTer 
be the form of the lever ; the proportion of the equality of mo- 
menta being true, for systems of every form. Its shtipe may 
be angular as in the lever used for altering the direction of a 
bell-wire, iig. 4. Curved as in the croiv-ber, fig. 5, and the 
pump-handle, or it xany combine these forms us in the common 
iammer. In the crow-bar, fig. 6, the power is applied by the 
hand; the fulcrum is some hard substance against which the 
bent portion of the lever rests, and the resistance is the weight 
to be raised. The crooked 
lever is applied with suc- 
cess to the saning of wood 
by machinery. A lever 
PBAC, is fixed by means 
of a joint to the rod a d, 
and this again is jointed 

to the saw in d ; and the power is applied at p, in the direction 
DP. The.fuh^rum is placed at a, and as c is made to describe 
a circle, on or about this point, the saw is moved alternately, 
backwards and forwards. A pair of pincers, when used in 
drawing a nail, combines a double action of the lever. The two 
arms being acted npon at their extremities by forces, each 
represented by p, grasp the nail at R, with a force as mucb 
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greater a» ab is lesa than a m or sucli thftt rx am^^bx nar-' 
Again, the pincer acting to dratr the nnil upon the principle 
of a lever, whose fulcrum is 
c; if we draw upon the 
direction of the resistance 
of the nail, and upon the 
direction in which the pres- 
sure of the hand tends to 
force it downwards, per- 
pendiculars c N and cn'; 
the latter force will be lesa 
thiitt the former, in the 
proportion in which cu' is 
less than c K. Scissors, 
£hears, and nippers, a com- 
mon poker, a scale-beam, 
and a steelyard, &c., are 
power and the resistance 

id class of levers, having 
an b h upon the same side of the ful- 
b ng a he greater distance from if. The 
1 h h axis of the wheel ia the Ailcrum ; 
1 o and load, the resistance ; find the 
h p 'er. The oar of a boat — where 
the obstacle of the water to the motion of the blade of the oar, 
forms the fulcrum ; the resistance ia supplied by the rower of 
the boat ; and the power, by the hands of the rower. Thus, 
the force with which the boat is impelled, is to that exerted by 
the rower, as the distance fiom the middle of the blade to the 
point where he grasps the oar, is to the distance from tbe same 
point, to the side of the boat. Common nut-crackers are 
examples of levers of the same kind, the fulcrum being in the 
hinge, the resistance in the shell of the nut, and the power in 
the fingers. To the third class of levers, in which the power is 
applied between the fulcrum and the resistance, belong the 
limbs of animals. Their fulcra are in the joints, the power is 
supplied by muscles, which apply it by the intervention of 
tendons, whose attachments are exceedingly near the fulcra, 
and the direction of their tensions very oblique to the direction 
of the limb. An arrangement which is necessary to preserve 
its compactness and symmetry. Hence, it ia apparent, that the 
perpendicular from the joint, upon the direction of the teadon, 
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isncMBaarily exceedingly sraull, anil, therefore, tliat the power 
of the muscle to sustuLa even the weight of the limb, rnuBt be 
enormooslf greuL 

Tlie muscular potrera of animala nre probably among the 
greatest furces that exial. The great albntroBB has at his com- 
mand a power, which, acting in a directioa whose perpendicular 
digtsnoe from the joint of his wings cannot exceed half an inch, 
enables him to extend tbem through fourteen feet, and thus 
extended, to atrikc them fiercely againat the air. To this class 
balong all those levers in which u small motion of the power 
produces a greater ui the resistance, and in all of these, the 
power is less than the resistance. The trcddle of a luruiiig- 
Islhe, a pair of tongs, or a pair of shears, such as arc used in 
the shearing of sheep, ore uislances. 

98. If the power and resistance act both pcrpcdicular to 
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the aim of the lever ; the perpendiculars upon their directions 
from the fulcmin, are their, distances from that point measured 
along the arm : and the conditions 

of equilibrium resolve themselves r^ ^ 

into the following. That the \ \ 

force and the resistance, bciug -^ 

each multiplied by the distance ^ 
of its point of application from 
the fulcrum, the products shall be 
e<[ua], or 



The pressure 
of the pow< 
sides of it, B 



e upon the fulcrum is manifestly equal to the sunt 
r and resistance, when these act upon the opposittt< 
I levers of the first class : when they act -a.\ 
the same side, as in levers of the second and third classes, it Jl 
equal to their difference. 

99. We have hitherto considered the only forces acting 
upon the lever, to he three ; namely, the power, the resistance, 
atitl the reaction of the fulcrum. Every lever is, however, in 
feet, acted upon by an infinite number of other forces, in tho 
weight of its ports. It has been shown, that tUesei inftuence the 
equillbn'wB of the system, precisely as tliey wouM, VE \Jci.«^ "Wftxft 
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collected in its centre of gravity. Let then the weight w of the 

lever a b he supposed to be collected in 
its centre of gnivity g. The lever, in 
addition to the forces p and R at a and 
B, will now he acted upon hj a third 
force w, in a vertical direction at g. 
Let c K he a perpendicular upon the 
vertical through G. Then it is neces- 
sary to the equilibrium, that the mo- 
ments of p and w, should together 

equal that of r (Art. 35), or 

f P X CM + W X CK=:R X CN. 

It is clear, that the weight of the lever increases or diminishes 
the resistance, according as the centre of gravity lies on the 
opposite side of the fulcrum to it, or on the same side. It is 
iilso clear, that if the lever be so constructed as to bring its 
centre of gravity immediately over the point of support, or 
cause it to balance freely on that point, its weight will have no 
influence whatever upon the equilibrium, and may be supposed 
not to exist. 

Toe Roman Statera. 

100.. This was the case in the Roman statera, or steel- 
yard. A scale-pan having been sus- 
pended from the shorter arm, that 
S - ■ ■ J arm was rendered so heavy, as to 
cause the whole system to balance 
upon its fulcrum p. The eficct of 
the weight of the balance was thus 
neutralized. The longer arm was then divided into parts each 
€qual to the length of the shorter arm, and then again equally 
subdivided. And a weight P, was suspended to a ring, moveable 
along it. According as this weight was placed upon the first, 
second, third, &c., divisions of the arm, its moment would 
manifestly equal thcit of the same weight in the scale-pan, or 
be double of it, treble of it. Sec, And, therefore, it would just 
balance an equal weight, or twice, or treble the weight, &c., in 
the scale-pan. Suppose the subdivision to be into tenths. 
Now each of these subdivisions over which p is moved further 
from F, being equal to one-tenth of F B, will increase its moment 
hy one-tenth of p -f- p b. To preserve the equilibrium, the 
moment of the weight in the sciile-pan, must be increased hy 
the same quantity; but the distance pb remains the same, 
iJjereforp '" ^'^ht itself must be increased by one-tenth p; 




3S 




THE STATERA— TIIU STEELYARD. 7^ 

1 ia wMch case, the moment will be increased by one-tenth 
p X FB, as ^ysLS required. Hence it is apparent th.at if i* be 
made to move oyer any fractional part of one of the greater 
dirisions, the ireight in the scale-pan must be increased by the 
same fractional part of f, in order that the equilibrium may be 
preserved. And hence, tliat to whatever fractional parts of the 
greater divisions the subdivision is carried, to the saniL* frac- 
tioT\al part of the weight P, may any article placed in the scale- 

Ipan be weighed. 
The Steelyard. 
101. The steelyard now in use, is somewhat dincrcnt 
from this. There are two fulcra, from 
either of which it may be suspended, 
and two scales of division corresponding 
to these, and marked on opposite edges *-=2Ji-i-j^— k— 
of the longer arm. The instrument is ' y 

seldom made so as to balance itself on 
either of its fulcra; the error which 
would result from the unequal action of 

its weight, being corrected, by commencing the divisions from 
that point, where the weight p would just balance tlic instru- 
ment, by itself. The division is then made as before, into parts 
equal to the distance of the fulcrum from the point where the 
object to be weighed is to be suspended ; and these parts are 
equally subdivided. It is apparent, that since, when p is at the 
commencement of the division, the moments on either side of 
the fulcrum are equal ; if it be moved onward through any 
fraction or multiple of the less arm, the same fraction or multiple 
of the weight itself must be suspended from the less arm to 
preserve this equality. Each division or subdivision of the 
greater arm, corresponds, therefore, to a weight equal to the 
same multiple or fraction of the moveable weight, which that 
division or subdivision is of the less arm. 

The Danish Balance. 

102. The Danish balance difters n gnrr .i . ..... ■^ ^-T-..-r7rrTr 

from the steelyard, in having a move- ^ *^ ^] 

able fulcrum instead of a moveable 
weight. It surpasses all others in the 

simplicity of its construction, being, in fact, nothing more than 
a straight rod with a weight fixed at one end, a hook at the 
other, and a ring moveable along it, which serves as a fulcrum, 
from which the whole is suspended. The object to be weighed 
is suspended from the book^ and the fulctum mo\ed about. 
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until there is an equilibrium. Tlie weiglit is then read off on 
division marked along the arm for tbat purpose*. 
The Common Balance. 
103. The common biilance consists of a rigid mass calleil 
the beam, in whicli nre fixed transversely, at its extremities, 
and through its middle point, three axea, b, a,', and f; that, f, in 
the centre, serving to support the heajn, and the two olhen, s 
and s', carrying the scnie-pnns, Tlie beam is commonly ajm- 
metrical, as to two liaes, one tniversing it longitudiimlly, and- 
the other transversely. 

The forces acting upon the beam are ; — First, Its ovo. 
weight. — Secondly, The weights of the scale-pans, and the 
weights they contain. — Thirdly, The reaction of the fulcrum. 

The first may be supposed to be collected in the centre of 



which ma — 

festly lies in that 
line of symmetry a^' 
which cuts' the beanc* 
transversely. — The 
second, act upon the 
beam in the points 
8 and s', and when, 
they are equal msy 
he supposed to be 
collected in K, die 
point of interseclioii 
of the line ss', nhicb 
joins them, with the 
vertical line offjnt- 
metry. When they arc unequal, their resultant lies neorer to 
the point of suspension of tiie greater weight. 

The resistance of the fulcrum is in the point of its contael', 
with the surface which supports the balance. Let K, f, and t^ 
be the points in which it has been shown that the forces acting 
upon the beam may be supposed to be collected. The resultant 

" If B and p represent rcapectivetj- llie weight of the balance and tlit 
weight BUBpended from it, then, when the point of support xia in the position 
of equilibrium, we Bhall have, hy the eaariilioii of the equality of niomenn> 
l'XAX=BX_BS[or,rXAX=B>:AB-AX; Bad, .•, r + BXAX=BXAB; 
and, Ax = i nlience it appears that for equal increments of f ibe 
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of the weights in tlie scale-pans, acting througli s, that of the 
freight of tlie beam, through a, and the reaction of the fulcrum, 
in F, The two former may then be considered as foiccB acting 
upon a lerer, moveable about F. There will be an equilibrium 
when their moments about that point are equal. If tbe weights 
in the scale-pans be unequal, so that the point k does not lie in 
the Ibe of symmetry ab, (see the figure in the nest paragraph,) 
it 19 manifest that this equality of moments can only exist in an 
inclined position of the beam, when the product of the perpen- 
dicular Fin by the sura of the weights in tbe scale-pans, being 
the force which acts through e, equals Fn multiplied by the 
itught of the beam. 

That balance is said to be the most sensible, ubicb, for a 
jiven inequality of the weights, causes the greatest dc'tlexion of 
the beam from its horizontfd position. Now this deflexion will 
manifestly be greater, first, as tbe distance through which the 
}innt E is moved from ab by the given inequality of the weights 
ii greater — and that is greater as the whole length of the beata] 
19 greater. Also, secondly, ~ 

the deflexion will he greater 
uthe point k' (where the line j. 

joioing the points of suspen- \ i 

Bon cuts ab), is more distant *i--S I 

from F*. And, thirdly, the .^'n^-j 

deflexion will be greater as the , ,,-''' O v 

Weight of the beam, acting -^ 
through o, is less, and that \ 
point nearer to the falcrum. 
in all good balances the line an' joining the points of suspen- 
Ebn of tha acale-pans ii made to. pass a little lienealh the 
fhlcrum. 

It is apparent that, in the horizontal position of the beam, 
if it be symmetrical, the moment of its weight, collected in o, 
vanishes; since it acts in the vertical ab passing through f. 
The beam cannot, therefore, rest in that position, unless the 
moments of the weights acting at a and s' be equal, or, if tbe 
distances ks and ks' he equal, unless (he weights themselves 
ore equal. Such a balance will, therefore, ascertain correctly 
whether the weights placed in its opposite scales be equal to one 
another, and is a true balance. If, however, the distances ks 
and ks' be unequal, the beam will only remain horizontal, with 

* This plei'atioii of the 
towBTer. eicoed certain limi 
win CBOfe the beam to upset. 
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unequal weiglits ia the scale-pans, and although it poiae itself 
accurately when no weights are placed in the scale-p.ius, yet ia 
it a false balance. ^Ve may, however, weigh as accurately with 
it as with any other, if, after having placed such weights in 
either of the scales as shall accurately balance the article to be 
tveiglied in the other, we then remove the latter and observe 
what weights, placed in the pan from which it is removed, will 
restore the equilibrium. These precisely equal its weight. And 
this method is, perhaps, the most accurate that can be employed 
to ascertain the exact weight of any portion of matter. 

104. There are few things ia practical mechanics more 
^i£ciilt than the construction of an accurate balance; especially 




-if it he required for ascertaining the weights of heavy masses. 
The combination of strength in its parts, and delicacy in its 
adjustment, is only to be brought about by great skill and per- 
severance, on the part of the artist. 

The accompanying wood-cut represents a halanco made by 
Mr. Bate for determining the weight of the standard bushel, 
combining these qualities in a remarkable degree. — Lightness 
being essential to the sensibility of the balance, the beam of this 
is made of dry wood; and that form is given to it, which sup- 
plies the gieatest strength with the least quantity of material. — 
^■(,p i.^'.rn Ig pierced through, near its centre of gravity, and 
Aperture thus made, there \a ^Wei, Ua.-aft\e"CMly, 
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. solid mass of brass l, in nliicli ia fixed a Tredge-slinped 
piece of polished steel, called » knife-edge*, tiie section of 
which is represented at F in tlie anialler figure, 
and which extends completely across the heam. 
This knife-edge is adjusted so as to be accu- 
rately at right angles to the surface of the 
bcu.ni, by meiins of screws which are represeiiled 
in the figure, and so as to be slightly above the 
centre of gravity of its mass liy means of other 
screws, irhicb are not shown. 

Passing through the same aperture, hut 
wholly detached fro:n the beam, and resting 
upon columns c& on either side of it, is ano- 
ther mass of brass, on which is fised a plane of steel M, tra- 
versing the beam, and sustaining the knife-edge, throughout 
its whole length. — Wlien the balance is in action this plane 
sustaius the whole of its weight, and that of the masses weighed 
in it, and the knife-edge is the fulcrum upon ivhich the whole 

In the cross-piece which is supported by the columns c c' 
and which carries the steel plane m, is an aperture through 
which passes h fork-shaped piece of brass n, forming part of tho 
frame-work dkd', which is wholly detached from the beam 
when the balance is acting, but admits of being raised by the 
motion of the handle u, so as to cause the fork n to catch a pro- 
jecting piece L in the mass which carries the knife-edge and is 
£xed in the beam. By continuing the motion of the handle, 
the beam, and with it the knife-edge, may he lifted from the 
plane on which it rests, and thus the injury nhich could not 
fiiil to arise from a conlinnol pressure of the plane upon it, is 
preyented. 

On pieces projecting from the estremities of the beam, and 
precisely at equal distances from its fulcrum, two other knife- 
edges p' are fixed across its upper edge, and like the former, 
at right angles to the plane of its surface. These are adjusted 
like the fonner, but they have their edges turned upwards. 
The scale-pans are attached, each, hy a hook, to a piece repre- 
sented at s', and composed of two parts, each somewhat ia 

* It was at first inmgineii that fiarpiiesa in the edge of the fuloram iras 
essentiol to the souEibility of the haJance, and for this reason the edges of 
knivEB were not unfreqnently used ua fulcra. It has since been ascertainet 
that B lery eonsiderable angle may be given lo the edge of tba Mc™* 
without at all impeding- the rotation ; wMlat the chtniw o? myw^ \n*, 
hereby greatly iliaiiaisbeiJ. 
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tlie form of a stirrup, receiving the projection 
tlic beam between Uieni, and connected abovi 

m', which rests oii the knife-edge ; and at 
bottom by a cross-piece on which the scalc- 
pan ia hooked. Thus is obtained tlitt 
perfectly delicate suspensioD of the scale- 
pan upon the beam, than wbich nothing is 
more essential to the sensibility of the 
balance ; for it is manifest that if with the 
inclination of the beam there be not a 
liinullaneous reTolution of both scale-pan! 
alK>ut their points of support; ihi 
of that, carried by the ascending esiretoitj, 
will be the same as though it were suspended fiom 
more distant from its fulcrum than its actual point of suspen- 
sion ; whilst the effect of that carried by the descending 
tiemity, will be the same as though it were suspended itujo. 
some nearer point. Both these causes existing ii 
a degrep, will have a tendency to impede the motion of the 
beam, and may seriously affect its sensibility. 

The frame D E d' carries at its extremities two fork-sbapeJ 
pieces of brass n', similar to those at l, one on each side of the 
beam. These, when the frame is sunk to its lowest point, stand 
some inches clear of the extremities of the beam, allowing it to 
yibrate freely ; but when the frame is raised by the motion ot " 
the handle Q, they catch projecting pieces l' and l" in the stii- 
mps, and lift the planes which these carry, from the knife-edges 
on which they rest. Thus the knife-edges are protected from 
injury when the balance is not in use, and the scale-pans may 
be loaded before their weight is thrown upon the beam ; an ar- 
rangement affording great facilities in the use of (he instrument*. 
The adjustment of the knife-edges to tbeir proper positions, is 
made by means of small screws by which they may be moved 
horizontally or vertically. That of the knife-edge in the middle 
to a point immediately above the centre of gravity of the beam, 
which is the most difficult, is facilitated by means of small 
weights which screw upon wires represented in the figures as 
projecting horizontally from the extremities of the beam. These 

* An imprOTement has recently been made by Mr. Bate in this port (.f 
the HrraQgement. By a very ingenious contrtvance, the beam and scaie-pana 
are firet of all made to be suEpendeil upon cvbndncal aie9, and then, by a 
further morion of the handle h, to rest upon the itnife-edgaB. Thus an op- 
portonity is afforded of bringing the wMght m the scaie-jianB rery nearly to 
an equality, before that extreme gensibdity is given to the balance nhieh 
renders the adjustment difficult. 
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Mag screwed nearer to, or further from, the fulcrum, give a 
cofreaponding hut very slight motion to the centre of gravity of 
Ibe beam, thus causing it to lake up the required position in 
respect to its fiilcrum. The balance used by Capt. Kater for 
determining the standard pound \veight was on this construc- 
tion. With a weight of 2501ba. in each scale, the addition of a 
single grain caused an immediate dcfleiion of ^th of an inch ; 
m that the balance was sensible to tlie addition of the 1 7 1 i o o o th 
of the weight it contained, and would weigh accuralelj to that 
fraction. Tliis was, perhaps, the most perfect balance ever 
made for weighing considerable weights. Mr. Robinson adjusts 
bis small balances so that, with 1000 grains in each scale, the 
bdex Taries perceptibly by the addition of the tj j-^th of a gr^n. 
So that his balances are sensible to the millionth of the weight. 

Mr. Rosingon's Balance. 
105. The most important peculiarities of this balance con- 
sist in the circumstance, that plane surfaces and knife-edges 
slone are brought in contact, and in the contrivances by which 
they are detached from each other, and again restored to contact 
at the same point of heariiig. Fig. 1, represents the balance. 
The axis is a continuous knife-edge, firmly attached to the 
Beneath this axis passes an agate surface, which 19 



fastened to the fixed upright, 1 
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Fig. 4, rcjiresenla one end nf tlie beam, and llie siupendlni 
piece for the piin. The knife-edge is fastened to the b«im 
lijf tlie screw a, oiid is pressed by two screws, one of wliicli 
■hoivn in ibc drawing. The o)>ject of tliese screws is to adjuet 
the ktiife-cdge parallel to the axis, wlitcli is done hj relaiing 
one of lliese screws and tigliteniiig the other- The termiiDi- 
tioo of the beam, to which the Lnife-edge is atliiched, is con- 
nected with the henni itself at the upper part. Through it paeia 
a screw A, the point ofwiiicb presses against the coutiguoui 
part of liie beam. By serening in the screw, tlie knife-edge 
vould be removed farther from the axis, and also be raised, 
and the contrary by unscrewing it. By means, then, of these 
adjustments, the end knife-edges are placed panillel to, cqddis- 
tnnt from, iind in a right line with the central knife-edge. 
Each end of the end knife-edge, is leniiinnted by a short cylin- 
der. The suspending pieces of the pans have also similar 
cylinders, but longer, which, when the pans are suspended, are 
parallel to, and immedi.'ktely over, the knife-edges. By means 
of lliese cylinders, and the frames 6, b, fig, !, at each end of 
the support, iIil' beam is raised from the central surface, and tlie 
pans are raised from the knife edges. 




The sides of these frames ikre inclined outward and their 
inner sides are formed as sho^vn in figs. 2, ^ F.g 2 h is a Y oa 
each side, to receive the cylinders of the suspending piece, and 
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^Kiteath nre shoulders on ivliich rest the cylinders of the knife- 
edge. Fig. 3 has similar Ys, and on one side it similnr sbouldcr, 
lul on the other side is a Y to receive one of (he cjlinders of tlie 
Jaiife-edge. These frames are fastened to (he support, which 
bruinntes in n tube fitting on a pilbr. This tube is pressed 
npivnrds hj an interior spring, and is drawn down to bring the 
lolance into action, by a Icrer which passes through the tube 
sad pillar as shown at figs. 5, 6, 

On the index of the henm screws a hull, by which the centre 
of grUTity of the heam is adjusted. Fig. 7, shows the arrange- 
ment for steadying the pans. Each arm is furnished with two 
upright pins ; these are to he pressed ngtiinst the pans previous 
to the support being drawn down, and are to be withdrawn 
after the edges and surfaces are brought in contact. 

The Bunt-lkvek Balance. 

106. The inslrunient represented in the accompanying diO' 
gram ia called the bent-lerer balance. A bent 1 
whose eiEtremity c, awright is fixed, and 
to its extremity a, a hook, carrying n 
Bcale-pan, is moveable about an axis n. 
It is clear that the moment of the arm 
B c, varies with the perpendicular b d on 
the direction of the weight c, and, there- 
fore, willi the inclination of bc. Every 

difierent weight placed in the scale-pan 

will, therefore, produce an equilibrium in 

position of DC. The positions 

iponding to different weights mny he 

lined by experiment or calculation, 

being marked upon the rjua- 

I will always point to the weight i: 

On Compound Levers. 

107. Lbtbhs may be made to act upon one niioUier, and the 
power of a system thus combined may bc increased to any extent. 

Let Ai^ and up" be two « 

levers, acting round fulcra p |p' 

and p"; and over their ex- v^ ^ , f 

treniities let a third p' p" 

laid, the resistance of who 

fulcrum p' is in a direction n 

posito to that of the others. __ 

power p applied at A wiJI produce nt p' a \ca\st!MAc& -oi.^ -KwiOaJ 
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greater, as A p is greater tlibn p'f; and this resistance acting ai 1 
a power upon the lever r' p", will produce a resistance at v",mi 
power upon the IcTer e" n, as much greater than that at p', u 
v' r' is greater than p" f', and thus, by continmng the lereri] 
the resistance which a given power will produce, may be ia- 
creased without hmit. 

Two levers of the first sni I 
second classes are sometimes cod- , 
necled by a rod p'b', jointed to 
both, as in the accompaajing ' 
figure. The resistance r', pro- 
duced at p', by the action of tbe 
force p, is such that 
_ -R' X r'p. 

And the resistance produced at B, by the action of k' at p', ii 
such that r' x p' f' ^h p' X n. 

Whence, multiplying these equations together, and striking oat 
the factor b', wliieh occurs on both sides, we have 

P X P F X p'f' = R X r'p X B f'. 

"Whence the power necessary to produce a given resistance may 
be known, or conversely. The levers used for raising carriages, 
to lake off their wheels, are of this class. 

The Weiouino Machine. 
108. A VERY ingenious combination of lovers is used ^ 
determining the weights of carriagea. An oblong platform of 
su£Ecient dimensions to receive upon its surface the carriage to 
be weighed, is supported at its angles upon a system of foof 
levers whose fulcra are fixed in solid masonry, a short distance 
beyond the angular points, and which converge, in the direc- 
tions of the diagonals of the oblong, towards a point in its centra- 
Tliey there rest upon another lever, whose fulcrum is at a short 
distance from the point of convergence, and which passes unde^ 
the road, and has its opposite extremity in the weighing-house- 

Let us suppose the distance of the point, where each of tb* 
angles of the platform rests upon a convei'ging lever, front tb* 
fulcrum of that lever, to be one-tenth of the length of the levefi 
and let the distance from the fulcrum of the great lerer to tb* 
point «here it supports the extremities of the smaller levers, b* 
one-tenth of the distance from the fulcrum to the extremity o' 
the lever in the weighing-house. Also let us suppose a vreigb* 
of 4000 pounds to he placed upon the platform ; this being 
divided ec[ually between the points of support, each will heal 
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ufh of it, or 1000. Also a pressure of 1000 pounds 
i at that point of eucb converging lever, where it sustains 
latfonii, will be held in equilibrium by a pressure of 100 
^minda applied at that extremity of it which Is under the centre 
o! the platform, The whole would, therefore, just be borne hjr 
40O pounds at the centre of the platform; and this pressure 
agnia being thrown on one extremity of the great lever, will be 
bome by 40 pounds at the other extremity of that lever, in the 
weighing-liouse. Thus 4O00 pounds may be weighed by meaua 
cfa weight of 40 pounds. 

TiiE FcLCHA OF Levers, 

109. The fulcrum of a lever is usually made in the form rf' 
B triangular prism, and sustains the pressure upon one of itB 
BigJKB, thereby opposing no appreciable resistance to the motion 
cf the lever about its line of support. It 
either forms part of the lever, and rests 
Upon horizontal planes fixed in ao upright 
pillar on each side of it, or (as in the balance 
described, Article 104,) piercing it, or it is 
itself so fixed, sustaining the surface of the lever on a plana 
placed across it. We have hitherto supposed the fulcrum to 
supply a reaction, equal and opposite to the resultant of the 
forces upon the lever, in every position which it is made to as- 
aame. This is, however, only possible within certain limits. If 
the resultant make witli the perpendicular to the surface on 
which the fulcrum acts, an angle, greater than the limiting angle 
of resistance, it will clearly slip upon that surface, and the equi- 
librium will he destroyed. This condition brings the possible 
Cases of equilibrium under the circumstances described in the 
preceding propositions, within comparatively narrow limits. 

1 10. If we would extend these limits, we must, by some 
Biechanical contrivance, counteract the tendency of the lever to 
slip, under certain circum stances, upon its point of support. To 
effect this, fhc fiilcnim may be converted from a triangular prism 
into a cylinder, and instead of resting on a plane, may be made 
Wrest upon the interior surface of a cylindrical aperture in the 
masswhich is to sustain its reaction. Thus formed, it becomes 
an axis of rotation. This axis, like the fulcrum, may either be 

[ fixed in Ihe lever, and moveably inserted at each extremity in 
I uprights projecting from a supporting column; or it may be 
I fixed itself, in these suppor/s, and moveably inserted in the 
lever. It will be apparenf, hereafter, that l\ie fcst MtavsysBiw*, 
I peisesaeB man^ advantages over the othei. 'W\l\\a^.^i^ 'Ca\?. W^- 
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trivancp, ire maiiirestly gain the tidrimingeof n constant posilion 
of the point of luppurl, whatever be the poEitioD of the lent, 
or whatever llie forces which act upon it ; itc lose that peifMt 
freedom of rotation which the other arrangement gave us, Tliis 
will he readily understood. Where the surfaces of the leva 
and its support are in contact, in a single point, as in t!ie case 
of the triangular fulcrum, it is manifestly necessary to the cqni- 
lihrium, that the resultant of the forces acting upon it, should 
pass accurately through that point ; otherwise the reaction of 
the supi'ort which takes place only there, could not sustain tliot 
resultant; and the lever having been thus placed in equilibrium, 
the slighlest alteration made in the forces which act upon it, 
changing the direction of their resultant, would he sufficient to 
communicate motion to the whole. Whereas, in the other ease, 
the lever and its support are in contact throughout the whole sur- 
face of the cylindrical aperture or socket, and if the resultant of 
the forces acting upon the lever pass through this surface, they 
will he sustained, whatever he the direction of that resultant, pro- 
Tided only that direction do not make with the perpendicular to 
the surface an angle greater than the limiting angle of resistance. 
Thus, if p 15 be the direction of the resultant, and we join c b (o 
being the centre of the axis, and c e heing, therefore, perpendi- 
cular to its surface), this resultant ivill be sustained hy the rc- 
^% action of the support, whatever be its 

" — ^F — \ direction, provided only the angle pec be 
^ri^^ §■ less than the limiting angle of resistance. 
^^BBe -^ Hence, theicfore, the forces acting upon 
^^|k; ^ the [ever may he varied iufiuitely within 

' - — ■ ■ ■ A certain limits, both as to quantity and 

direction, without causing it to revolve. The greater the length 
of the lever, the greater is the dlsltince through which a given 
Tariation of the forces acting upon it ivill move their resultant, 
the narrower, therefore, are the liniils witliin which this varia- 
tion is practicable — the dimensions of the axis being supposed 
to continue the same. It is nianirest that hy diminishing these 
dimensions, w-e can contract the possible limits, within which a, 
variation of the force does not produce a corresponding motion 
of the lever, to any extent. Tliat is, we may thus dimiulsh, as 
far as we hko, the effects of the friction of the axis. 

The CARKiAGE-WnEEt, 
11], FaoM the above considerations, we shall be enabled 
to expl.iin the theory of the axis of the carriage- wheel. Let us 
suppose that, instead of being moveable roundasmsAVaxi»\iiit» 
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centre, it were raovciible round an axis having a diameter nearly "J 
equal to its oivn, bo that the nheel constituted, in fact, a thin J 
'Ting, just encompassing the axis. It is clear that the frictiott J 
Ttould then be the same as tlicugh the wheel wer 
it were dragged along a road of the same material as the ring. I 
3tow we have pointed out the difference between the friction of I 
as axis of these dimensions and a Braaller axis, sueh as that of J 
«Hirriage-whee], thcsame difference is there, therefore, hetween i 
Sbe friction of a carriage drawn without wheels or with its wheels | 
locked, and a carriage rolling freely on its wheels' 

In OTercoming ohstacles, the action of n can'iage- wheel isJ 
tliat of a lever of the first class. Let a rej)resent the obstacle, 
cp the line of traction, c u a vertical through c. Then tha J 
forces acting upon tlie wliccl are the reaction of the obstacle at J 
A, the weight of the car- 
nage sustained by the axle, 
and acting on tlie wheel in 
the direction en, and l!ie 
traction of the horses in 
the direction cp. From \ 
let fall the perpendiculars 
All and AN upon tp mid 
c R; then there is an equi- 
librium when the force of 
tLe horses ia such, th;it its 
product when multitiliod by 

i M, is equal to that of the weight niuhiplied by a n. A force 
ilightly greater than tliis will be sufficient to draw tiie carriage 
ow the obstacle. 
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fttlcnitn npon tlie direction of that force, necessarily rariM 
continually with the motioo of the lever, provided the force be 
not in every position made to act at the same perpeudieulat 
diitonce from its fulcrum. Thus, a man who, standing 
same position, applies hiB strength, by means of a rope, 
extremity of a lever, and thus raises a weight attached to llie 
other extremity', cannot produce the same effect in different 
positions of the arm of the lever by the *aine expense of muscnlar 
energy. lie will find continually thnt his efforts muat be 
greater, as the perpendicular from the fulcrum upon the direc- 
tion of the cord which he pulls, is less. 

A very simple contrivonce will, however, enable him to gife 
unifoiinity to the effect of bis strength thus applied. Let PFd 
represent a lever, which may be of nnj 
form ; and let there he fixed at its ei- 
tremities, p and a, two arcs of cirdei 
AD and CD, which have, both, theii 
centres at the fulcrum or axis F. Let 
these form part of the mMS of the lewr, 
V \^ ,•' / and let tiie cords (o which the forces r 

" ' _,-' and Q are to be applied, be attached W 

"~' ''' the upper extremities of these arcs. 

As either extremity of the lever is 
pulled down, the cord will then unroll from this arc, so that its 
direction will always he that of a tangent to it, and the perpen- 
dicular upon that direction from the ful- 
crum will he a radius of the arc, and, 
therefore, always the same, whatever be 
the position of tlie lever. The perpen- 
dicular upon the direction of the force 
being thus always the same, the effect of 
the force will be the same. 

This principle has been used to convert 
the vibrating motion of the beam of a 
■ Yl steam engine to the longitudinal motion 

^^^■^ requisite for working pumps, as represented 

^^^^B in the accompanying diagram. 

^^^^ The AVheel and Axle. 

113. In communicating motion, the action of the lever is 

necessarily limited and intermittent, Thus, if a weight be 

attached by means of a cord to the extremity of a lever, we 

As in the case of n drawbridge, ar in the contrivance nsed for raising 
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e tbat weight by tlie action of the lever only to b given 
beight, equal, at the utmost, to twice the length of the arm to 
which it is attached. The wheel and axle ie a contrivance for 
extending the action of the lever lo any distance, and rendering 
itcontinuoua; these advantages being combined with the uni- 
fonnity of effect spoken of in the last article. 

Conceive the circular arcs a b and c d (see the first Jig. in 
L^eceding article) to he continued round, so as to form 
1 circles; and instead of the end of the cord being 
I to the circumference in b, let it be any number of 
• coiled round it. The cord at the extremity of which Q is 
e to act, being then of the requisite length, the action of p 
in giving motion to n may be continued through any distance. 
The value of p necessary to effect this must be greater than that 
, Klucb, being multiplied by f p, gives a product equal to the 
it of tt multiplied by q p. It is manifestly immaterial, ao 
il these conditions of equilibrium are concerned, what are 
jK^dths of the edges of the two circles, round which the 
n^s are coiled. The smaller is commonly widened into a 



The other is made 



and is 



cipally I 



ed in the eleva- 
a amall force or 



L 



cylinder, called the 
called the wheel. 

114. The wheel and asle is princ 
tion of weights. It enobles us, by i 
weight, to raise a, much larger. 
Since, in order that the power 
uid weight may sustain one 
aaotber, the power multiplied by 
llie radius of the wheel must 
equal the weight multiplied by 
the radius of the axle, and that 
the radius of the wheel is greater 
than that of the axle; it is clear 
Ibat the power must be less tlian 
the weight, or this equality could 
not exist. Thus, if the wheel be 18 inches in radios, the axle 
3 inches, and the weight to be raised 36 lbs.; since 3 inches, 
multiplied by 361bs. (which product is 108) must equal 18 
inches, multiplied by (be power; it is clear that the power 
must equal Gibs., since th.it number, multiplied by 18, will 
make 108. It is manifest, tbat theoretically we may increase 
the power of the wheel and axle to any extent, by increasing 
the radius of the wheel, and diminishing tbat of the axle, j 
Practically, however, this is impossible. Foi if l1\e taAvMs q( tti% ^ 
wheel he greatly increased, it ivill be fo\iii4 ii?ttcvi\V, is-iA ^A 
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lenglh itnpowible, to apply the power to it; nnd if the radius of 
itiu tixle be greatly diminished, it will become Eo slender, ns to 
be iiicnpiible of supporting the weight. 

115. The following contrivance appears, howcTcr, to meet 
this difficulty, and enitbic us to increase tlie poivcr of the wheel 
and axle without limit. Let us suppose three circles, tamed 
upon the some block of wood, to hare their common centre in 
c; and let a rope attached to the circumference of the second 
circle in a pass round the pulley q, and be coiled in an opposite 
direction round the least of the three 
circles. The weight is attached to 
the centre of the pulley q, and the 
power applied to a rope coiled round 
I ^ the largest circle. Now it is clear 
that the forces at a' and a", acting on 
the same side the centre, both tend to 
support the force acting nt a. AIm, 
since the pressure of r is equally eus- 
tained hy the two strings Q a and q'a'i 
each hearing one-half of it; it is clear 
|l ^j sl-^ , IF that the force acting at a' is equal to 

M»O^^M p^^ *^ that at A, and would sustain it with- 
^^h ^Bl-pi'' out the assistance of p, if the distance 

^^H J&_ '^ ^') ^^ which it acts, were equal to 

^^^ u^ '^'^! "'^ that it will more nearly sus- 

tain it, as these distances are more 
nearly equal; so that we may make 
the' additional force to he supplied by p, as little as we like, hy 
diminishing the diffLTcnee of the radii c a and c a'*. Thus the 
force I" necessary to produce the equilibrium may be diminished, 
and the power of the maehiae increased to any conceivable 
extent. 

116. All the condi- 
tions of the equilibrium 
will manifestly be the 
if the circles be not 
3 same plane. The 
interior circles are 
dy cylinders on the 
lis, and the force p 
ipplied as in the wind- 
Sometimes the cords 

* Mr. Siuton has applied the prindple esplaiucJ a\iDve to flie cim- 
rtroeljon of a »nj ingenious ^u)'~ 
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oiled on dificrent cylinders, and tlic same motion com- 

micaled to both by tbe iiiterrention of a cog wheel. As more 

ia coiled on the axle, tbe point ftom which it is suspended 

:s aloiig it, and has a tendency to collect at its estreraitv, 

encumber its revolution upoo its axis. This tendency is 

BBetimes counteracted by giving n cutved form to the suiiice 

if the nsle. This cuiTature rapidly increases towards the ex- 

'9 of tbe axis; and as tbe coil approaches those points 

isea it to slip towaidB the centre. 

The Windlass. 
117. Toe power, 

I instead of being ap- 

I Jlied to the aile, by 

I the intervention of tbe 

f wheel, is sometimes 

I applied by means of a 

I lerer fixed in its ex- 
tremity, and terminnt- 
'og in a handle paral- 
lel to its axis. It is 
'ien colled the nind- 
^"ss, If the power be 

applied by the hand of tbe lahourer in a direction" perpendicular 

*<> the arm of this lever, tbe conditions are the same as where 

*'ie wheel is used. 




The C iPsTAv 



118. If the cylinder, instead of haiin 
'^ jlaced verticallj', it becomes a 



i 



*J ihe capstan by means of a 



s bonzontal 



^i^tances "round it, in the 

**» Section of radii. To 

^■<]i of these (be force of 

P*»e or more individuals 

at tbe same 



j of Itvers, placed at equal 



*^ applied ! 
**ine. 




The capstan is prin- 
'^Jpally used for raising 
Vlie anchors of ships. A 
*«w turns of tbe cable are 
<loiled upon the cylinder; these are sufGcient to prevent it 
clipping; and as one extremity coils ilself, the other rolls off, 
Bnd Is stoyred awajr. It is evident that lU t\\ia OTjcx^titsa. 'Cae 
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coil will hare a tendency to move continunlly from one en3 of 
the cylinder to the other. To prerent this, a conical form ij 
given to it, aa represented in the figure; and towards the lower 
extremity its thickness increases very rapidly, and hy this 
the coil, when it approaches that estremity, is made continttally 
to slip back again up the inclined plane of the sides of llie cone, 

Tkead AVuekls. 
1 19. Thg muscular strength of the legs being much greater 
Uum that of the arms, various methods hitve been contrived for 



1 




applying liead ivbeels to give motion to the axle The 
accompanying diagrams represent two of these In thi, last 

b^^k the weiglit of the body, and the muscular 

^^^K force developed b} the mdii idual ui 

^1^^%^ raising himself (the reaction of ^thicb 

rM Sk IS borne hy the macbine), combine to give 

tt W ^^^ motion. In the first, which is that 

Jf^ y. commonly used in our prisons, the re- 

jp|t\ \ action of this muscular force is princi- 
pally borne by the bar which the prisoner 
grasps. The last contrivance appears to 
possess great advantages over the other 
in the economy of force, space, and ma- 

lethods have been contrived, for com- 
bining the action of the weight and muscular force of horses, in 
giving motion to machines. The annexed figure represents one 
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of tbep- 



' fore-feet of a horse test u^o. & &x«6l ^ta,tfann. 




TREAD WHEELS. 

Bid bis liind-fect upou 
the circumference of a 
cjlinder, Tfhieh a portion 
of Mb 'weight, aud the 
inusoular energy of Lis 
liind legs, combine to put 

121. If the weight 

istantly the same, 

; he required to 
«reicome it by the action 
of a Tariahle power; it is 
clear that this power must be applied at different digtancee from 
B-4ilw axis. To effect tbis, the wbeel, instead of being a cylinder, 

o a cone of such a form that — imagining it to he cut at 
_l distances transversely— 
iradii of its different sec- 
tions may increase or diminish 
fiiaetly in the proportion in 
which the power to be used 
iliminishes or increases; eo 
that the small power, when 
thus placed, by the coiling of 
the string along the cone, at 

the greater distance, may produce the same effect as the greater 
power at the less distance. 

122. The conical wheel of a watch, called the fusee, is 
constructed upon this principle. The force of the spiral spring, 
which in uncoiling itself gives 
notion to the watch, is great- 
est immediately after it is 
Wound up, and diminishes 
perpetually as the coil es- 
pands; the difference of force, 
corresponding to different de- 
grees of expansion, being 
exceedingly great. Hence, 
therefore, if there were no 
check upon the variable action 
of the spring ihe watch would 

continually move slower, from the period when it was first 
wound up. And unless the dial-plate were unequally divided, 
we could not tell the time by it. The fusee oAiYams iici\a.'Osia. 
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be held at rest ; tie moment of the pressure al Q, must fqnil 
that of the weight f; 
^ _--'" '"~-^ Of being mulliplied by 

C M, tbe pressure at H 
must equal P iDulli- 
plied bye A. (Art. 36.) 
Hence it follows, that 
the pressure at « must 
equal the product of p 
and CA, divided V 
c M. And, similatly 
we shall find it to I« 
necessary to the equi- 
librium of the other wheel, that the force at « should equal the 
product of w and c' a', divided by c' m'. So that the pressure at 
Q equals both the quantities. 

' "ft'herefore these quantifies equal one 



another, 'or - 



- aiid hence, p=: ^= — ==, X w, 



Now it is evident that the cog t cannot give motion to t', 
without at the same lime slipping along its surface at q. And 
it cannot so move along its surface, unless the direction of mt, 
ia which it presses upon it, be without the limiting angle of 
resistance (Art. 72), and, therefore, considerably inclined to the 
face of the tooth ; but tbe more M (1 is inclined towards n t', the 
less ia the perpendicular c' M', and the greater is o m; the greater, 
therefore, is the fraction 

c'a' X CM 



nd the greater is tiie 

power p, necessary to give motion to a given weight w. — Hence, 
therefore, there arises a great loss of power in the machine, from 
the sliding of the cogs on the surfaces of one another. This 
loss of power wOuld be avoided if they could be so contrived as 
that in the motion of the machine they should roll, and not slide 
upon one another. With this view various curved forms have 
been given to them. Any geometrical discussion of the nature 
of those is beyond the scope of an elementary work. It may, 
however, be stated generally, that they are asserted to belong to 
that class, which are generated by the motion of a point in the 
(nrcumference of one circle, rolling upon th.'it of nnothcr, and 
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i epicycloidal or hjpcwycloidiil, according as tlie moveal^ 
circle rolls on the outside or inside of the fixed one. 

There iB still another object, witK a view lo the altainment 
of which, it is most important to modify tlie forras of the teeth 
of wheels. — It is easily seen, hy nn inspection of the figure ia 
tbe preceding page, that an uniform motion of the wheel c round 
its axis, does not by any means necessarily produce an uniform 
iDolion in the wheel c'. The angular velocity communicated 
to c" diminishes, in fact, from that position in which the edges 
of the teeth are in the same light line until they finally leave 
one another. After all, however, it is scarcely possible to con- 
slrDct wheels such as will satisfy all these conditions; and were 
they 80 constructed, the uneijual wear of the machine would soon 
alter their forms. 

126. Friction is hest got rid of, and uniformity of motion 
most completely produced, by making the teeth exceedingly 
small, and proportionately numerous. And when the strain is 
not consider.ihle, this may he so far done as to render any irre- 
gokrity in the motion almost imperceptible. 

When the teeth are thus small, it is evident that any two 
which are in contact leave one another almost immediately after 
tlieypass out of the line which joins the centres of the wheels, 
snd may be considered to 
touch only while they are in 
that line. Now whilst the 
tnrfaces of the teeth are in 
this line, the motion of the 
poiat of contact is perpendi- 
cular to both; they have, there- 
fore, no tendency to slide 
upon one another, and there 
no friction. Ilete, there- 

the pressure of one on the other is perpendicular to their.' 
m surface. And the perpendiculars cm and c' m' coincide; 
Q and c' a'. So that the conditions of the 
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' ft' may he considered, since the teeth are very 
small, as equal to the radii of the wheels. Hence the following 
rule to find the power of a combination of two cog wheels. 
Multiply the distance at which the power ia ap^Wei, ^Tota. ftie 
ctintre of the Brsc wheel, hy the radios of fhe aeconl w'^i.e.eX, »«^ 
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1>eing made to rerolre liy means of the force p acting rati 
this asle mil carry the extremity s of the rod m m round w 
it, aikd thus comniunlcale an alternate longitudinal motion M 
M It. Or, conrersely, snch n motion being by any meam g[ 
to M R, the rod c n will ha made to revolve about a, and ■ 
axle carried round with it. 

The EccENTnic. 
ISO- Is another contrivance for converting continued or- 
cnlar into alternate rectilinear motion. A circle is £xed to tlu 
axis of the wheel or crank nhieh carries the power, in a point 1 
c which ia not its centre: ln is a frame in which is a circulst i 
aperture precisely of the aize of the former circle, and which a i 
placed upon it, or made to contain it. The extremity x of th' 
frame may be jointed en a rod moveable only in a longitudinal 
direction, and intended to apply the force of the machine. 

The tension upon the frame is manifestly in the direction of { 
the line mn, passing through the centre m of the mrcle, ahout 
which line it is symmetrical. Taking, therefore, o, the centre 




of the motion, and drawing the perpend icul.ir c k upon i 
the force e, applied to turn the circle about its axis c, remain- 
lite same, the strain, multiplied by c k, must remain the same. 
As, therefore, c k diminishes, the strain will increase, and con- 
versely. The force b, necessaiy to the equilibrium, may be con- 
sidered to vary nearly as the strain upon the frame. 

The power of the eccentric is greater as the axis about which 
the circle is made to revolve, is less distant from its centre. 

Tee Stanhope Press Lever. 
131. Thehe are some facta wllh regard to the combination 
of two cranks, which are worthy of attention. Let us conceive 
two cranks, connected by the common rod M K, to have their 
centres of motion in c and c'. And let a given force act to give 
motion to the system by causing the revolution of c M, Now 
it has been abown that the strain produced bj this fot<ie,\-atha 
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md u N, will be greatest vhen c m and m n are nearly in the 

nine right line. (Art. 127.) Tiiisstmiii is transferred to N.and 

tendfl to give motion to c'n. If, therefore, 

the system be so contrived that nhen gh 

ud u K are nearly in a line, m n may be per- 

penilicuhir to (/ n so &g to act upon that lever 

at the greatest adviintnge, it is evident that 

we may produce an enormous force tending 

to cause revolution in the axle to which that 

Jever is attached. Tliis arrangement of levers 

is that used in the Stanhope ptinting press. 

The axle c' there drives a screw, pressing the 

paper to he printed, with enormous force 

upon the type. 

The Camb. 
132. The camb is an instrument nliich under Tarious 
forms, enters liirgely into tlie construction of machinery. Its 
office may be defined to be that of converting 
an uniform rotatory motion, into a varied 
rectilinear motion, cb is a rod admitting of 
iDotion in the direction of its length, and 
lield in contact irith the edge of the irregular 
mass A D, either by its own weight or by the 
frtssure of a spring. This rod carries with 
it tliat portion of the machinery by which 
'Be irregular motion required is to be ap- 
flied, and the irregularities upon the edge of r- ' 
tbo mass AD are snch, as it is ascertained by 
tri:il, will communicate this motion, when the mass is made to 
I revolve uniformly upon an axis b, ronnd which it is moveable. 
f Some of the most ingenious of the combinations of this 

I instrument are to be found in the machinery for making lace. 
I Tlie extreme Turiety and intricacy of the motions there derived 
from tbe regular motion of the piston of a steam-engine, or the 
continued revolution of a water-wheel, together with their ex- 
treme rapidity, precision, and accuracy, rank among the greatest 
ROnders of tlie science of practical mechanics. 

The relation between the power applied to give a rotatory 
motion to tbe camb, and that by which the slide is, in any of 
Jts positions, driven forwards, may he estimated as follows 
Through the point where the slide is in contact with the edge 
laf tlie camb, draw a line inclined to the perpendicular to its sut^ 
&ce, at an angle, equal to the limiting angVe of TC^aVaw:.^) W 
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from the axis of the cum)) let fall n p^rpetidicular upon tliislin^. 
The resisCdiice between the camh and slide will be found (Art. 
36) by dividing (he moment of the force applied to torn ite 
comb (i. e., in the Hgure its product hy the length of the bundle,) 
by this perpendicular. But the whole resistance of the eamb 
and slide on one another i« not effectire in giving motion fo the 
latter; part of it being bonie h_v the surfaces between whithit 
moves, and which serve to guide it. To obtain the portion pf 
die whole force ejfeelive in moving the slide, we must multiply 
the resistance by the cosine of the angle which the liae of re- 
siitance mitkcs with the direction of the slide. 

From what has been said above, it is apparent that inch a 
form may be given to the edge of the eamb, that it shall be im- 
possible to turn it, however slight the pressure of the slide miy 
be upon it. 
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Tns Screw. 
133, The screw presents a combination of the moveable 
inclined plane and the lever. It is dear that the equilibrium of I 
the mass M (fig. page 67). depends upon the forces which act I 
upon it, and the inclination of that portion of the inclined plane 
with which it is in contact; and has nothing whatever to do 
ivith the form or inclination of the other portions of the inclined 
Tow let us suppose the portion of the plane with which 
intact to be exceeding small, and that portion of the 
i.immg unjltcied, let us suppose the rest of it to be 
hcnt round a vertical cylinder, the 
line AB JQst reaching round its base, 
and the two extremities a and n 
being brought to meet. The plane 
will then assume the form repre- 
sented in the accompanying figure. 
The points a and b coinciding in a ; 
A E c being the surface, and a c the 
back of the plane, 
whole to be made Tivo\ei\\>\c rAiQi\. iv ?n.e,\ iriNa 
with the axis of t\ic c^Wniev. Kai. \et ■One 




■•and das »jm. Tkit Cim wS be fiufi^iiiii U ^sai act 
npoD dwi pout pMdU to Ike boM if dw fine, pncMrJj m k 
did before tke pine WW OBnel; iKeofufilinH irin. thiiiftn, 

""'- -rj — i|-i- -^- ''i- ' 111 111 |,m M^i i lij W H I M rf 
» lerer. lunag its lAxmm xt K ia &e uis af lb cyfiadai, ^ 
acted a^ou bjr a fame r in tke Jymli f I'p at its exbOHtf. 
13ie tn]Biute HL— It at a iN^d ba pa ti ate d b; a mmJi 
■mallcT force at r. It haa beca dhsaa (Art. 80) tkat tW lAct 
ef afiHTc i'- inBril fn tbn lisrfr if ■ Mirrshh iariiari jliar, 
BpoM aa ohwade m, B fT '^e ibdf to tka Hauaa aT the plaw^ 
■id aetiif oa ia laffafw, is ilw^s ia tfae ItHitaig dinctiaa af 
tbe Rwtiaoe of ^ fbae^ tbat aa, infiacd to a peqwadkalv 
ta its sai&e^at aa aa|;l^ cfnl to tike fi Miriat, i n,l i nf iiaal 
■oor. KaANtag, Aew Ja M ^ iba avaaat of lb fbnx a' > «■ q, 
whidi acts paialU to Ac iNae sT dw pfaa^ aad also the dirtc- 
titm of the lOMlaMe f, we caa bd da ■■siiiil of tike kittr. 
(Art. ao.) Whca Oe faaaes vUeh bald Ae »^ m in iu 
fi no r ^ (c o B u aBMly its eslwMa to tbeaAs parts af lb MMaaf 
vbk^ it fans a part,) are aat ™*^»™* to p « o Jiite tbis la- 
aiataaee, tbe saw M wai jmU, a^ Mafc^ tbe sai&ee af tb 



_ Be l« Le wavad 
raoad lb c^iadi^ bif^iaaiai, fi«a At paint c, aad hari^ ite 
btopanlld'to Ibbaeaftbc^ado^ Tb efaUilirianafa 
Man ■Miiliiij fwf d apaa dni^ wiB b pceciadr tiwibr to 



i^natb pl^w bj e^aal lad vmilar faeec^ to accapj tb wbfe 
kaglb of lb pine, aad b ia caatoet witb evor portiaa af it. 
Tb aoodiiioaa af tb f jailihlan af eatt ar31 b tb «sm^ aad 
naj b bna^t abut by tba rt iaa ml » lercr aanaar topi.; 
ac a mm^ lercr plsoed ^ Oe tap sa batteaa of tb cjVmittt 
may b Bade to do tb work of all ibae atpnaie krnc. Uaa 
coaMracted &e iaatnmnt vffl ibiai a acfew; «» is its baat^ 
Asc is one of its tbtcads, aad AC tb dirtiiie betweca its 
Oreads. Tb favec i^nsaed npoa tb lenr arill b i^aa tb 
poiat of pTiBg Matioa to tb «bl^ lAca it is saA as to caaw 
tb directioa «f lb jat w ai s apaa Oe Afcteat poiata ml At 
tbfcad of lb Eciew, to anb a^lea wiA tb pfrprialimhr to 
ii^ cqaal ta tb Bnitiagaa^ of itMja ie t . 

134. The anew w)uA we han dcacribed is caUed a sale 
acnw. IHiiutBmitfitimgMvimminmaakm^M.'miut'A-^vX^ 
-jf'--'\-- r^- farfifdiiliii biliiia wncj rira-* ■*-- ' -'- -^ 
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TBS SCBEV. 



a hallow on?, h» nufitce wmdd Iiar« fonned tEie tlmad nf 
female screw. If ibe duuneten of tbe two ^linden wd ' 
dimetuioni of tbe plana be, la both cases, tbe same, ikeu MJ 
•crewi will exactly fit ; and tbdr threads may he made to w-j 
indde. If either be then fixed, and the other be tnined '" 
npoa ita axis, it will be made, lie^des its rotatory motioit, t( 
more also in the direction of its axis. 

135. The clamp and the wiacfa, represented in the two 
or tbe accompanying engravings, present instances of these M 
plications of the screw. In the first the female screw is * 
and tbe mule raoreahle : in the second, the female M 
moreable and the male fixed. If one be so fixed that it 
more in ibe direction of ita length, but may revolre ro 
axis, and the other admit only of motion in the direclioi 
ingth i then a rotatory motion being given to one, n l 

lal motion will be commnuicated IS 

: other. Of motions of this clasi, 

! instrument represented in fig. 3 

' presents an instance ; it is called lit 

Micrometer Screnr. 

136. The substances to wbifli 
great prpssures are required to be bjv 
plied, are, for the most part, in tlitir 
nature, more or less yielding and com- 
pressible ; under every Tariation t* 
which their form is thus subjecl*^ 
it is, nevertheless, required to act on them with the some foroe 
tiiid without intermission. Of nil the mechanical powers, tli5 
serew is tlie best calculated to generate this kind of pressnre. 
The action of tbe lever altera continually, as ita position idten 
by reason of the yielding of the surface on which it is nisdeM 
act, and the pressure ia necessarily intermittent. The screw aula 
..continually, with the same pressure, in the same direction, and 
' never releiiacs ita hold. 

137. The power in the screw ia greater na the inclination 
cf the plane which forms ita threail, and the limiting angle oE 
rosistnnro on its surface are less, and as its radius is less, in 
oonipnriaon tn the length of the lever at whose extremity the 
power is npplied to it. Hence, therefore, if tbe friction be the 
jinme, and «e use the same lever, the power of the screw will 
be gronlcr ns ils diameter is less, and the distance between its 
thrcndi less, or the thread finer. 

130, As. however, we diminish the diameter, and increase 
^^Mie fineness of the thread, we diminish its strength ; iherc would, 
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otlcrwise, l>e no limit to its powers. An arrangement of the 
screw has been contrived by Mr. Hunter, by trliicli these di(&- 
ciillies are in a great measure obviated. It consists iu the 
combination of two screws, one of wbioli works within the 
Other. The power of tliis compound screw does not depend 
upon the actual distances between the threads of the simple 
Screws of whicli it is composed, hut upon the difference of those 
distiLnces. Hence, therefore, ihe tlircads tliemseh-os mny be of 
nny thickness and strength, provided only they Jo not greatly 
differ in thickness from one another. 

Simple screws, however, are readily made of prodigious 
power. The first motion wliicb the huge hulk of a ship receives 
when she is launched, is from the action of a small screw. A 
Bcrew first sends the cradle, in which she rests, forward on the 
slips, and these being inclined, she then glides down by her oivu 
■weight into the water. Under the action of the screw a huge 
l>ale of cotton, of which a few would fill up the hold of a ressel, 
shrinks into a smalt package, and from being the li^'htest and 
most buoyant of substances, becomes heavy enough to sink in 
water. Its uses are innuraernhle. It compels vegetable suli- 
stances to yield up their juices. It is tlie great agent iu pack- 
ing, in coining, in printing, and in stamping. There is no 
timber so hard tliat a screw nill not peuetrnte it, and when 
once fixed, there is no power acting in the direction of its length 
that can tear it out. It mny thus he made to hind two pieces 
of wood togetlier as firmly as though they were one. Great 
piles of building have been raised from an inclined to a vertical 
position, by means of a smalt screw, acted upon by a compara- 
tively small force. 

138. The screw is sometimes combined with the cog wheel, 
and it then constitutes what is cdled the Eiidkus Screw. This 
combination may be produced by placing tiie aiis of the screw 
in the plane of the wheel, as in the 
figure, or at right angles to that 
plane, as in tlie American endless 
screw. In either case the cogs 
must have n conformation suited to 
the inclination of the thread. The 
distance between any two thre.ids 
of the screw must exactly equal the 
width of one of the teeth of the 
n-heel ; so that a complete revolu- 
tion of the screw is necessary to move the circumference of the 
wheel, through a distance equal to one only of its cogs. j 
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THE ENDLESS SCREW. 



139. Sometitiies the screw, instead of acting on top 
rained upon the edge of the nlieel, is uadeH 
act upon tlie thread of a female screw stint in 
its edge, as in the accompanying figure; an 
armjigement whicli presents the advantage of a 
more convenient form, nnd a steadier acliDD of 
tlie screw on tlie circumference of the wheel. 
It has been shown that a cog wheel CMistilutw, 
in fuct, a series of levers, and that the screw is I 

no other than a winding inclined plane. Tlie L 
endless screw is, therefure, a combinalion of the inclined plane \ 
and lerer. 

1 40. Instead of being generated by the winding of a plai** 
about a ci/lmder, the thread of a screw may be formed t*^ 

winding an inclined plane about a cone. A acr^"* 

▲' thus formed, combines, with the pressure of 

cylindrical screw, the action of a wedge, and t ^ 
power to make its way into any solid substance :^ 
materially increased by reason of its terminating i --^. 
a point. The gimlet and auger are instances <^^ 
the application of this form of the screTv — 
A screw of this form will readily 1 '^ 
extracted. 
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,' 141. A FLFXTBLE body diJTers from a solid in this, l/in/ it 
resiits Ihe action of a force tending to alter its form or separate 
ilf parts in certain directions onli/, trhereas a solid everts that 
pemer in everif direcfion. A cord is a flexible body, in the 
form of a slender cylinder. It is commonly formed of the 
fibres of certain vegetable substances twisted together. It is 
said to be perfectly flexible when it resists the action of such 
forces as arc applied to it only in the direction of its length. 
This power of resistance is called iis tension. Tlie tension on 
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_ part of a rope, attml upon bv furccs al i(s cxIrcQiilieBi'ii 
llie same. For, suppose tlie rope 
aa'Id be at real, the forces acling A a' 

upon its extremities are tlieii equal. "*" ^ ^^ '^ 

(Art. 5.) Now the tension at a', 

bdng the resistance ivhicli the rope opposes to tlie action of the 
force at that point, is equal lo that force ; and, therefore, to thv 
force at a. And this is true wherever in llie rope, a' he taken; 
ibe tension, llierefore, is cveiywliere equal to that at A. 

A cord when stretched in a right line tlius furnishes us with 
an easy method of transmitting force from one point to anotlier. 
It is not, however, only, nlien stretched is the »iine righl line, 
that a cord lias the property of transmitting force from one 
point to another; it retains this property wlien curved. A line 
vhm curved may, in fact, he conceived to he made up of an 
infinite number of short straight liiiea, ivliose inclination to one 
another Ib so exceedingly small, that each may be considered to 
be in the same straight line with the two which adjoin it. 
This being the case, it is very clear that whatever is (he tension 
nn the iirst of these lines, will be transmitted to the second, and 
» on, all through the curve. 

Hence, therefore, the coril, also supplies us with the means 
91 transmitting force in a curved line, and producing it at one 
Utranilg of that hne, whaterer he its form 
or length, with the same enerpy with which 
it is impressed at the olher. The difBeulty, 
knvever, lies in curving it. It is clear that, 
by reason of its JicxibiliU/, it cannot retain 
any curved form which is given it, except by 
the action of cer/oj'ji/brcc*. The most con- ^^ 

VMient method of supplying these, is to cause it to be stretched 
OTer some solid body, by the reaction of whose surface it may 
be made Jo retain the cuiTature required. If this reaction were 
exerted, everywhere, only in a direction perpendicular to the 
surface, it would not destroy tliat equality of the tension, of 
which we liave spoken. In fact, acting everywhere perpendi- 
cular to the tension, it could not atfect it. But, unfortunately, 
there is no surface, whose reaction is thus exerted, (Art. 73.) 

142. The resistance of a surrace may always be resolved 
into two, one in the direction of the perpendicular and the 
other in the direction of the surface itself. This last resistance 
oppoaes, and diminishes, ecmtinually, the tension of the eorJ, 
■with such rapidity, that there are few tensions suffii ' 
powerful not to he wholly destroyed \jy Ivio qt Wns' 
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This licing tLe cose, it Lccomcs impossible to transmit furce \if 
tlie means tve hure statcti, except at a great l 

• Tbe following forts irilh regal 
inipsrtanw to clnim n (lUti: liere. 
■re esUbliitied cannot be eiplained. 

If ■ cord be wound romiJ any portion of a cyliodir, the frirtion will be 
tlie same whatever be tlie radius of the cylinder, proiided only the angle 
Habttnded at the centre by the arc, about which it U woonil, is the sune. 
Thni, if the cord be wound half round the cylinder, en ns to subtend 190° 
at the centre, or entirely round, «o as to subtend 360°, it matwrs not what 
the radiui of the cylinder may he, the friction will always be the same. If 
we coil a rope half round a cylinder ; once and a lialf rJond it ; twice and 
a half round it. and bo on, the corresponding frietians n'iU be represented 
by a series of numbers, any one of irliich ia equal to the preceding, muld. 
pUed by the aquarc of the first term of tbe series. 

In general the index of friction upon a rope wound half round a 
cylinder, muy be considered eqnat to 3 ; the indices for one coil and a half, 
two coiUand a half, &c., wiU therefore bc,3x9or 27; 37X9 or 243; 
213X9 or 21B7, &c. 

So that if B represent the resistance acting at one end of 
the rope, and p be tlie pow^r necessary to overcome it at tbe 
other. Then, coiling tbe rope aa ahoie, we shall have in 
the several cases : for i a coil i>=3Ri for li coila P=27 " i 
for a coils r=U3 s ; for 3^ coils p=2187 R, Sec 

We may, from what has been stated above, readilji 
explain the reason wby a knot connecting the two extremities 
of a cord, eft'ectoally resists the action of any force tending to 
separate them. If a cord be wound round a cylinder us in 
tig. 1, and its extremities be acted upon by two forces F anA 
s, from what has been said above, it appears that p will not 
overcame R, unless it equal eomewhere about nine times that 
force. Now if the string to which s ia attached, be brought underneath the 
other string so as to be pressed by it, against the surfiice of the cylinder, as 
at rn, tig. 2 ; thea, provide the friction produced by this pressure, be not 
less than one-nmth of p, the string will nut move even allliough the force 
It cease to act. And if both eitremities of the string be thus made to pass 
between the coil and tlis cylinder, as in fig. 3, a still leas preaaare upaa 
each wilt be requisite. Now by diminishing the radius of the cylinder, thia 
(Fig. 1.) (Fia- a 
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. . n known propirty of 
iversely as the ladius. We may, therefore, so 
cylinder, as that no force however great shall 
|ie coiled upon it, as represented in &g. 3, even 

^ , _._ loose, and acted upon by no force. 

L°t us snppose the rop? to be doubled as in fig. 4, and coiled as before. 
Then it is ajiparent, from what boa b«n said before, that the cylinder maj 
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143. The pulley is a contrivance to obvinle tliis difficulty, 
andserres to transmit tlie tension of a lope iviiliout sensibly 
(Jiminishing it, when bent or curved in any direction we may 
require. It is a narrow cylinder, liaving a groove cut in its 
edge, and being made moveable about its centre, by means of 
an axis, which is supported in a irame represented in the 
BMompanying figure, and called ils sheaf or block. The nxle ia 





Bometimeajfjft/ by both its extremities in tlie block, and made 
to pas} though a hole in the pulley, and sometimes, it is fised 
in the puUoy, and turns witli it in holes which jiierce the sides 
of the block. 

The Fixed Pulley. 
144. Lgt us suppose two forces p anil r, to net in any 
directions at the extremities of a cord passing over a, pulley 
having its sheaf ^jrcrf, and thence called a Fi:eeil Pulley. The 
friction between the cord and the surface will, as we have 
explained, prevent ils slipping over that surface. The forces r 
and M will therefore tend each, to coromunicnte motion to the 
pulley about its axis, and since Ihey act at equal perpendicular 
distances, cm and c ai', from that axis, this tendency can only 

be (O small, Chat ai foices p Bud e applied to the eitremiCies of either ol 
the double cards, will be sufficieat to pull them from it, in whatever direc- 
tions these ore B|iplied . 

Now let the cylinder be i emoved The rope then beiag drawn tight, 
inatBad of being coiled round the cjhnder, will be coiled round portions of 
itself, at the points m and a, and the cord, instead of being pressed at those 
paints apon the cylinder by a force acting on one portion of its drf 
ftrence, will be pressed by a greater force acting nil round it. All that 
been proved before, with regard to the impossibility of pnllin^ 
corda away from the eoil, will now obtain in a greater degree. In iht 
no forees p and r' anting to pull the cords p and p' asunder, can separatt 
the knot. 
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THE FIXED PULLEY. 

be destroyed when they are equal to one anotlier*. We li 
thus, then, a raeana of transmitting a force witliont injaryM 
diminution from one direction to anotbcr inclined at any ang^ I 
to the first, and acting nt any dialance from it. From a fwft 
acting upwards, we can change it into one acting downward, M 
in £g- 2, on the preceding page ; and conrersely, aa in fig. !■ 
By combining two or more pulleys, there is no path, howeTM 
long or tortuous, through which we may not thus transmit 
pressure unimpaired. Wlion the forces acting upon a pulley 
are in parallel directions, it is evident thnt the pressure uponila 
axis is equal to their sum, (or, to twice the amount c" ' ' 
them,) added to the weight of the pulley. 

( 146. "When their directions are not parallel, the pressure 
upon the axis is equal to their resultant. This resultant may 
be determined as follows. Let M and h' (see 
figures, p. 113) he the points where the eord 
leaves the pulley. Join c m and c m', these 
lines are perpendiculars to pm and rm', the 
latter being tapgenla lo the points m and m'. 
Join mm', this line is also perpendicular to 
cz. Hence, therefore, it appears that the 
three lines CM, cm', and mm', forming the 
triangle cmm', are perpendicular to the direc- 
tions of the three forces which hold the pulley 
at rest, and are therefore proportional to those 
foicest, so that if one be taken to represent 
one of the forces, the other two will represent 
the other forces. T/iiu if CM be taken to 
represent the power p, m m' will represent the 
resistance B, and this resistance may be deter- 
mined by the proportion, 





in of Ihe pnlley npon its ajria, or 

+ This property may be 
proved OS follows ; Let a B, A c, 
An, TejirCMmt, in mi^nitade and 
direction, three forces holding ■ 
masa at rest; and forming, there- 
fare, (Ajt. 16,) the sides uid 
diagonal of a parallelogram 

the direelions of tl ebe lines 
draw petpend eulara PC Q A 
Kb and TOntinne thfm nnt I 
eoch intcr«erts the other two 
and thev forn tog ther the 
tria E^e n b c 
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iployiQg tlie same power, but cau5iiig different portions of 
&i string to be wound upon tlie puller, it is clenr thnt ivc sliall 
iocieasG or diminialL tlie pressure upon Ibc axis in the &inie 
proportion in wliicb we increase or climiuisli tlie cliotd m m' of 
Iht arc in which it touclies tlie pulley. And that the greatest 
Tulue of the resietance ii that for which P and it becoming 
parallel, mm' becomes a diameter of the circle (see 6g. page 114), 
trnd equal to twice cm; go that the greatest resistance is equal 
to twice the power. 

147- lu considering tlie conditions of the cquilibriuni of tlie 
filed pulley we have neglected the weight of the cord. In 
practice, however, this weight constitutes an important element 
in the calculation. In the first pbice, the whole of this weight 
Ii clearly to be added to the pressure upon the axis. In the 
next place, if the length of string on either side this axis exceed 
that ou tbe other, the weight of the excess must he added to 
ikal of (he two forces on the side on which it acts. Iii almost 
all cases there exists this excess, Tlius if a single fixed pulley 
be applied, as it frequently is, to raise the materials used in 
Imilding to the top of a liouse, one end of the cord being held 
by a person at the level from wbich the weight is raised; it is 
clear that as it is drawn up, the excess of ihc weight of the 
string is on the side of the power, and tends to assist it; so 
that, when the weight approaches its greatest beight, the effort 
necessary to raise it is considerably diminished, The weight of 
the string may, indeed, he such as to draw it up, after it 
has attained a certain ]ieight, with inconvenient rapiditj-. To 
prevent Ibis, the end of a rope is sometimes attached to the 
weight, which uncoils itself as it ascends, and always balances 
the iveight of the rope acting with the power, 

Nuw it U a kao*rn princijile of geometry, that if tiro linea be inclined 
fo one another, at my nDgle ; then any two lines drawn perpendicular to 
these, are ini^Uned to one another at the lame eyiyle.- 

Hence, therefore, PC and ae ore incUned to one another at the same 
angle that a d and a c are ; or, the angle p c o ia equal to the angle o A c. 
For the same reason, the angle cab \b equal to the angle cab. Non the 
angle c A D is tqaal to the alternate angle A c b. (Euclid. Prop. 22, B. 1.) 
Tlwrefare the tvo snglea cab nnd a c d, are equal to the two cab and aci 
nspoctivBly ; and therefore, the triangles are equiangular and similar. 
(Enelid. Prop. 4. B. 6.) Wherefore, if we divide a c into any number of 
equal parts, and a e into ei many ; tlipre will be aa many parts, of the same 
length with the first, in a b and a c respectively, bb there are of the same 
length with the aeeond, in a i and be. Now n c is equal 1( ~ ■-"-- 



•i, bo taken lo represent the force a c, Id which it ^^ 
magaitvde : then, the other two sii 
ll represent, also in magnitude, the other two totccs .s.b md. kd W 



is drawn perpendicular, in magnitvde : then, the other two siilee ab and ii^ 



tbeytue mjKctirelf drawn perpendicalar, 
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148. In the single moveable pulley (see fig. 1, page 113), 
instead of tlic power ami resislaiice being upplied to the 
extremities of the rope, one of these extremities is made fast to 
un immoveable obstacle ; the power r nets on the other, and the 
resistant a is the resultant of these, being ipplied to the shea£ 
In the snme way as before it may be shown that if the radms 
of the pulley he taken to represent the power the chord mm' 
(see fig. page 113) of the arc of contact, will represent the 
resistance. Thus the greatest poss!l>!o resistance, heing that 
where the strings are parallel find the chord double the rtdms, 
is twice the power. Hence, by this pullej, a force of one 
hundred weight will raise a weight of two 

In practice the fixed and moveable pulley aie commoiilv 
eorahincd: the same cord passing over both, ns m the accom 
panyiug figure (I). 



M 





TiiP. Spakish DAiiTos, 
149. The figure (2) represents a system of three pulleys, 
one of which is fixed and the other two moveable, called the 
Spanish Biirion. The tivo moveiible pulleys have their sheafs 
attached by the same cord p'z'p'', passing over the fixed pulley 
z'. The power v is made to net upon a second string passing 
over the first pulley, under the tliird, and fixed inimoveably 
in z. The tension upon the cord pp' ati'z is eveiywhere the 
same (Art. 141), and equ.il' to the powerp; whilst the tensioa 
upon the cord p' z', and, therefore upon p" z', is equal to twice 
the power. Hence, therefore, tlie third pulley is supported by 
three forces, the tensions of p' q', z q, and z' p" j two of which 
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are fqual io tlie power p, nnd tlie third to Imce tlie power. 
On the wliole, therefore, the force which sustains the resistance 
equals four times the power, or r = 4 P, TJje two moveable 
pulleys heing here suspended at the extremities of the same 
siring, manifestly balance one anotiier. 

150. Another Bysteni, consisting of two fixed and one 
nioFciiblc pulley, is represented in the accompanying diagram 
(1). The same string liere pasees round all three, carrying the 
piiner at one of its extremities; pnssing over (he first fixed 
[mlley a, round the moveable pulley p,, nnd the fixed pulley p^, 
iliea returning to be allacbed to the sheaf of the moveable 
pulley in Pj. Tiie resistance it being here sustained hy the 
equal tensions of the three strings, a p,, p„ c, and F, P„ cf|Uiils 
tliree times the tension of any one of them : that is, it equals. _ 
tliree limes f, or ii=:3 p. 




Tnp, FjnsT Sl- 



op Plli-eyp. 



J51. A number of moveable pulle3s may be combined 
M to increase the power of the system to nny exti^nt. l^et thi 
fitst pulley c, fig. 2, round which is passed a cord pen, havi 
one extremity acted upon by the power p nnd the other fastenei 
to the immoveable obstacle d, be attached, by its sheaf, to it' 
second cord Pi c„ pnssing round n second moveable pulley, and 
attached to a second fixed point d, ; also Jet a third pulley be, 
similarly connected with this, and so on. Suppose the fourtli 
pulley to carry a weight n. Since the strings CaP, and c, d^ 
mjatain the weight r equally between them ; tlierefore each 
bcaia half o/if, and the tension upon tlie Btring c^jCaW ViA.^ ■&« 
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migUt n. Now the strings c, n, and c, p, susljiin tljls tension 
eqnallf ; ench, tlierefore, bean one-balf of it, or JiU of it, Ani, 
■imilnrty, p, c, andc,n, equally divide the tension upon f,c,, 
eBcli bearing jth of b, and c p and c a eacb one-lialf of this, or 
-jVtb of n, n-hicb is, llievefore, ihe amount of the force r 
necessary to the equilibrium, or n=16p. And so we migbl 
find the power necessary to sustain tbe weight, wlintever was 
the number of the intermediate pulleys, by dividing the n'eight 
by tbc number resulting from the niuttiplication of 2 as many 
times by itself as there are sucb pulleys. 

We have here neglected the ireiglits of the pulleys them- 
selves ; the additional power, however, necessary to.siipport eadi 
of these, is easily calculated by considering the weight of eacb 
AS a sepnrate force applied to Ihal pulUy. Thus, to suppoit ibe 
first pulley, half its weight must be added to the power. To 
support the second ^th its weight is requisite, for tbe third Jib, 
and for the fourth Jjth. These being added to tbe power gitfi 
tbe whole necessary to the equilibrium. 

The pulleys are made, in the figure, to increase in diameter 
from tbe first. The reason of this is, that, tbe pressures upon 
the axes continually increasing, if we make the nxiB of the first, 
only of the requisite strength, that of tlie second must he of 
greater diameter that its strength may he suEBcient ; and that ot 
the third of still greater, and so on. Tbe ases thus increasing 
in diameter, tbe frictions upon them must also increase. Tlie 
diameters of the pullojs should, therefore, increase, that eacb 
may act with the same power to overcome this friction. 
Tbe Second System op Pdileys, 
152. In tbe system of pulleys we have just been describ- 
ing, the resistance upon the cord of the last pulley, and the 
weights of the different pulleys, act against the power, or tend 
to increase it. "We are about to describe a system, in which the 
tensions of the cords of all the pulleys act immediately on ihe 
resistance, and in which tbe weights of the pulleys _/fluoHr, or 
act with the power. 

p„ p„ Pi are movealile pulleys, and p^ a fixed pulley. A 
striug passing over the pulley p^ is attached by one of its ex- 
tremities to a bar bearing the weight b, and by the other to 
the sheaf of a moveable pulley Pj, over which passes a second 
string acting similarly upou k, and carrying a third pulley r, ; 
and the number may thus be increased to any extent. The 
string which passes over the last pulley sustains the nctioBll' 
the power p. 
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Now, the power p, by means of tlie cord p i-, p,. sustains a • 
pofdon of ihe weight it equal to P ; and further, it produces upon 
Ihe cord f, p^. hy which, the pulley Pi is suspended, a teasion 
equal fo 2 p, and, therefore, it thus eustninB nt p^ u further por- 
tion of the weight, equal to 2 p. This tension of 2 p upon 
r,fi! produces, again, upon v, p,^ a tension equal to 4 f and 
snslains, therefore, at p^ a portion of the weight equtil lo 4 P. 
And similarly it may he shown (hat the poriion of the weight 
sustained at /i, is equal to 8 P. Thus the weight f is made to 
sustain at the points ;>i^ p,, p^^ p„ portions of tlie weight r equal 
to p, 2 F, 4 p, 8 p, respectively ; and the whole weight sustained 
e([Uals 15 P, or n = 15p. And in the same manner the relation 
of the power and weight may he calculated, whatever the nnm* 
bei of pulleys of which the system ts composed. "We have here 
iwglected the weights of the pulleys; it is evident that they 
dl act to support the weight r. Their effect in doing so may 
be calculated precisely as before. The pulleys should increase 
in aize from that which carries the power, for reasons assigned 
in the lost article. Unless the weight r be suspended from that 
pirticnlar point in tlie har though which the resuUanl of the 
tensions at p,, pi, p^, &c., passes, the har will he deflected from 
its horizontal position, tind the system will become useless. This 
fomt is easily found by trial. 

153. The two systems we hare last described, are sonv 
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timcB modified by combining with eacli moTeaWe pulley, a fiitd 
pulley, (ifhulf its dinmcter. Its string is mndetopass orertbis, 
Mid returns to be attached to its elieiif. K:ich moTcable pulle; 
then, instead of being sustuined by tlie c<iual tensions of twi 
Birings, is sustained by the equal tensions of three ; and tht 
tensions upon the successive strings, insteud of being, in ordei 
double: are fri/f/e of one another. 

The relation of the poirer and resistance tnay, regard being | 
had to this difference, be calculated precisely as before. 

154. In practice the systems of pulleys we have been At- | 
scribing are of Hltle or no use. Pulleys are commonly applit^, | 
not only to overcome great resistances^ but to produce a greaicf 
or less degree of conliimed molioii. Now turning hack to fig. 
J, page 119, it is apparent that by shortening aay string wlidi 
passes over a pulley by a certain quantity, we shall move the 
pulley itself and shorten the nest string to nhicli that pullej 19 
uttached only by half that quaniity, and thus by giving acerlnin 
motion to the power, we shall cause the different pulleys, 
beginning from the first, to move over spaces each equal to Wf 
that moved over by the preceding pulley. Thus the puUeyi 
will quickly be separated from one another. The one wliieb 
carries the power will rapidly be brought down, and eneunibercJ, 
and the tackle will become useless, almost before the rcsistasw 
has been perceptibly overcome. For these reasons another I'lasa 
of pulleys has been inTcntcd, and is commonly 
used, not possessing, with the same number <A 
pulleys, the same power, or the same freeclow 
from friction ; but admitting of a far easitr 
application in praeliee. 

155. A and B are two blocks, in each nC 
which are inserted a series of pulleys arranged 
beneath one another, and each moveable upon 
a separate axis. The upper block is fixed and 
the lower moveable, and connected with the 
weight R. A cord carrying the power, passes 
round the highest pulley in the upper block, 
and the lowest in the lower, and then round the 
tivo next of these in order, and so on con- 
tinually; until at length its extremity is fixed 
in the extremity of the highest block. The 
tension of this cord is the some throughout; 
and, therefore, throughout, equal to the power, 

KQ Now the effect of these tensions upon the lower 

block is, if they be pandlel to one another. 
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equal to their sum, or lo as many times tlie power p as tlierfl 
ore strings passing to the lower block. Thus, if there he t' 
BDch strings, as in the figure, r =: (> p. There is a pmclicnl i 
conTenience in the use of this systein, arising from the Icngtb J 
of the two hlocka, rendering it impossible to niise the weight t 
vitliin a considerable distance of tlie point to ivliicli the sj'steiif 
it suspended. 

156. To obviate this difficulty a sjstem has 
^n contrived, in which tlie pulliyi, instead of 
IteiDg arranged beneath one another in each block, 
(thus rendering it necessary that consideralilc 
length should be given to the blocks,) are placed 
in separate sheaves side bi/ side, and may be made 
lo lerolve upon the same axis. This system is 
represented in the accompanying diagram. An in- 
convenience in the use of it arises from the neces- 
sity of the ropes chanp;iiig their plane, in passing 
from one block to another ; so that although those 
M either side of each block are parallel to one an- 
otkei\ yet they are not parallel respectively to 
those on the opposite side of the same block. 
Kie result of this is an oblique action of the 

^^nnpon the pulleys, tending greatly to in- 
^^W their friction and to wear their ases. 

^B Smeaton's Pullev, 

157. A system of pulleys has been con- 
trived by the celebrated Sineaton, the ar- 
mngement of which is exceedingly ingenious. 
The two blocks each contain ten pulleys, iir- 
nnged in two rows beneath one another ; and 
a single cord is made to pass over them in the 
order marked by the figures I, 2, 3, 4, 5, 6, 
&e. The tcnsiou upon the strings being the 
same throughout, each acts upon the resistance 
with a force equal to the power, and the whole 
action equals the power taken as many limes as there arc strings. 

To the use of tlie systems of pulleys last described, there 
is Ihis objection, that each pulley turning upon a separate axis, 
the cord loses a portion of its tension in passing otct each* ; so 
that the tensions on the Strings continually diminish as we 
proceed from that on which the power acts, and tlieir sum is 
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calculation. 



1 dt-termined in tLc prcccdiM 



■\ViiiTt;'a PiLLKV. 

IjB. Wiiite's pulley is i 
trivance far causing all the pulleyatf 
Ciicli block to lum upon the >r 
A and B are blocks in ivliicli tbe pn5 
leys, instead of being arranged beneath 
one another, or side by side, are placed 
upon one another, so aa to have a 
mon axis. The Eame string is passed 
in succession, round all, beginning ivith 
the hirgest pulley of tbe higher block; 
and it is erentually fastened i 
centre of the lowest block. 

Let the tivo blocks be supposed to 
be mode to approach one another 
through any space. Then none of the 
strings being supposed to become loose, 
tbe string c Ci will then be shortened 
hy a length equal to that spuce, and 
this length of siring nill pass over the 
pulley C|, and also over the pulley c, ; 
hut there will further pass over the 
I, tlielength of string by which c, o, is shortened, which 
is equal to that by which c c, is shortened. On the whole, then, 
there will pass over Cj twice the length that passes over c,. 
Again, there will pass over Cj a length of string equal to that 
wKch passes ovev c,, together with the length by which c, Ca is 
shortened. That is, there will pass over it three times the 
length ivhieh passes over Cj ; and so of the rest. Tbe lengths 
of string which pass over the pulleys respectively will, there- 
for^ be aa the numbers 1, 2, 3, 4, 5, &c. Those which pass 

^ of the power and reBistaiice pasgra through 

B poJDt N, eucli tint c N K equala tbe 
limiting angle of resistance. Hence, there- 
fore, CNbdng drawn incKnedtothe directlMi 
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tr tlie pulleys in the upper Uock, being as tbc odd numbers ia 
Mzies, and those which pa&s over the others as the even t 
1*. It 18 manifest that certain dimensions nmat he givt 
pulleys, ttiat each in succession may thus take up all the string 
tttown off by that which preceded it in the scries. It is easjJy 
thonn that, to effect this, their radii must be in tlie upper hlook 1 
u (he numbers 1,3,5, and in the lower as 2, 4, f ~ 

There is considerable difficulty in making the pulleys pre- 
dseiy of these dimensions, especially as the radius of the siring 
Kiist, in each case, be added to that of the pulley. So great) 
indeed, is the difficulty, as to render any general use of this 
Tory ingenious pulley nearly impossible. The slightest deviation 
from the rule, such even as that produced bya trifling diifer;npe 
in the thickness of different parte of the string, is sufficient to 
render the tension on certain strings greally less than that on 
others — some being looser and some tighter than others ; and to 
^troy all the adranlages which the arrangement offers. 
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On the EnriLiBBiuM of a System op Vabiable Fobm. 
159. The conditions of the equilibrium of a rigid sysletn 
are necessary to the equilibrium of a system of variable form, 
but they are nol mfficienl. For, let ua imiigiiie n syalem which 
admits of variation in the distribution of its parls, to be in equi- 
iihiiun), Ijy reason of certain forces ivhich act upon it, and cer- 
faun resistances among its jiarts. And let us then suppose 
^those parts to be connected together,, so that the whole may 
become solid, leaving the forces which net upon if, the same 'as 
before. Then, the additional poiver of resistance thus given to 

* Now whilst the tno bloclis ni-o tlius. HpprOBchcd, all the pulleys an 
each (tieing fixed togefher,) revolve tlirougli the same angle. These dU'- 
ftrent Ungths of cord arc, therefore, thrown olT arcs subtendiDg the same 
angles in the pulleys, and Ihe Icugtbs tlirown off are ei|Hal to tbese arcs 
Arcs Bnbtending (he eame angle in the difterent pnllcya of eadi blocli, «i«, 
Hwrrfore, to one another, in the upper black, as the nmnbers I, 3, 6, and 
in tlie lover, be %, 4, 6, ho. But the arcs eulitending equal angles are ■■ 
thi radii. The radii rf tlie diifeient pullcjs are, flieretore, In ttie 
proportion. 
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the t>arU of the system not taking awny from llie powtt 
resistnnce which ihcy before possessed, and which was sufficii 
to maiiiliiin nn equilihrium among the forces applied 
also those forces remaining the same, it is clear tliat the t^ 
libriam which existed before will remain. But the system ' 
rigid. The forces which acted upon it and held it at rest, wl 
its form was Tariable, are, therefore, such as would prodi 
equilibrium in it wlien rigid. They are, therefore, subject 
tbe conditions of the equilibrium of a rigid system. 

ItiO. Tlie coiiferte of this proposition, however, raamfestlf 
does not koid. It does tiol fullotv, that if a cerlain number of 
forces be in equilibrium on a rigid systeni, 
they will remain in equilibrii 
the form of Ihc system is mndc 
of variHtion. Tlius the forces 
may be sufRcient to hold in equilibrium 
the force r, so long as the rod PRdU 
inflexible ; but if we introduce n joint at r, the equilibrium irill 
manifestly cease. 

161. Again, if a solid mass* ab be acted upon by two 
eq^ual and opposite forces p and q, 
it will remain at rest. But if it 
be intersected in the direction MN 
the equilibrium may be destroyed, 
either by reason of the upper por- 
tion turning upon its angle m, as 
in fig 1, (he direction of the foi"Ces 
1' and n being without the common 
surface M N, by which the masses 
act upon one another (see Art. 55), 
or liy reason of the upper portion 
alidliig upon the surface of the 
lower, the direction of the line pq 
being without the limiting angle of 
resistance, as in fig. 2, 

162. The aboveare examples 
taken from two important classes 
of bodies of variiilile fonn j viz. ]. Systems formed of rods or 
cords, tlie parts of which are connected together, at their angles, 
but moveable aliotil them. 2. Systems of solid bodies in contaetj 
whose common surfaces are not ollicrivise held logefher, than 
hj their mutual pressures. To the first class belong polygons 
of cords or rods, nettings, frame-work, and hanging curres, such 

* Sup[)oaeJ wiltiout weight. 
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as those used in suspension bridges. To the latter belong struc- 
tures of all kinds. ^Vitli regard to all these, the principle holds, 
that the forces which keep them at rest when their form admits 
of rariation, would also keep them at rest if they were rigid. 

On the £<iUILIBRlUM OF TBB POLYGON OF RoDS OR CoRDS. 

163. Let p, p^ Pg ...Pj, 

represent a polygon of rods 

or cords, supposed without 

weight, and acted upon at its 

angular points by the forces 

pp Pj, Pg, &c. Now the forces 

p p Pi, &c., would hold the 

system at rest, if it were rigid. 

Hence, therefore, if these 

forces were removed to a single point, and applied to that point 

parallel to their present directions, they would be in equilibrium 

with one another. (Art. 37.) All the forces P, p,, p,, being 

applied, parallel to their present directions, to any angular point 

of the polygon, would, therefore, hold that point at rest. But 
further, it is clear, that if we suppose to be applied to any side 
of the polygon, in the direction of its length, a force equal to the 
tension on that side, and remove all that portion of the polygon 
which lies towards the direction of this tension, the remainder 
of the polygon will remain in equilibrium. Thus if we apply in 
the direction of the side p,, p^, a force equal to the tension on 
that side, we may remove the portion Pg P4 p, of the polygon, 
without disturbing the equilibrium of the remainder of it. 
Hence, therefore, the forces applied to pPj p, p^ would hold it 
^t rest if it were rigid. And if they were collected in p^, they 
would hold that point at rest. Hence, 
therefore, the forces acting on any por- 
tion pPj P2 of the polygon, are such as if 
applied to its extreme point Pj would be 
in equilibrium with the tension on the 
•side Pj, Pg, terminating at that point, 

164. This most important proposi- 
tion, directs us to several conclusions of 
:great practical importance. Let us sup- 
pose the forces p^, Pg, &c., to be supplied 
hy weights suspended at the angles of the 
polygon. It follows from the above, that 
if the weights Pj,P2,p^, were all suspended 
from the point pgf as represented in the 
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figure by p\ v\ and p„ and the force p also applied at (bal 
point, in a direction p', parallel to its present direction; then 
these would produce precisely the same tension in the string 
I'll ''.' ^ already exists there; and would indeed have thai 
tension for their resultnnt. Hence, therefore, the greater and the 
more numerous are the nreighta on the branch pp^ p^ p^ of the 
polygon, the greater the tension upon the side Pj p.. The ten- 
sion on such a polygon, is, therefore, greatest about its points of I 
suspension, and least towards the middle point between them. J 

Thf. Catenary. I 

165. All this is true, whatever he the number of tha sidu 
of the polygon, and tbereforc if their number be infinite. In 
this case, the polygon ivill become a curve, and if the weights 
be equal to one another, and suspended at equal distances, it 
nill be that formed l>y a rope or chain of uniform thicknesj^ 
suspended by its extremities. Such a curved line is, therefore, 
more liable to break near its points of suspension than about it) 
lowest point ; and to be of equal strength, it should be made 
thicker there. It is called the catenary or chain curve. It i> 
tliut formed by the cable of a ship at anchor. The force actinS 
upon the sliip or the 
tension upon th*^ 
part of the chtdn at- 
tached to it is, on tl»'^. 
principles explains ^ 
above, the same ^•' 
though the horizon^^ 
tal resistance, sup^ 
plied by the anchoi — ' 
were immediately^ 
applied to that point, and also the whole weight of the cable*^ 
suspended freely from it. The curve of a line used for towin^^ 
a barge, is a catenary. The force efFective on the barge, is th^ 
same, as though the force exerted by the horse, were immedi — ■ 
ately applied to it in a direction parallel to that in which he-* 
draws, and, in addition to this, the weight of the cord suspended ■ 

* Tha buoyancy of the water is not here taken into the account. Strictly, it 
is tha weight of the cable, diiDinisLcd by tbe weij(ht of water which tha cable 
ii^lavH. In heiupen oablei this weight of water is nearly ei[Qal to that oF tbe 
cable. In chain cables it is greatly leu. The hempen cabla scaroely, theo, 
hangs in a curve at all, and can only yield to the motion of the ship as she 
ridea at anchor by ita elongation, wliilat the chain cable hangs in a docp 
carve, and yields to the motion of the ship by tightening this curve. In 
tluB fact is a great advantage of tbe cliun cable. 
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me eSectire force is, in fact, tlie resultant of these tn-o 

166. We have stated one condition of (he equilibrium of a 
an of rods or cords, resuStirg from lis identity with the 
brium of a rigid system. There is this further condition, 
f we Kike all the forces, eseepiing those which act upon 
ttremities of the polygon, and find the direction of their 
ant, then the two extreme sides of the polygon, being 
iced, shall meet this direction in the aiime point. The 
n of this is evident, for the system becoming rigid, we may 
itttte for the forces spoken of, their resultiint, and the equi- 
m will remain. The forces will then he reduced lo three, 
if which act in the directions of the extreme sides, and the 
in that of the resultant ; these must, therefore, meet in the 
point (Art. 22.). Thus in the polygon, represented in the 
I (I) loaded with the weights P„ P„ p„ if we find the Tcr- 
RT passing through the centre of gravity of these weights, 
iroduce pa andp, B, these will meet n Tin the same point t. 
167- Similarly, in the funicular curve or catenary (fig. 2), 

draw tangets at the points of 
nsion A and b, these being in the 
lions of the forces sustaining the 

at those points, will meet when 
iced in the vertical line o t pass- 
irongli the centre of gravity a of 

et US take gt to represent the 
it of the curve A b, and draw o n 

M parallel to the sides bt and 

The lines N t and M T will then 
}entthefensions.(Art.21.) Thus 
eing d.ivtded into as many equal 
as there axe unilsof weigh tin the 
3r chain b a, so many of those 
as there are in M T and N r will 
he units of weight in the tensions 
;nd B. Now, as the cord is drawn 
!r, the point G eontinniilly ap- 
hes it more nearly, and the line 
intinually diminishes. And ax 
; divided always into the Siime 
ler of equal parts (viz., as ninny 
ere are units of weight in A b), it 
ar that these parts will continually diraiulah in magnitude- 
ereftre, ,m t and n t remained l\ie same, 'ill -oatsiow* « 
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Uicsc piirts coiitnined m those lines rcspcclir^ly would coutina-l 
ally increusf, nnd the lenaiona at a ami d would increase. M* 
as A B 19 more stretched, tlio taii;;cnts a t and b t come cm- 1 
tioually more into the same rigbt line, o n nod o M, w! 
pnr.Olel to tbese, approach then more nearly to u right line 
{)ani]lel lo the first. And the distaiicea T M and T n continuallj 
increase. Siuce, therefore, the tensions would incrcasi 
and IN ^^ ere constant, much more will they increase Bincc th J 
and T N increase. 

168. Now if a T were infinitely small, its parts would 9 
infinitely ^mall, nnd the nunibei of these in u t and I 
finitely great. Infinite tensions at a nnd B would, therefore, 8 
required to bring the curve straight. In other words, no flex- 
ible line acted upon, at its extremities, by forces of finite mt^ni' 
tude, can be so stretched by tlicm as to be slr.tight*. 

16!l. The properties of the catenary have of lute years ac- 
<[uired vast importance from the general use of that curve in the 
construclion of bridges. 

The curve, bowever, of a chain supporting the road-way of a 
bridge, is not strictly n catenary. In the catenary the weight 
is supposed to be distributed so that each equal length sustains 
jin equal portion of it. Now the weight of the road-way of a 

A • The two following properties of 

\p the catenary cannot be denionatratei 

^ oLhcrwise than Ijy reference to prin- 

; \3 ciples, iiD knowledge of which ia lop- 

'[ 1^ (>iispd to he posaessEd by the reuilera 

II of Ihifl worV. Their ipreat practical im- 
a for them, honever, d; 
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Find the length of chain p h, vMch 
Ijeing hnng over a pnlley at any point, p, of the curve, would jnst suatain the 
tension at that point. And through its leueat point M drgv the hoiizontal 
line CUD. Then the tension at any other point a will he snstained, by the 
weight of B portion of the chain au, hanging aimilnrly from a down to the 
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method of iinding. gfometricaUy, the distance 

it point E of the catenary. Draw the hori^iantal 

lines A L and H E K and the ver- 

.__. ^ tical LBT-J. Take a straight 

line I. M, eijuat in length to the 

curve E H, and set it olf from L 

until it meet h K in M. Through 

M draw H M perpendicular to 

"■ ML, and bisect k k m p. The 

_ horizontal line c D will pass 

through F. This line once de- 

tcrniinedT the tensions of all the 
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THE UPRIGHT POLYGOJf. 

Inidge is not so distributed on the cliains. The Buspending 
mii ar«, indeed, plated along it, iit equal diatnnces froin one 
another, but the lengths of llie portions of the curre included 




Miveen tiieie, ore different; thoM about the lowest points of 
the chain only being equal to the included parts of the road-wny, 
nliilsl those near tlie extremities are greater, Hencp, theftfore, . 
tke cliuins used in supporting the road-wny of n bridge do not 
assume strictly the form of the catenary. Were the chain 
without weight, the pressure of the road-way upon it would, . 
indeed, cause it to assume the form of the parabola. In reality 
it is a cuire intermediate between the catenary and parabolo, 
paitaking of the properties of both. 

The Upnionr Polyqo.v op Rods. 

170i We bare hitherto, in our discussions of the p^lygOlkJ 
of rods loaded with weights, supposed it to be suspended. 
that has been stated obtains, howeyer, equally with regard to « 
polygon in an upright position. All the difference in the c 
consisting in this, that the strain upon the rods in the suspendeil 
polygon lends to lengthen them, whilst in the other it tends toM 
compress them. Now, the rod is supposed to hare the power 6, 



3 the other. 
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resisting one kind of strain, as firmly 

In the one case the forces all 
HCtJrom the angles of the polygon, 
wliilst in the other, they all act 
towards them. The case of the 
upright polygon is, therefore, pre- 
cisely the same as though all the 
forces at each of its angles had 
their directions rerersed. If they 
were in equilibrium before, tliiit 
equilibrium will, therefore, re- 



171. Hence, then, we deduce this important concluMM 
that the position in which an upright polygon, loaded wiB 
weights, will stand, is that which it will assume for itself wbai 
loaded with iho same iveighls and sttspcniied. 
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172. We have supposed llie rotl* of which the polygon i» 
composed U> he without iveight. This can nerer he the case. 1 
Our supposition will not, howerer, Introduce any inaccuracy in I 
the cidculation, if we odd to the weight acting at each angle of I 
the polygon, half the weights of the tiTO rods which terminal* I 
there. For the weight of each rod (supposing it to te of I 
anifoTm thickness,) has for its resultant a force actiii 
Terticnl, passing through its centre of gniTity, and this inaj lie 1 
resolred into two other equal forces passing through its | 

.fxtreniities. 

173. We have thus a Tery easy way pointed out to m (J 
determining, pmctictilly, the positions in which anyuumbccDt 
beams should be arranged in a polygon so ns to support one 
another. Iiot n cord he taken, and distances being measurtcl 
along it, equal, respectively, in length to the sides of the polygon; 
let weights be attached to these, crjual, each, to one-half the 
sum of (he weights of the two adjacent sides. Then, the two 
ends of the string being held nt a distance equal to the length 
«f (he base of the polygon, the form which the string will assume, 
when bunging freely, will he that in which the beams should be 
arranged. 

Ox THE EaniLIDRIUM OP A JoiNTED FlUMB OP HoDS, OH A 

Nettinq of Conne. 

174. PRECISELY In the same manner as before, it may he 
.shown that since all the conditions of the eqiiilihrium of a rigid 
system must obtain in one of variable fonn; the forces acting 
upon the frame or netting ought to be in equilibrium if applied 
to a single point of it. (Art. 37.) And hence that those portions 
of such ft netting or frame-work, loaded with weights, as are 
nearest the points of suspension are most liable to yield. Also 
that whatever form a jointed frame of rods tflkcs when sus- 
pended, is that in which it will rest when placed iu an upright 

175. When a jointed frame or polygon of rods, loaded with 
weights, is suspended, its centre of gravity is at its lowest point, 
lind its equilibrium is said to be sliiOle; bo that being moved 
out of its position it; will return to it. It is not, therefore, 
necessary to the permanence of such a structure that its parts 
should he made rigid, or its angles stiffened. But if this figure 
be inverted, its centre of gravity will he at its highesl point, 
and its equilibrium will become unstable, bo that, being moved 
out of Its position, It will not return to it^ the whole figure col- 
lapsing, and fiilling to the ground. jM 
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k To the continuul equilibrium of an upright franie-iTntlc, it 

Mitiol tliftt its joiDts should be stiffened. Now thta 
( \te hrODght about by any pecuUnrity in the joint itseir, 
P Ae diSercnt parts of such a joint, being situated exceedingly 
m to the centre ahout irliich uich rod tends lo move, .ire, 
■Ihe principle of the lerer, readily crushed by the action of a 
!, liowerer slight, acting at the ejitreniity of the rod. It is, 
requisite that each joint should be stitlened by sub- 
7 framing. And out of the necessity for this strengthening 
9 the greater economy of the suspended, than tlie upright 
framing. In the suspended polj^n, or curye, 
B only precaution necessary, is that the parts should not 
Vuunder. In its upright position, their ^j-iAiVi'y, as ivcll 
' e chance of their compression, must he guarded against. 
s chain-bridges of iron contain less materials, and are far 
iron arches. On the other hand, a serious difii- 
n the use of the suspension-bridge, from its liability 
notion. This wiil be cspluiiied when ire come to treat of the 
wence of Dynamics. 

176, Besides its economy, arising from the small quantity 
"! materials necessary for its construction, it is a prominent 
^aaliiy of the snapension-bridge, that it is independent of the 
bed of the rirer n-hich it crosses. Hence it can he thrown orer 
in opening where it is iropmcti cable, either from the rai)idity of 
the cnrrent, or from the altitude of Ihe banks, to erect that 
ihime-work called the centering which is necessary for supporting 
(he parts of a stone or upright iron bridge, whilst the whole is 
being put together. 

177- The methods of giving rigidity to a system of rods 
are yarious. They all of them, however, resolve themselves 
directly or indirectly into the arrangement of the component 
rods in triangles. Of all simple geometrical figures, the triangle 
is the only one ivhich cannot alter its form without, at the Bnmo 
time, altering the dimensions of its sides*; and which cannot 
therefore, yield, except by separating at its angles, or tearing its 
eidea asunder. Hence, therefore, a triangle, whose joints cannot 
separate, and whose sides are of sufficient strength, is perfectly 
rigid. And this can be asserted of no other plane figure 
whatcTcr. Thus a parallelogram may have sides of infinite 
'fitrength, and no force may he sufficient to tear its joints asunder, 

• "ITiis at oncB foUowEi from the proposition of Euclid, " that ujion the 
■ame base, anil upon the same side of it, tliere cannot ho two triangles 
having their tnn sides teraiinnted at one CNtremity of the boae equtd lo one 
tmother, likewise their sides tcrmiaaled at tiie other estremity." 
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those forces being no otLer iLnn tLe weiglils of its parts, ani 
tlieir rcsullaiit atling tLrough its centre of gravity. There ie, 
therefore, no pOBsibiUty of this upper portion turning over an. 
the edge of the lower. 

To prevent the upper portion slipjiing on ttie oilier, no more 
is requisite than that the resultant, wliose direction is thus lerti— 
cal, should not make with the perpendicular to m m„ an angle 
greater than the angle of resistance, "We have before atoivir 
(Art 7!)), tliRt tliis will not be the case, so long as this plane is 
oot inclined to the Aonitra at an angle greater than that angte- 
Draw then through the given point the planes si M, and m'm'i, 
inclined to the horizon in opposite directions, at angles equal to 
die limiting angle of resistance. Then the cylinder, being inter- 
sected in any direction intermediate between these, its uppexr 
portion will rest steadily upon the lower. 

185, Nest let us suppose the mass A^ A B c, (see liie 
figure below), whose centre of gravity is in g, immedinfely 
above its base, and which, therefore, stands firmly when foTtning | 
one continuous solid, to be intersected in tbe directions a^b,t . 
A, B„ and let it bo required to determine under what circum- I 
stances the system of stones, thus formed, will rest. Take Oi, 
the centre of gravity of the highest stone, and 0^ 
^ A. the common centre of gravity of this stone a*>* 

the one beneath it. Then it is necessary to t"^ 
equilibrium; First, That the vertical G.^jthroaE" 
G| intersect the joint A, Bi, and that its direeti*" 
lie within the limiting angle of resistance; or ?~ 
other words, that o^g^ do not He beyond t** 
j I point B„ or AiBj be inclined to the horizon, at ^^ 

• \ \ angle greater than the limiting angle of resistai»*^^ 

I I ; (Art. 79) ; for if this be not the case, the slo*»^ 

iiSi k AjBj B,A, will turn upon b„ or slip down a,^*' 

Secondly, This being satisfied, so that the fir»* 
stone may rest firmly upon the second, it is iurther necessar^i 
that the vcitical G, g^, through tbe common centre of gravity o, 
of the first two stones, should intersect the plane Ai B„ and that 
this latter plane should also be inclined to the horizon at an 
angle less than the limiting angle of resistance, otherwise the 
two upper stones will turn over on the point b, or slip down 
the surface a^ n,. And, similarly, it may be shown, if the divi- 
sion be made into any number of parts, that taking the centre 
of gravity of the highest stone, the common centre of the two 
highest, that of the three highest, &c., and drawing vertical lines 
through these, such vertical lines must, in the First place, int»- 
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i die lowest joint in each of the systems so formed ; and, 
Oodly.TIiatnoneof the joinls must be inclined to the horizon 
I aogle grenter than tiie limiting angle of resistance. 
186. Let us suppose the highest stone of such a si-stera to 
b* acted upon by a horizontal force p (see tig.). The conditions 
of tiie equilibrium will thus be rendered consideralily more com- 
plex. To detennine them, let us take the horizontal line mn of 
oniimited length, and the vertical line a b. And let us divide 
ab into ns many units as there are in the force p, and liike b b^ 
containing as many of these 
units as there are units 
in the weiglit of the key- 
stone. Then if n 4, he 
JQJued it will contain as 
many of the above units of 
length as there are units in 
the pressure upon the sur- 
&oe A, Bs, and ivill he per- 
pendicuUt to the direction 
of that pressure (see note 
to Art. 146). For the first 
stone is held at rest by three 
ftroes; tiiz. the force p, its 
weight, and the pressure* 
upon the sui-face AsBj; these, 
therefore, meet in the same 
point, and would hold that point at rest; they are, therefore, 
proportional to the sides of a triangle formed by lines drawn 
perpendiimlar to their directions. Now a b and b 6, are drawn 
perpendicular to the directions of two of the forces, viz., the 
force P and the weight of the stone acting through a^. Also 
they are taken so ns to represent these two forces in magnitude; 
therefore the line a b„ which completes the triangle, represents 
the third force in magnitude, and is perpendicular to its direc- 
tion. Produce, then, the direction of p to meet the vertical 
through o, in «>i ; and ihrougli ni, draw 'n, m,, perpendicular to 
the direction of a 6,. This line will be in the direction of the 
cesnitant of the pressures upon a^ b^. 

In the same manner if b, bi he taken, containing as many of 
the ah ore -mentioned units of length as there are of weight in 
the second roussoir; since that line and abi represent two of 

* It would, iMfhsps, be more o 
the ■pTtstares upon the different ])ot 
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the forces acting upon tie second voussoir in mngnttude, and 
are perpendicular to their directions; therefore, if ni, be joiacA 
it will represent the third force, vis^ the pressure upon a, b, in 
magnitude, and be perpendicular to its direction. 

IF, Ihen, m, m, be produced to meet t!ie vertical through c, 
in m,, and wi, Wj be drawn perpendicular to a fi,, then will this 
line be in the direction of the rcsultimt of the pressures upon 
A, B^. And thus linej tn^ w„ m, in,, m, m,, &c. may be drawn 
in the directions of the resultants of the pressures on the dif- 
ferent jointa. These form, together, a polygonal line, called the 
line <^ pressure. If the points n, «„ Hj, h,, &c. where the direc- 
tions of the resultants m, m,, iii, ni„ m^, tn,, &o. intersect the con- 
secutive joiots of the arch, be joined, the lines joining them will 
form the polygonal figure u «, ti, ti, tit, called the Line op 
£esisiamce*. 

107. It is necessary to the er|uilibrium of the etructure, 
Firat, That the line i)f resistance lie wholly within the mast of 
the arch. For if at any point, as n„ it cut the plane of any- 
joint A B without the mass of the aith, the whole pressure of the 
superincumbent structure acts in Ihe direction nitn,, to turn it 
over on the joint a b, about which it will, therefore, necessarily 

It is further necessary to the equillhrium, that (he directions 
of the lines >/i, mt, in,via, &c., in which-the pressures at tlie 
diiferent surfaces act, and which form together the line of prcs- 
Eure, should lie within the limiting angles of resistance at those 
surfaces. Now the lines a b^, a b„ &c., and the lines AjBs, a,b„ 
Silt., would, if produced, make respectively with one another, 
the same nngles which the lines »'i fit, »i, m,, &c. make with the 
perpendiculars to the surlhces of the joints, the former lines 
being respectively perpendicular to the latter. The above con- 
dition resolves itself, therefore, into this, that the lines ab^, 
a b,, &c., and Ag 1I3, A, n,, &c., being produced, shall make 
respeclively with one another, angles not greater than the limit- 
ing angle of resialance. If they are parallel to one another, or 
make no angles with one another, then the directions of the 
pressures m, ms, tUt m„ &c , arc perpendicular to the respective 
surfaces. And the stones would not slip even if there were no 
fticlion between them. That proporiioa in the dimensions of 

* The properties of the lint of resis/aace were first given Iiy the antbor 

of this worli, in u paper read before llie Cambriiigc Pliilosophicsl Societj, in 

June, 1837. The analytiwd determination of it, and of tlie line of pressure, 

are 'v.n>~inpd ia that pajKr. and in a paper publi^b^d iu llie filth volume of 

■w of that Society, Port 111. 
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■tones b; wliich this direction of the pressure ia hrougbt 
t, is best caK'ulated to ensure the stability of the structure. 

188. To determine these dimensions, having tjikcn ihe line 
sA, as before, to represent the horizontal force P; dividing it into 
09 many units of lengths as there are of ivcTght in that force, ive 
have only to draw through a lines a b„ n />„ &c., parallL'l to the 
joints in succession, and nscertnin the numbers of the above 
units of length in 6&„ &i 6(, 6, &■, Sec, respectively. These 
numbers wili give the units of weight which the voussoirs re- 
spectively must contiiin. 

189. If the lines ab, nli,, &c., be drawn, mnking, with 
the joints, angles eqiuil to the limiting angle of resistiuice, and 
the voussoira he taken, as befure, containing as many units of 
?eigbt respectively as ihere are of length in the lines // b„ b, i_, 

Ibea the directions of the pressures »i, m„ tu, i"a, &c. will 
with the perpendiculars to the surfaces of the joints> 
each equal to the limiting angle of resistance, and the 
Etonea will be upon the point of slipping upwards, if a !ii, a bi, 
make their angles wiih the joints, nearer to the vertical; and 
downwards., if further from it. The stones being token of these 
dimensions, the structure is said to be in one of its states border- 
ing upon motion. It will stand, so Air as the friction is concerned,., 
wilh any system of stones intermediate hclween these. 

190. If we imagine the arch to he intersected by an infi- 
nite number of joints, the lines of resistance and pressure from 
polygons will become curves. The intersection of the line of 
resistance with each joint, ^vill mark the poiHl where the resttll- 
aiil of the forces which acl 'tjmii that joint, intersects it ; and a 
line drawn from this intersection so as to be a tangiut to the 
line of pressure, will show the direction in which that resultant 
intersects it It is evident that the situation of the line of re- 
sistance is dependent upon the magnitude of the force r. If 
that force be too great it will cut its exterior, and if loo small, 
its interior, surface ; and in either case, destroy the equilibrium. 
The greatest value of P, consistent with the equilibrium, is that 
which causes the line of resistance just to touch the exterior 
surface ; and its least value that which causes it just to touch the 
interior surface. This last is the force which will just counteract 
tlie tendency of the structure to fall over towards p. Suppose 
this force P to he supjilied by the equal tendency of another 
similar structure lo fall in the opposite direction ; the two will 
Uien constitute an arch. 

191. The conditions of the equilibrium of the arch are then 
predseJ}' those stated above, with this ad4iuo\va\ coaixtvi^^teA 
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die line of iTGistance touches its interior surface called the b 
trados, in certain points it and r' called the points of mplUB 
and thnt the presaure upon the key is the least postible < 
would support either semi-arch •, The line of resistance ei 
not cut the intmdos of the arch ; for, if it were, the whols-l( 
that part of ihc semi-arch which is iiboTC the point of ii 
tion would lum upon the joint nest below that point But Ik 
is impossible, for with whatever force this portion tends 
Tolre, it is resisted hj an equal tendency to rerolutioa in tbB 
other semi-arch. 

Although the line of resistance cannot cut the intiados, yet 
it may lie made to cut the extrados, or esterior surface of the 
arch. 

192, Suppose it to cut tlte extrados in the points s and B*- 
^H ^'tie whole force 

upon the arch, (in- 
eluding its weight,) 
acting as though it 
were concentrated 
in the resultants 
which pass through 
these points, it is 
manifest that the 
two portions of the 
arch above s and a', 
yielding at the crown, will revolve outwards about tlie joints 
immediately below those points. But the arch thus yielding at 
Jfae crown, its upper stones or voussoirs will have a tendency 
to descend, turning 
about their inferior 
angles, and this ten- 
dency will be greatest 
at those points r and 
r' where the pressure 
is least effective to 
prevent that revolu- 
Ims, then, the 
arch will separate at 
idiately beneath R and r' and 





the croivn, and at the joints i 



This is precisely what has been observed to be the process 



* This theory of thepof»?» i^f rvpture nni of the minimum preanii 
ftrat given by the author of this work, in a paper publiehed in the JVoi 
«OTM i>ftltt CmnMagt PAilogqpMcal Society, Vol.X. 
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of the fall of the arch, !ti experiments made for tlie purpose of 
ascertaming it, by MoDsieur Gnulhey and Professor Robinson. 
The former gentleman caused (lie piers of old arcbes to be, on 
aereral occasions, cut tbrough. Tbetr fall was invariably ob- 
seifed to be attended wilb the pbenomena described abore. 
Professor Robinson caused models of arches to be made in 
dialk, and loaded tbem at the crown until the line of pressure 
cut the extrados, and they fell. These experiments were attended 
with precisely the snme results. 

It is evident that the material of the arch is most likely to 
field at those points where the line of resistance most nearly 
approaches the intnidos. Accordingly in Professor Robinson's 
eiperiments, the material was observed to chip and fall otF there, 
brfbre the final rupture. Hnving loaded bis arches at thecrowa 
itotil they fell, he observed, however, that the points where the 
material began to yield, were not precisely those where the rup* 
tute finally took place, This fact presents a remarkable confir- 
mation of Ihe theory which has been stated in this chapter. It 
ismanifest that,. according to that theory, with any variation in 
ihe least force P (see fig. page 137)i which would support the 
semi-arch if applied at its crown, there would be a correspond- 
ing change in the position of the point n and b'. Now, as the 
load on the crown is increased, this force P is manifestly increased. 
The result is, a yarialion in the form of the line of pressnre 
tending to carry its point of contact with the intrados lower do(vii 
ap«n ifae arch. This is precisely what Professor Robinson ob- 
served. The arch began to chip at a point about balf-way between 
the crown and the point where the rupture finally took place. 

The esistence of points h and n' about which the two upper 
portions of Ihe arch h.ive a tendency to turn, and about which 
the material is first observed to yield, has long been known to 
prnctictil men. The French engineers have named these, points 
of rupture of the arch, and the delermination of their jiosition 
by a. tentative method, forms an important feature in the rery 
suspicious theory ■nhicli they have applied to this branch of 
statics. 

193. It is apparent, by reference to the fig. page HO, that 
above the points h and it', the direction of the line of resislanee 
is such, as to indicate a direction of the pressure which would 
produce in the arch-stones a tendency to slide dowiiivards upon 
one another, whilst below that point the tendency is to slide 
upwards. Hence, therefore, it might be expected that when 
the centre of an arch was removed, the mot\on o? \\\ft ;MtV- 
sianes (since tbej womH then admit of Bome iegtee (A ■msi'uQTx. 
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aniong one another, bj reason of the yielding of the cement, or, 
if 110 cement he interpose(1, by reason of the closer degree of cod- 
tiict into which the additional pressure would not fail to bring 
them,) would beslighlly downwards in reference to those Tousaoire i 
which are above the points R and r', and upwards in reference to 
those nhich are Leiotv those points. This motion of the Touseoin 
amongst themBelres, on the remoral of the centre, produces nbet 
is called the seUUmenl of the arch, and this settlement ia obaecTcd 
to take place precisely under the circumstances above described. 

The celebrated French engineer, Ferronct, hna left us a de- 
tailed account* of the circumstances which attended the striking 
of the centres of a number of large arches constructed under 
bis directions. At the bridge of Nogent, before remoring tlis 
centre of the arch, he caused three lines to he cut upon the /an i 
of it; one AoriroN/(i%, immediately above the crown, and the 
other two lying obliqudy from the extremities of this, on eilber 
side, towards the springing of the arch. After tlie striking of 
the centre, these lines were observed greatly to have altered 
their forms, and c-ven their relative positions on the face of lite 
arch. All of them had, from straight lines, become currea. 
The horizontal line had mnfi throughout its whole Icngtli; in 
greatest deflexion being immediately above tiie key, thus indica- 
ting a downward motion in all the voussoirs on which this line 
was traced. The oblique lines, ton, liad, on either side, deflecled 
from their first position towards the intrados of tlie ari:b, of 
dowmvardi, up to ce/iaiii points correspoading to r aud b'j 
beneath these points the deflesion ^so.s from the intradus of lite 
arch, or tipwardx. 

Thus, among the voussoirs on which the oblique lines were 
cut, there was shown to be a downward niofioa in respect lo 
those above the points corresponding to r and u', and an iipmfd 
motion in respect to those beneath those poiJits. Precisely the 
Game phenomena were observed to ntteud the settlement of tlie 
other great arches constructed by I'erronet, especially those of 
the Pont de Neuilly. 

• The Gkoin and Dome. 

194. The theory of the equilibrium of the groin and tlat 
of the dome arc precisely analogous to the theory of the arcb, 
In the groin a mass springs from a small abutment, spreading 
itself out symmetrically with regard lo a vertical plane passing 
' rough the centre of its abutment, until at length it meets an 
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equal and similar mosB springing from an opposite abutment. It 
u, in fuel, nothing more tban an nrcli wliose Youssoirs vary ns 
■well in breadth as in depth. The centre of gravity of the dif- 
ferent elementary voussoirs of this mass He ull in its plune of 
symmetry. Tlie line of pressure is, therefore, in that plune, 
and ita theory is embrnced in that which we have already 
laid down. 

Four groins commonly spring- from one abutment, «nch 
opposite pair being addossed, and each adjacent pair nnilin? 
their marglus. They thus lend one another mutual support, and 
form a continued covering. The groined arch is of all arches 
the most stable, and, could materials be found of sulGeient 
strength for its abutments, and tlie purls about its springing, it 
might saffly be built of any required degree of flatness, and 
spaces of enormous dimensions might readily be covered by it. 

It is rcmar1<ahle that modem builders, ivliilst they have 
etected (he common arch on a scale of magnitude nearly perhaps 
approaching the limits to which it can be safely curried, have 
been extremely timid in the use of the groin. 

195. If, instead of the mass springing from a small abut- 
ment, and gradually spreading out its surface, so as to cover u 
wider space, we suppose it to spring from an extended base, and 
tocontruct its lateral dimensions as it ascends, until, as in the 
groin, it meets and rests against the crown of a similar and cqunl 
muss springing from an opposite abutment ; and if we suppose a 
number of such masses to spring from different abutments placed 
>ide by side, and to unite their margins, the whole will form a 
dome. The theory of the dome is thus clearly analogous to that 
of Ibe arch and groin. 

TuE UisTOHY OP THE Ancn. 

196. The first bridge was probably a tree which had fallen 
from one bank to the other of some mountain -torrent. The 
method of communication thus supplied by accident, men would 
soon learn to obtain for themselves, by the rude resources of art ; 
and ere long the opposite banks of rivers would come to be con- 
nected by means of timbers, or flag-stones, supported upon piers. 
The application of this notion of a bridge seems to have consti- 
tuted the whole art of bridge-making up to a comparatively 
recent period in the history of mankind. Yet it is altogether 
inadequate to the passage of deep or rapid currents, and fatal to 
navigation. Accordingly, we find that the Egyptians, although 
they swnrraed along both banks of the Nile, Tie^ei: \wL\Vt. fot 
thenjsclres a periaanent bridge across it. Tb.e1i%i:w, Voq^kiA. 
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tlie Eupbratee, on nhoae banks dwelt tliat other enterprising 
and liiglily-polUhed nalion of remote antiquity, the ChtiUeei, 
were bridgeless*. And even in t!ic age of rericles, there was 
no atone bridge over the river Cephtssus, at Alliens. 

Necessity is said to be the motlier of invention : there are 
certain matters in which she has been exceedingly slow in 
coming to the hirth. The discovery of Ihe arch is a memorable 
example. The Egyptiuns, Chaldees, and Greeks, were all admi' 
rable masons ; yet they never learned hoiv to make an aroht- 
Of Europeans, the first who appear to have made the discovery 
were the Elruscnns ; and the earliest existing specimen of tbe 
arch is said to be found among the ruins of the Etruscan town 
of I'olaterraJ, 

To the Chinese, the secret of the arch appears to have been 
known from lime immemorial. In fact, it is difficult to fix 
upon any useful contrivance which is not at present, in gome 
degree, known to that singular people ; or any period in history 
when tbey did not know it. They certainly used the arch long 
before it was thought of in Europe. It covers the gateways in 
their great wall ; they availed themselves of it in the conetruc- 
tion of monnments§ to their illustrious dead, and in the forma- 
tion of their bridges. Kircher, in his C/i'ma Illiislrala, tells us 
of stone bridges In China three and four miles long, and an arch 
of the incredible span of six hundred feet. 

Prom the Etruscans, the secret of the arch passed to the 
Romans ; and was soon employed in the construction of bridges 
over the Tiber. Of these several remain ; they are, however, 
but awkward specimens of the art of bridge-making. Their 
narrow arches are supported upon huge unsightly piers, which 
form a serious obstruction to the current ; and they thus involve 
a principle of weakness in their very strength. The Romans 
have, nevertheless, left us, in other parts of their dominions, 

* They had bridges of boats. 

f II: is necessary to qualify tliia assertion. Brick srohes ore said to hara 
been fonnd butied in the tombs of Thebes. Mr. HosUns describes ooe 
eijbt feet six inches in span, and regularly forroeii. Among the niina of 
Meroo, the ancient capital of Ethiojiia, he foond a seraicircalar arch of 
stone covering a portico, and at Gibel el Berkel a pointed arch, forming 
the entrance to a pyramid. It is most remarkuble that the secret of the 
arch should not have passed from Ethiopia, or from the tombs of Thebes, 
into the architectare of Egypt. 

t Micali, Antieii Manutnenii, 

j MDnumental and triumplial arches are s^ to Ije scattered in nidi 
numbers over the face of the country oa to give a character to the scenery. 
It is rcmErkable that the arch should have been erected in honour of illustiifj 
ous men both by the Chinsae and the Romans, ,^3 
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bridges of extraordiafiry slTengih and groat l^auty. Of ihese, 
lliBt of Alcantnra is perbaps the most remurkiiblo : its roiid-wny 
is 140 feet abote ibe level of the stream iThich it crosses, and 
its nrches 100 feet in span. It was built by Trajan ; under 
jn was also erected a bridge oyer the Danube, of wliich 
ICBiiy tnciedible tbings are told by I)ion Ciissius ; and of nbicli 
BOtiiing is to be seen, but now and then the foundation of a 
pier. He built it tbat he might conquer tlie Dacians ; liis suc- 
cessor destroyed it, tbat be migbt restrain their incursions into 
llic empire. 

In those troublesome times wbicli succeeded the fall of the 
Roman empire, no bridges were built. Itivers were, for the 
fflost part, passed by fords or ferries ; these frequently became 
subjects of contention between neighbouring barons, or were 
taken possession of by oulbiws ; and travellers, io availing 
lliomsclves of an insecure method of transfer, were subjected 
to the certainty of being heavily taxed, and the chance of being 
plundered. 

It was about the commencement of the twelfth century, that 
ane Benezet, a cow-herd, appeared in the Cathedral of Avignon, 
I asnounced to tbe multitude a special mission from heaven 
(tie erection of a bridge over the Rhone at that city. By 
"s little less than miraculous, this singular enthusiast cou- 
iha course of a few years, to erect a bridge which, 
Setlier we consider it in reference to its enormous dimensions, 
«r the local difficulties to be overcome in its construction, claims 
to be ranked among tbe most remarkable monuments tbat have 
ever been raised by the skill and ingenuity of num. Unfortu- 
nately, a flood of the Rhone carried it away. Tbe labours of 
Benezet did not, however, altogether disappear with bis bridge ; 
be obtained a place .imong the saints of the Roman Calendar, 
and became the founder of a religious order, called tbe Brethren 
of the Bridge, by whom some of the finest bridges in Europe 
have been erected.] Of these, that of Saint Esprit on tbe Rhine, 
is not far short of a mile in. length, and that called Ln Vieille 
Brioude", over tbe Allier, is a single semicircular arch of 180 
feet in span, and until the erection of tbe Chester Bridge, which 
is 200 feet in span, the laigest arch. Of the same date was the 
old London Bridge, tbe work of Peter of Colecburch : it would, 
however, greatly suffer by comparison with the labours of the 
Brethren of the Bridge. From this period up to tbe present, 



• ITiiB bridge, inconvenient bv r 
elevatjon, has of late years been n-[ilaceil by 
bdder or aiore reaiarkable stnicliir 
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tbe nit of bridge- making hns contijiuallj progressed and n 
of the riven of the Continent are now spanned hy nrehcs, iti 
which the labours of former agea will bear no comparison, eilW 
as it respects the boldness and grandeur of their detiign, oi 
perfection of their detail. 

The art appears to have attained its perfection in the ni 
ficent structures which hnve of lule been erected acroE! 
Thames, and iu the great iirch of Chester, These have 
parallel. 
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197. In the preceding part of this work we have supposed 
the various solid hodies, the conditions of nhose equilibiium wa 
have diseuased, to be composed of parts incapable of separation 
or displacement. A solid body thus defined, has, however, no 
existence in nature, and is altogether a philosophical abstraction. 
The bodies around us arc all, in their nature, more or less 
yielding and comjiresiible' ; and the parts of all of them appear 
tg admit of a certain degree ai displacement and separation. 

From numerous experiments whieh have been made upon 
the strength of materials, it appears that the displacement of the 
particles of solid bodies is subject to the following laws : — 

* The incempreiaiiUily of eertain BBbelaneeB ba9 been nsserted, and 
among the reBt, of witcr. It is tuld of certaitt academicana of FloreDce, 
tliBt lisviug encloaed water in s hollow Eiihere of gold, and closely soldered 
np the apening by which it itaa introduced ; they hammered the sphere, 
and found, that rather than diminish its bulk, the water forced its way 
through the minute pores of the metal. It has ^ince been complety ascer- 
tiuned, that water admila of compression. (Ersted has, by a moat ingenious 
coQtrivance, succeeded in measuring the amouot of this compressibility ; 
and there ii eTeryJreaaon to bBlieve, that it possesses this property of coni- 
prestlbility in coalman with all other material snbetancee. 
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K198. First, That when tins displacement does not extend- 
nd a certitin diat.tnce, eiicli particle tends to return to (lie 
jgiixe nliich it before occupied in the mass of ivhicli it forms n 
jpBTt, with a furce esactlj [iroportionnl to the distance through 
"illicit it lias been displaced. Secondly, Tlint if this displace- 
ntent be cnrried beyond a certain distance, tliere is no tcndeney 
Sji the particle (o regain its furmer position, and it remains 
pasMTely in the new position which it is made to talte up, or 
Calces up some other position dificrent from that from whieli it 
originally moved. 

The effect of the first of these laws, when exhibited in the 
^ihhI tendencv of the particles n'hich compose any finite portion 
of a mass, to return to any position in respect to the rest of the 
mass, or in respect to one another, from which they have been 
displaced, is called elastlcHy. There is every reason to beliere 
ftat it exists in all bodies, within the limits, more or less 
Otensive, which are imposed by the second law slated above. 

199. It is impossible, by any direct process, eo to displace 
wjr one of the particles of a body, through a portion of that 
*ery minute space within which the law of perfect elasliotty 
obtains, as (o measure the force with which it endeavours to 
return to its first position, and ascertain, directly, whether that 
Airce be, or be not, proporiional to the displacement. There 
»te, however, several indirect methods by which we may pro- 
duce the requisite displuccment, and measure the force jiioduced 
ij it. Of these, the following is, probably, the simplest and the 
lest." 

200. Let a thin cylinder, or wire, of the substimce to le 
ciamined, be taken, and let it be conceived to be divided into 
any number of exi:eedingly narrow elementary cylinders, or 
laminK, formed by imaginary transverse sections of the wire 
made exceedingly near to one another. Let the wire then be 
tivisted once round ; it is evident that each of the lamina: will 
be made, by the twisting of the whole wire, to move through the 
tame distance on the lamina immediately above it. For there 
is no reason why one should thus be moved further than the 
other. Also, it is evident that, if we take the displacement of 
each lamina upon that above it, beginning from the top, and add 
all these displacements together, their sum should be exactly 
the one revolution which the lowest lamina of the wire is made 
lA describe. Thus the angle through which each lamina i& 
made to revolve upon the surface of that above it may be 
fbnn d \iy dividing one revolution, or four right angles, by the 
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number of laminre'. Or ihe actual dUlance through ivhitli each 
particle on the surface of tlie wire is made to move, maybe 
found hy dividing its circumference or girlli by its length ; and 
supposing the thickness of the wire to be made up of sirailu 
cjjindrical surfaces concentric with its external surface, ihe 
nctaat displacement of a pnrticle contained in any of these nil) 
be found by dividing t/* circumference similarly by the length. 
Thus it is .ippai-ent, that vrhen the wire is twisted, each ofilt 
parlic/es sustains a certain displacetnent dependent for its m^ 
nitude upon tlie depth of that pnrticle beneath the surface of 
the wire. 

Now if the whole of a mass so twisted when left to itself 
reltirn to ilijirsi position, it follows that each particle, whatever 
the distance through which it may hare been mored, must han 
i-etumed also precisely to its first position in respect to the pw- 
ticles immediately adjacent to it. Also if the whole mass tend 
to return to the position out of which it has been distorted willi 
a force proportional to the angle of torsion ; it follows, that each 
particle in it tends to return to the position out of which it has 
been displaced, with a force proportional to the distance throu^ 
which id has been displaced. For suppose the whole to be 
made up of holtom concentric cylinders or tubes, and consider 
any of these separately; it is evident that the actual dis- 
placement of each of its particles is the snme; therefore, the 
tv/iole displacement is proportional to the displacement of anj 
one particle of the cylinder. It is also evident that the font 
producing the displacement of ench particle of the cylinder tl 
the same; therefore, the whole Jbrce displacing the cylinder, is 
proportional to that producing the displacement of each, particle. 
It follows, that if the trhole force be proportional to the w/ro/e 
displacement which it produces, then each component force is 
also proportional to that portion of the whole displacement which 
il produces. 

Now the whole displacement of the ports of the liollow cylin- 
der or tube, is proportional to the angle Ihiough which the tube 
is twisted. If, therefore, the twisting force is proportional to 
this angle, it follows, from what has been said, that the force 
producing the displacement of each particle, is proportional to 
that displacement. Let us suppose tubes, similar to the above, 
to be placed within one another, so as to fill up a cylinder, and 
let forces be applied to each of these, twisting it through the 

* From tbia it is evident, tliat hj inrreasing or iliminisliing the length 
or the wire, we may varj the amount of the disiilacemenl of each jiarticle 
to U17 extent we may cboose. 
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« fingle. Then if the sum of these forces be proportional to 
ib&t angle, it follows that each of tiiem is proportional to it; 
Nid if this be the case, it follows, from what ive have just said, 
that each pnrticlc is displaced with a force proportional to its 
[displacement. Cut the sum of the forces produci 
placement of the elementary tubes is the same as the force dis- I 
'placing the solid cylinder. Hence, therefore, it folloivs, that if 1 

this forDC be proportional to the angle of torsion, the law of I 
'perfect elasticity obtains with regard to the particles which I 

compose the cylinder, each endeavouring to return to its first 1 

position with a force proportional to the distance through which J 

it iias been moved. 

201. The conditions supposed above, and shown to imply I 
that condition of perfect elasticity within certain limits, which I 
we have stated at the commencement of this chapter; are pre- I 
cisely those which have been proved to obtain with regard ta I 
>I1 those solid bodies which have hitherto been submitted I 
experiment. There are certain bodies in which they are at once I 
reeoguized, as for instance in steel, and in various kinds off 
food; there are, however, others, in which elastic properties are I 
iy no means so apparent. We will take an example from this I 
laitet class. 

202. Let a leaden* wire be taken, one-fifteenth of an inch | 
in diameter, and ten feet long; fix one end firmly to the ceiling, 
and let the wire hang perpendicularly; affix to the lowi 
an index: like the hand of a watch; on some sland immediately I 
below, let there he a circle divided into degrees, with its centre T 
corresponding to the lowest point of the wire. Now let the , 
wire be twisted twice round, and tlien let go. The index which 
was twisted with the wire twice round the circumference of the 
circle will be at once observed to return and make almost four 
revolutions, that is, two revolutions backwards, or beyond its first 
position; it will then again return in the direction in which it J 
waa distorted, and after oscillating backwards and forwards a f 
considerable time, each oscillation diminishing in amplitude, it I 
■will finally rest precisely In its first position. Further, if the ' 
forces with which the needle, when twisted through diifeTcnt 
angles, tends to return to its first position, be accurately | 

■ Esperimcnta have been made of a similar kind to that ilcBcribeJ abore, 
with a great variety of diSereot substances, and these tend to show the ex- 
igtenee of elastic properties, where it wonld be leart expected. A Chin cylin- 
der or wire of jupe-clay, for instanpe, will, when subjected to toreion, t- 
deseribed above, eihibit properties showing the axistence of as perfect a 
elaiCiiatf (unang its particles as can be found among those of Che hardeit J 
lUsL The limits of elasticity being, of course, diiEeieitt la the *■ — 
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ensured, these will be found to be accurately proportional lo 
the angles of dislortion*. 

203. NoiT let the wire be twisted round four limes inslead 
of twice. If then left to itself, it will oscillate, ns before, and 
finally rest; but it will be found not now to have rested in the 
position out of which it was first displaced, but to be shott of 
that position by nearly two reyolulions. The particles of tl 
wire have, therefore, noiv, some of fhem heen displaced so far, 
that they will not return to their original positions, and n 
Arrangement has taken place among them: those about the 
centre, having been only slightly displaced, have probably trhollii 
returned; those more remote from it hare continually suSercil 
more and more permanent displacement, until, at the circum- 
ference, the displacement ia equal to twice the circumference of 
the wire divided hj its length. The wire is, under these drcuat- 
stanccs, technically said to have taken a set. 

204. It is rcmarkiible, that after this alteration of tlie n- 
lative positions of the particles, they seem to have retained Ibe 
same relation to one another as before. Each particle ia affected 
hy the particles among which it has now taken up its poatinn, 
precisely as it was by those which it has left, for if, after it hu 
taken a set, we twist it again, and thus try its elasticity, we shnl! 
find that elasticity as perfect as at first. This property lij 
which the particles of a mass may he moved among one anotber, 
passing in each new position into the same relation with respect 
to the particles which surround them in that jiosilion, as tbey 
Jiad in reference to the particles which were adjacent to lliein 
in any previous position, is called Ducliliiif. Tlie preceding 
experiment thus esiiihits to us two of the most important pro- 
perties of solid bodies. 

First, their elasticity, resulting from the tendency of Mc!i 
particle to return to any position out of which it has heen dis- 
placed, with a force proportional to the displacement. Secondly, 
their ductility, being that property by which this displacement 
when it is made to take place witbin certain limits, and under 
certain circumstances, becomes in a measure pervwitentf the 
displaced particles taking up new positions in the mass, and 
«ntering into the same relation in reference to the particles 
which now surround them, as obtained in r^ard to those which 
surrounded them before. 

SOo. We have staled, that the displacement, which calls 

* So accurately a tliis the case, that bBlanco intended ta measure farces 
hr too minate to be measured by the commDn bnUnce, linve been constructed 
tu Chis principle. These are called Toisiaa Batences. 
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certain limits, and under certain circumstances. If the 

placement be less than is necessary fo bring it nitliin tliosa 

limits, tlie particle will, in virtue of its properly of elasticity, 
I Htum accurately to its first position, an<I rest there. If the dis- 
, placement of the particle be too great tu lie tvithin the limits of 
I ductility, it will not again enter into the same kind of relation 

Trith the particles lying in the direction from which it has 
I moved as it had before its displacement; a partial separation of 
. the mass will, in fact, take place, so ftir as this particle is con- 

Wrned, and a permanent alteration in its internal structure. 
I This nttetation of internal structure occurring in reference to any 
I considerable number of the particles which compose the mass, 

will materially affect iis strength. It may, nevertheless, take 

flfloe without there being presented on the surface of the miiss, 
j any indications of the change which have taken place within it, 
' Tina, if a cannon be fired with a charge of poivder, producing a 

tlma above* the elastic force of certain portions of the material 
; of which it is composed, a permanent alteration of its structure 

will be the result, and a second discharge will burst it. It has 

heeu stated, that a cannon of large dimensions, so overstrained 
, hyan esceasivc charge, may be broken in pieces by a single 

Mow from a sledge-hammer. On the same principle, a wire 
I may be broken by frequently bending it backwards and for- 
I "'"cds. At each flesiire, a permanent alteration of structure 
■ *^kes place with regard to certain of the particles which com- 
' pose the section about which it is bent. Certain of these sepa- 

TJite ftom one another; and by repeated flexure, this separation 
"lay be extended completely across tlie whole wire. An altera- 
''on of internal stLTicture, appears to be brought about in some 
bodies by the influence of time alone. Thus slone is exceedingly 
Uncertain in strength; an alteration of ibis kind proceeding cok- 
*'>iualli/ in it, the effects of which nrc not apparent until after a 
Bteat number of years. 

206. The properties of elasticity and ductility, in virtue of 
^hich the particles of bodies may he luade to suffer displace- 
tteat without any permanent alteration of the internal structure, 
Are practicalli/, among the niost valuable properties they possess. 

IVe iiave before remarked, that llie destruction oi force of that 
tind which is contained in a moving body, and which is exerted 
ia.impaci, cannot take place, except with a certain degree of 

• Tlia ttrnin which products permanent Blter.iti 
vai-iea from one-fourth lo tno-fflht t.f Ihnt nco-ss 



I 



Tlr> 1 _ ■ • 



, t i . f i m , . g. 



3 



A ^■«K « J 







i« T h II I ■». . 



[3 



^ s «&« ■ ■ ilTr.. It Nf 



J ii M |1.ll r I IT ^ 

rfBftwf. TW eat dnadi Mcd m ^ tHe ia sbMli 

MMM^ WM ifcM dnwa dm^ B aaics of krfes inde in l)r 

W OtTWy^ tke lut, it iTM couTciEed into a irife of vm 
(mKIIi, ll.«t »« f«i* of it neighed only 1-I6tk of an Donee 

*' ■• «''"'« ''"gtli ttiu ], 182,912 feet, or 98,576 Pre 

I llil* wiro wot tlien passed between i 



MEASUHE OF ELASTICITY. 153 

fialtened, and, at the same time, lengthened it l-7tli. Thus its 
length became 1,351,900 feet, ]12'66 French leagues; being 

more than tlie distance from Paris to Lyons. The threiid wns 
Iben l-90th of a line in txiillh ; and, admitting with Reau- 
mur, thnt a cubical foot of gold weighs 21,230 ounces, and a 
cubical foot of silrer 11,523 ounces, we find that its ihkkneis 
could not be more than l-3108ib part of an inch. What, then, 
must be the thickness of the stratum of gold which covers its 
aides and its edges? By calculations analogous to the above, 
ne 6nd that the thickness of this layer of gold cannot he more 
tban ihe l-713,130lli part of an inch. Nevertheless, gilt wiro 
it made, in which only one-third of the quantity of gold whicli 
HB have supposed is used. It is impossible to carry our 
notions of the duclililj of matter iurthcr than this. It in pro- 
Inble that all bodies possess mora or less of the properties 
rf elasticity and ductility: the proportions, however, in ivhicli 
tlifSB properties esist in them, arc exceedingly various*. 
Tiiose which are the most ehistic, are by no means the most 
iactile ; the contrary seems, in fact, to be Ihe case ; those 
bodies which are the most ductile being commonly the least 
elastic. 

209. It has been shown that the particles of solid bodies 
tend to return to any position out of which they bare been 
moved, witli a force proportional to their displacement ; if, 
tierefore, we represent by the letter m, the force requisite to 
^splace the particles composing an unit of the bulk of any 
given solid body tiirough a distance equal to unityf, then the 
force requisite to produce a displacement of the same unit 
llirough a distance of d nuils or parts of unity, will equal D 
times m; call this force^/". J':=mt>. As will be shown 
lierenfter, there are a great variety of ways of detennining the 
amount of the force m. The following, when it can be effected, 
may very well answer the purpose. Let a rod be made of tha 
substance whose modulus m is to be determined, having n section 
e^oal to K square units, and being l units in length. And, nay 

* It is a curioHS fact, that by fo-smg a metal, or drawing it frequently lika 
> ■!«, its Cblieaan (that is, tlie force with which it resists absolute ruptare) 
is greatly increased. Thus lead, although it is made hag deiue by drawing, 
naj have its cuhesion Iripled. 

-f- That is, the force sufficient to cause one solid unit to oecnpy a space 
cqoal to two Rolid units. Or, which would equal that force, provided the 
material could he displaced thi'ough that distance, subject to the same law 
Whidi at present governs its tendency lo recover its position. With this 
EOmUtiaii the force u may be understood to apply to the case of compreitie^ A 
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given force f being applied to lengthen or compress this oinsi, 
let the corresponding alteration of length be observed ; call thii 
/. Now Ihe tension thivughonl the mass is the same. EfOiy 
tmnsrerse seclion of it is, iherefore, acted upon by a force eipi 
to that force F, which is applied lo its extreme section. Ani 
every unU of each a section is acted npon by a force e^nal 

to — Also the extension or compression of the whole l unili 

of length b(.-ing /, each unit of length is estended or conipresteJ 

through a space equal to ^ Now M is the force producing eaA 

unit of extension or compression on an unit of area, and an imit 
of length. Hence, therefore, the force necessary to produce tie 
irhole of it on such an unit is, mI 

L. 

But the force really acting on an unit of the area of eacb 
section and producing this extension or compression, has been 
ahown (o be p 



Ml 






S.I. 



If E be the height in feet of a prism, or bar of any suhgtew, 
the weight of which prism equals the value of the fojce m cOT- 
responding to the elasticity of that substance, and which hss 
tranSTerae section of one unit in area, then calling tv the wei;'' 

of one foot of this bar, we have, lu b =: m .■-£=: - — -r 

E, being thus taken, is called the Modulus of Elasticity. 

The table at the end of this chapter contains the values of 
the Moduli of Elasliclltf and of the force m, as determined by 
eKperimert from a variety of diffc^rent substances. It is foun* 
thiit for compression, these are generally If^' 
than for extension, 

210. Let us suppose an elastic mass ab 
c I), terminated by a rigid plane AD, to !>* 
acted upon by a force p, causing this plane 'o 
move parallel to itself into the position t^^- 
Each unit of the mass being then equally 
displaced, the whole force P necessary to pro- 
duce this displacement, will equal the force J*? 
multiplied by the units in the space betwteo 
A n and a' b', or if k be the area of Ae 
plane mxkx aa' = e; 
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e it follows tlial, a a' ^ - 



e the force acting upon every point of the jil.ine a'b' is pro- 
rtional to the compremioti of the material immediatel}' beneath 

il^and that this conipreBsion is every where equal to A a'; it 
|i'%IloiTa tliat (he pressure upon every point of that plane is the 
Hence, therefore, an uniform plate of any heavy suh- 
li-stance raight he taken of such a thickness, that having precisely 
i^e same form and dimensions with the plane a' b' ; the vreighM 
««f its parts should be precisely analogous and equal to the 
^jiessures sustained by the different points of that plane. Now 
Ifhe resallant of ihe weights of the parts of the plale would pan) 
Khrongh the centre of gravity of the plane a' b' ; the resultant of 
*tiie pressures upon that plane passes, therefore, through the same 
joint ; hence, therefore, the force p must act through that point. 
To produce, therefore, that motion of the plane a b, parallel to 
atself, which ne have supposed, it is necessary tiiat the force P ' 
Xe made to act through the centre of gravity of that plane. If 

the force p do not act through the centre of gravity of the 

section a b, the latter will be made to take up an ohiique 

position a' b'. 

211. This oblique position may intersect its previous hori- 
zontal position. Thronghout the line of intersection the maSB 

■win sustain neither extension nor compression, and it is thence 

called the Ttevlral axii of the section. Its pro- 
jection is represented in the accompanying 

figure at N. In altering its position, the plane 

An has compressed the material lying between 

SB and N b', and extended that between n a 

and N a'. If the mass be hent throughout ila 

whole lengih, ever// transverse section of it will 

thus he made to intersect, in the new position 

which it is thus made to take up, with the posi- 
tion which it occupied before*; every such sec- 
tion has thug a neutral axis, and the surface in 

Which all these lie, is the neiUral surface of the 

mass. The strength of the material would not, 

• It does not follow tliat the points whicL lie ia any : 
b)D of the masa before it ia bent abould be also map 
He general OBKe appears to be that ibey will not. a 
Bwi be supposed to represent, not a plane, but a cnrved 
, tlderatiaii is opjiaaed to the theor; ef deflexion, uBiudly given 

*" ' it would Beem, iatal to it. 



1 





«• Ac Eki W «UA we kme abOK ^ofcea. Socb a 

"C 17 it! wnght, e 
nfbee tbe dMde facca ^<m x b'. - - ■ 

■Mi cxMdj af iW iiwiMJiiM «r tk ^wc incfaded b 
»A tmi > V, Mi^it k a* takta h ta icpbee tlw fixvxs m 
obba'; «alf hi giaiitj natt k su^oaed to art ■ 
MMd«fd«win»rdi. Eacb of tkese nuanwin beof ■ 
jkaiilj i lu oa gh oat, bat the two will be of aoaietihal i 
iamtit*, hj leajoo of the iaeqnalitr tf the moduH of exiel 
■ad coiBptcaEdan. 

Kaee, then, the forces acting npon the diffmat poioU li 1 
Vy are identical with the weights of the parts of c> 

!, of the dimensions of the spaces iiicla<ied betirMii I 
that plane and a b; it fullaws that the resultants of these tons 
pass through the centres of graritr of those masses. Thus, the ] 
reiultaDt of the forces upoa the plane x b', passes through the 
centre of gravity of the mass k b b', and the resultant of tlie 
forcet opon m a passes through the centre of gravity of llu j 

a and 6 be the points nhere the resultants of 
the fbrceH upon m a' and n b', respectirel y, intersect the plane 
AB; also let the direction of p intersect this plane in p, (seethe 
figure on the next page,) and let m be the centre of gravity of 
the plane. Then calling in and in' respectively, the weights of 
unim of the masses nhich may be tuken to replace the forces 
Upon « a' and m hf, respectively, we have, hy the general condi- 
lloilt of tlie equilibrium of a system of parallel forces, (Art. 46.) 
_f+m K (inaM M Aa) = m' x (m " ' 



N B b') ; also (Art. 4S.) 



J 
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X p = in X (mass kaa')x*i n+in'x (mass n n b') x m b. 
"^liich two conditions are lufficienl for the malhematicul deter- 
noumtion of the position of llie neutral axis. 

213. If the mass be rectangular, or the section A D a rcc- 
'Casgle, and if a' b' be considered a plane (an hypothesis generally 
anade), m will coincide with the interaeclion of its diagonals and 
lie in the axis of tlie mass, and it will be found that m n, or the 
distance of the neutral axis Irom tlic axis of the mass, equal* 

square of the line A a divided hj- tivelre times the distance 



MN = 



]2n 



then M N ^ J A B =: M A. 
ixis isin the surface of the 
.' vanishes, it follows that, 
= 1 Hi' A B X B n', 

V in the case of 



tvilhoid the surfiicc. In either of theee cases the 
ently compressed throughout the entire width of 



Hence if M yi = J »i D, or = ^ a b 

In this case, therefore, the neutral 

beam at a. Since here the mass n a 

p =x in' X (mass n h') ; .*. r = 
where b b' is the greatest comprcssii 
£rect compression, (Art. 210.) 

p = nj' X A D X (direct compression,) 
tlieTefore the oblique compression, when the direction of tbo 
feturbing force P is such that the neutral axis is in the surface of 
Ike mass, equals twice the direct compression ; that is, the com- 
Itession produced by the same force P acting through the centre 
of gravity, (see Art. 210.) If M ;> he less than -Jmb, the 
Beatral axis ii ' ' 
material is ev. 
tile beam. 

It appears, then, that in order that the heam may sustain 
compression in one portion of its transverse section, and exten- 
sion in another, by tlie action of a force in the direction of its 
length; that force must not he applied at a 
depth beneath its surface, greater than one- 
third its whole depth. 

214, If the force p, instead of being 
applied in tlio direction of the leiiglh of the 
mass, he applied, as in the accompanying 6gure, 
in the direction of its width, then, supposing 
the mass to be held at rest by forces applied 
at its extremities, also in the direction of its 
width, since the forces acting upon it may be 
resolved into two sets, of which one set, com- 
posed of those in the direction of the width, 
is perpendicular to the forces of the oVhei, 
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wliicli result from the extensioa and eompression of the material 
about tLe plane a b, and act in the direction of the lejiglk of 
the beam, it foUows that the resultant of the forces of the 6at 
set must eqoal zero, and aUo the resollant of the foices of the 
othei set. For taking these resultants, thej nill manifestlj be 
in directions at right angles (o one another, and most, if 6olk 
resnllants do not Tanish, hare a commo» resultant, fvhich will bt 
the resultant of all the forcea of the sjstem. That is, a// tlu 
forces of the system will hare a resultant of finite magoitude: 
ivhich thev cannot, since they are in equilibrium. 

215. The parallel forces of c<«npressioa and estenaioo, , 
acting upon the section a' b', hare, therefcre, a resultant equal < 
to zero. Hence, therefore, it follows that the sum of the foteei 
prodnced bj compression, ia equal to the xHn of the fwcn 
produced by extension. (Art. 46.) And thus, by what hu 
been said before. 

If the modulus of elasticity were the same fur compresson 
as for extension ; and the mass were symmetrical about a 
certain plane to which the direction of the force e was perpen- 
dicular, then this plane would be the neutral plane of the mass. 
Thus, the neutral plane of a rectangular beam would divide it 
equally, and the neutral plane of a cylinder would be any plane 
passing through its asis. 

216. Since the parts of the material in the neighbourhood 
of the neutral plane, sustain hut an exceeding small portion 
of the whole pressure, and supply hot an exceeding small 
portion of the forces which produce the equilibrium, their form 
and dimensions being but little altered ; it follows that the 
strength of the cylinder would not be materially impaired by 
cutting these parts away. Abo, if the mass be required to 
sustain pressure equally, not in one direclion only, but in any 
direction round its surface, then those parts may be cut away 
which lie about the neutral plane, in every position which that 
plane is made to take up, as the direction of the pressure 
changes. Now the paits of the cylinder which thus lie about 
everi/ possible position of its neutral plane are the parts about 
its axis, through which the neutral plane has been shomi always 
to pass, or frm/i which it can, at any rate, only be made to 
deviate by a small quantity resulting from the inequality of the 
moduli of compression and extension. 

Thus, then, the strength of a solid cylinder to resist a trana- 

I Mrain is not greatly diminished by cutting away the parts 

Tp szjs, or ho/lon>iiig it. And ks atte-n^^i -will he ^eatlf 
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\ itcreased if the material talten from fhe interior be ace n mutated 

exterior surfuce. Now having to construct a mass 

I a|iBble of sustaining transverae strain equally in all directions, 

Is evident that we must form it into n cj/liaJcr; and liaving to 

construct it (with a given quantity of materials) o/' Ihe greatest 

poisible sirenglh; it follows, from wliat has beeu said above, 

that we must form it into a liallom cylinder. 

It is thus that nature works, when, with the least possible 

mtity of material she would give the greatest possible 

Kengtfa. The bones of onimab are hollow cylinders. In the 

octuxe of birds, where it is especially important that very 

I little material should be used, that the weight may be the least 

possible, and where great sirenglh is required; the thinness of 

the substance of the bone is remarkable. The stems of plants 

ate commonly hollow cylinders, varying in thickness from one- 

siith to one-tenth of their diameters. Similarly, the feathers 

of birds are hollow cylinders tn that part where, acting as the 

uialler arm of a lever, the feather sustains the effort of those 

I jowerful muBcles which put the wing in niotiou. And the 

■li^taeBS of these feathers, as compared with their strength, has 

Bed into a proverb. 

The arts have availed themselves of this principle of 
F Wrength, copying it from nature. Iron columns, destined to 
Support great weights, are cast hollow. And on the same 
principle, iron beams are made deep, in the direction in which 
'hey sustain the pressure, and narrow in the direction at right 
^Dgles to this; and they are not unfrequently pierced about their 
'Neutral surface. 

21 7. In the case of a rectangular section, the masses N A a' 
*»id N B b' are to one another in the ratio of the squares of N A 
^Hd N B. Now the estent of the compressed and extended 
***rface8 may be readily ascertained by experiment. "We hare 
^tHy to support the beam horizontally, by means of props or 
Otherwise, and load it with weights; as it yields to the load, 
*lioBe portions of the section which compress, and those which 
^attend, may readily be distinguished on its surface. Also the 
Masses N A a' and n B b' are 10 one another as the quantities 
*« and )«', by the preceding equation. We have thus, therefore, 
^ practical method of ascertaining the ratio of in to m'. This 
■>atio is the same with that of the focccB of extension and com- 
pression at equal distances from the neutral point. 

When a piece of timber is broken asunder, the compressed 
and extended portions of the section are easily distinguished by 
the appearance of the fibre. "Where extension hits taken place. 
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it presents a series of broken and projecting points; where the 
rupture has been hy compression, the section is comparatively 
smooth. In the immediate neighbourhood of the neutral point 
there is no apparent change in the structure of the material. 

218. Tlie following ingenious method of exhibiting the 
effects of the compression and extension of the fibres of timber 
by the action of a transverse strain, was contrived bj DuhameL 
la the middle of a beam he made an incision with a saw, 
to three quarters of its depth ; and inserted in the cut an ex- 
ceedingly slender wedge of hard wood. The timber being then 
supported at its extremities with that face in which the incision 
liad been made upwards^ it was loaded with w^eights, and it was 
found that although thus sawn three quarters through, it was as 
strong as before. 

The following Table contains the values of the quantities M 
and E (see Art. 209), for a variety of different substances 
arranged alphabetically. Also the pressure which each will bear 
on a square inch of surface without permanent alteration oi 
structure ; and the fraction of its length through which it may 
be extended. 
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219 On the Stability of Masaei I 221 WLen [lie Surfaoeor 

KhoM Boeci are Plane Surfsoei. Base rests in a Curved SnifiO. | 

230 On the StBliiUtf where tbe Baies 222 On Surfaces of Unrest, 
ace Carved Surfticei. | 

O.v THE SiABiUTir OP Heatt Bodies, 

219. If a body be bclil at rest in any position hj fl 
action of certain forces inipressed ujion it, aad hy the action ■ 
Bome oilier force, it be moved out of tbat position; thea i 
becomes a question whether, ivhen tliis last force is remonr 
it will, by the action of the forces before impressed upon 9 
tend to return towards its first position, or to recede furl* 
from it. In (lie first case its equilibrium ia said to he stable, i 
the second iimlable. The mass abcd is in equilibrium inboft 
its positions represented iu tbi 
(1.) panylng diagrams. The vertical firamthe 

centre of gfiivlty o, passing, in the firsti 
through a point n in the base of thebodfi 
and in the other through its angle a', xai- 
the resultant of the weights of its parts 
being thus in both cases sustained by &? 
opposite resistance of the snr&ce os wliicb 
it rests. There is this important differ- 
ence, however, between the two positions. 
The first ia a position of stable equili- 
brium; since, if the body be inclined into 
any position between that and the second 
position of equilibrium, it will, by the 
action of its weight, lend to return, and if 
left to Itself jvill return to it. But in the 
second position, if moved either way, ib 
will manifestly tend to recede from that 
position, and, if left to itself, mil recede 
from it, until hy this revolution it is brought at length into some 
stable position. 

It is practica/ly, perhaps, impossible to place a body accu- 
rately into the position represented in the second figure. Also 
when left to itself, not being in that position, it will not *eei- it 
but recede continually from it. Since, then, the body cannot 
be artificially p/acerf in a position of unstable equilibrium, and 
when placed out of that position will not, of its own accord, seek 
it, it is impossible that it should ever be in such a position so 



UNSTABLE EQUILIBRIUM. 



I 



Wts rest in it. Thus if there were not certuia of its posilit 
'tivirich its eqailiLrium is stable, it would be perpetually in 
Slate of anresl. 

320. If A c be drawn perpendicular to llie plane on whtA> 
tkt hoAf rests, tbe angle o a c will be tbat through which it is 
made to reTolve between its first and aecoad positions; or it will 
he its indiHaiion in its second position. Now the angle OAC 
ise^ual Id the angle AGB. To be brought from ils first into 
if* second position of equilibrium, (he body must, iherefore, be 
imJined through an angle equal to that made hj the line joining 
ita centre of gravity with the angle about which it la made to 
turn, and (he vertical through iu centre of gravily. ^ovr, the 
higher the centre of gravity of tlie body ia, the less is this 
angle. Thus, if llie centre of gravity had been at g instead of 
o, the angle would have been a g ii instead of a o ir, and the 
fint of these is evidently lets than the oilier. Hence, 
therefore, the higher the centre of gravity of a body is above 
ita base, the less ia the angle through which it ivill hear to 
be inclined without passing into a position of unstable equi- 
libriam. 

If inclined beifond its position of unstable equilibrium, and 
left to itself, since it ivill recede from that position, it will 
manifestly turn over. Thus a slight icclination of a tall body 
resting in an upright position, is sufHcient lo overthrow it; and 
lliat, especially, if it be loaded at the top so as to raise iti 
centre of gravity higher than it otherwise would he raised; n 
high tower is easily overthrown; a tall man slands less firmly 
than a short one; and a Tehiclc loaded high, or loaded heavily 
at the top, readily upsets. 

221. If the part of the body on which it rests be a curved 
snrfiice, it is necessary to its equilibrium, in any position, that 
the vertical through its centre of gravity pass, in that position, 
through the point hy which it is in contact with the supporting 
Eorface. (Art. 55.) Now this being the case, if the body be 
moved out of its position so as to 
be in contact with the supporting 
surface by some other point a'; the ^-^ 

vertical G n, through the centre of 
gravity, way pass through that point, 
or it may lie on that side of it from ^^ 

which the body has revolved, or ^==— r 

lomards which it is revolving. Also, 
'* * ? Tertical pass in (bo second posi- 

"" >i^A tbe point of support, as weW aa \i\ &e ^t^\, SS* ^ 

L 



^^^Broi^i the point of support, as weW aa \i\ &e ^t^\, SS* " 
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bodj will remain at rest in its second position; if it do W 
it will revolve [from that poailion in tlie direction ( 
vrhivli Ihe centre of grnvily lies. Tbnt is, it will 
towardt its firat position, or /roni it, as tlie centre of gniTiB 
lies in respect lo llie point of support lomarils or froii 
position. In the first case tbe ciinilibrium is stable, i 
ether unstiihlc. 

Now it is evident tlint o lies, in respect to a', lorvardtti 
first position of the body, or from it, according as ag isles 
greater than AO; this condition determines, therefore, 
character of the equlilbrium. If a g be less tJiti 
stable; if greater, it is unstable. If the mass rest, 
figure, upon a horizonlal plane, the vertical through the pM 
of support is perpendicular lo the surface of the body at (t 

222. Snppose that portion of the surfuce of the body wbicli " 
rests upon the plane, to be part of a sphere. Then since ibe 
lines A o and a' o arc perpendicular to the surfuce of the spliete 
in the points a and a'; the point o, where they meet, is it* 
centre. Ilonce, therefore, it foljoivs, that the equilibrium of 
such n mass is stable or unstable, according as its centre o' 
gravity is belo7v or above the centre of the sphere, of which its 
base is a segment. If (he centre of gravity of the mass, coincide 
with the centre of this sphere, the equilibrium will be neilhet 
stable nor unstable, and is said to be indijfcreiil. Into whatever 
position it is moved, the vertical through its centre of gravity 
will in this case pass througli its point of support; it will, 
therefore, rest in that position, and will have no tendency 
either to approach again to, or recede further from, the position 
which it previously occupied. If the body have not only a 
spherical base, but be a complele sphere; its centre of gravity 
■will manifestly coincide with its geometrical centre; and, 
therefore, in whatever position It is placed, it will rest i«- 
differenily in that position. But if the upper portion be a 
cylinder, and the lower a sphere, then, provided the former he 
of such a height, as to raise the eeutre of gravity of the whole 
above the centre of tiie sphere, of which the lower portion 
js a part, the equilibrium will he unstable, and the body will 
not be found to rest every where upon its spherical base, Tlie 
cylinder might be talten of such a height, as to make the centre 
of gravity of the wliolo figure coincide with the centre of the 
sphere; the equilibrium would then be indiffcrenl : or it might be 
taken of such a height, as lo make the centre of gravity tall 
helow the centre of the sphere; it would thea be sladte. It tUe 
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base of the bodjr be a hemisphere^ and the upper portion a right 
«one, whose height is equal to a radius of the hemisphere, 
multiplied by the square root of three, it will rest on any point 
of its hemispherical base on which it is placed. 

223. In order to determine the character of the equilibrium 
at any point in its surface, on which a body will rest, we have 
only to displace it the least conceivable distance from that 
position, for when thus displaced, however slightly, if its equili- 
brium be unstable, it will revolve continually further from 
its first position ; if it be stable, it will revolve towards it. 
Thus, then, all that we have said above, with regard to the 
character of the equilibrium at A is true, however near a' be 
taken to it. Now, whatever the form of that part of its surface 
on which the body rests may be ; a sphere may be taken of 
such dimensions, and in such a position, as accurately to coin- 
cide with that surface, immediately about any given point in it. 
Thus a sphere may be taken accurately to coincide with the 
surface immediately about the point a. This sphere is called 
the sphere of curvature, and its radius, the radius of curvature ; 
the length of the radius of curvature may, in all cases, be 
expressed by certain algebraical formula). Now, if a' be im- 
mediately adjacent to A, it lies on the surface of the sphere 
of curvature, at that point ; and a o and a! o are perpendicular 
to the surface of this sphere, therefore o is its centre. The 
general proposition may then be enunciated as follows : '* The 
equilibrium at any point on which the body will rest^ is stable 
or unstable, according as the centre of gravity is below or above 
the centre of the sphere of curvature at that point." 

224. If the body, instead 
of resting upon a horizontal 

plane, rest upon a surface in 

any way inclined, or on another 

curved surface, as in the accom- 
panying figure, the vertical a' o 

through the point of support in 

its second position, will no 

longer be perpendicular to its 

surface at that point, and o will 

cease to be the centre of the 

Sphere of curvature at A. As 

before, however, if a lie nearer 

to A than o, the body, when left to itself, will roll back into its 

first position ; if it lie further ofi^, it will roll st\\l fwxt\\^t out of 
Its £rst position. Thus, if the surface on Yi\iic?a. \V. ^^^^.^ ^^^ 




166 ON SURFACES. 

conrex, eu in the figure, it may be made to roll of its ff 
weight HjtKardt, or contritry to ihe direclion in which its wei( 
acls. Since the equilibrium is staUe or unstable, accord] 
aa A G is less or greater than a d, it beL-omea of imports] 
to determine the magnitude of A o. Suppose a' to be eiee* 
ingly near to a, and draw ca' c perpendicular to the suTFaiKV 
either body in a' : c and c will be the centres of the sphereatf 
curvutnre of the two surfaces at a and a. Now since the h 
is exceedingly little deflected from its position of equilibriul 
A and a very nearly coincide, and the figure formed by tf 
lines AC, ac, and c c, may be considered a complete liiai* 
This being the case, we have, by the known property of siiffl 
triangles, c C : c a' : : C A : AC. 

Now c c is equal to tlie sura of the radii of currature at 
and a; for since c and c 'are the centres of the sphere*! 
currature at a and a, r.nd a' being very near A and a is i 
these spheres, it follows, that c a' and c a' are radii 
spheres. Also c a' is the radius of curvature at a, and c 
at A. Thns all the terms in the above proportion are known, 
except the last; this may, therefore, be found by that simple 
arithmetical operation called the Rule of Three, If the propor- 
tion be thrown into an equation and reduced ; the following 
simple relation will he found to exist between a o and the radii 
of curvature at a and a. Tlie latter being represented by B 



225. A portion of the surface of a body may be so con- 
trived, that the vertical through its centre of gravity, shall not, 
in any position in which it can be placed on a horizontal plane, 
pass through its point of support. If a surface could be thus 
formed, which would return into itself, so as completely to 
envelop or contain a solid mass, or any portion of it ; then such 
a mass, when placed on a horizontal plane, would be in a st;ite 
of perpetual mirest : it would roll on for ever, and the problem 
of perpetual motion would be solved. Tliere exists, however, 
no such surface. A surface possessing tiie properties of which 
■we have spoken, is essentially a spiral surface; it does not 
return into itself, and cannot be made cmnpleicli/ to contain any 
solid mass, or any portion of it. Nevertheless, such a surface 
may be made to form part of the surface of a solid; and 
as long as it is supported upon that part of its surface, the b( 
will continue to '-■!. 



* 
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226. A BurKtce mny be generated, answering tliese condi- 
lions by unwtndiag a sheet from a cylinder. Keeping the part 
unround continually slrclclied, its edge will describe in si>ftce a 
spiral surface, called an invoiiiU. The accompanyirg figure re- 
]»«ei)ts each an involnte, abb being 
the cylinder called the generating 
cylinder, from which the surface b/)P 
hlwen. anwound. The chantct eristic 
tj of the surface spp is this, 
pa drawn perpendicular 

ny point p in it, if produced far 

OMOgh, necessarily louche* tiie surface 

of tie cylinder. The vertical through 

tlie ptnnt of support p. therefore, loucheg 

tie surfiice of the cylinder, since it is per])endicular to the surface 

of the spiral at that point, being perpendicular to the horizontal 

plane which is a tangent to it there. 

Now, since tbe vertical v a touches the surface of tlie cylin- 
der, it cannot, when produced, pass through any point trilhin 
iL If, therefore, the mass be so loaded, that its centre of 
parity, G, may lie tfilhin the generating cylinder, then the 
wrtical through the point of support, can never pass through its 
wnlre of gravity; and conversely, the vertical through its 
eenlre of gravity, can never pass through its point of support ; 
tbe mass, therefore, can never rest upon its spiral surface. It 
tvill, in fact, roU on, until one end of tbe spiral, coming in con- 
tact with ibe plane, supplies a second point of support, and 
stops its further revolution. 



CHAPTER XVIII. 



: TiiE PniNciPLE 
227. If any noniber 



VlDTUAL VeLOC'IT 



of forces applied to (be different* 
points of a system be in equilibrium ; and these points admit 
diiplacemetit, the eircum stances of their mutual relatio 
dependance remaining unaltered ; and further, if the nature O 
the ^stem, and tbe forces applied to it, be such, that tlie pointttj 
of application, being thus altered according to certain conditions^^ 
the equilibrium remains; then there will exist; the follov ' 
remarkable relation between tbe forces and the distancecJ 
througb wbich their points of application, have been made to I 
move. If from either extremity p' of the Vine 5 c' ,Te'^\ft9ieBlC\a 
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tlic exceeding tmall dispkt.'cmcnt of any point of application f, 
n perpendicular r' m be dmwn upon the direcliim 
0-, p of the force before its displacement; and Ibe 

\\ tine Pi/i intercepted between the foot of tbe pe^ 

;' ', pendicular m and the point p, be called the virtid 

'• \ vehiciii/ xti llie force p; then each force of the 

i' \ system being multiplied by its virtual veloe'il;, 

• '. similarly tiiken ; the sum of these products is 

n't----^J^ respect to the pointg of Application whicb are 
'^i^'^ \ ninde by tlie displacement of the system, to moTe 
I \ loivards the direction of the forces iinprmed 

^ fk upon them, shall be equal to the sum of tliose 

tuken in respect lo those points which are inaite 
to move Jivm thnt direction. This very important principle i* I 
called that of rirtual velocities. I 

228. It may be proved as follows. E;icb point of applic*" ' 
tion of a force may be supposed to he held at rest by the actio"- 
of two equal and opposite forces, one being the force p actually 
applied to that point, and the other p, the resultaiit of the te' 
sistances or tensions upon it arising out of its connexion wjt*'' 
the other pHrts of the system. Now, let us suppose these x^ 
sistances and tensions la be alt removed, and their place sup' 
plied by the intervention of a system of pulleys in whieh tb^ 
same string is made to pass over all the pulleys. The moat con '' 
Tenient, probably, that can be conceived, ia a system similar tC 
White's pulley (Art. 158) ; tlie separate pulleys must not, how- 
ever, he alt fixed in the s.ime block, but each Beparately move- 
able about a common axle. Let each system have as many 
strings as there are iniits in the force which it is intended to re- 
place, thou the tension on each string will equal one unit. Let 
the same string pass over all the different systems; then if one 
end of the string be fixed to the centre of the first moveable 
block, and the other hang freely over the extreme pulley of the 
last fixed block; aweight equal to one unit of force, attached to 
this last extremity of the string, will keep the whole at rest under 
the oircumsl.inces supposed. Each system of pulleys supplying 
a force equal to the resistance or tension wbifh it is made to 
replace. 

The arrangement of pulleys which has been described, is re- 
presented in the accompanying figure : P„ P,, v„ P^, are the 
points of application of the forces of the system, and the resist- 
ances or tensions upon ibose points are supposed to he replaced 
by the systems of pulleys A, Bi, A, n,, a, E,, A, B,, of which a,, A„ 
Aj, A^, are the^j:erf, and b„ b^, Dj, b,, the moveable blocks. All 
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lesfl 



lliEM are of course suppoaed to be without wciglit; and each 
contains as manj separate pullej-s as tliere are units in the cor- 
reapondJEg force. A string is attached to the centre of (he first 
Work Dp and passed a* many times round the pulleys of thtit 




liiock, and tlie block a,, as tliere are units in the force p^,. 
It then passes to the block A„ and iis many times round the ' 
fulleys of that block and the block u., as there are units in the 
force P, ; and from thence, to the system Aj Bj, supplying there 
again as many strings as there are units in the force Pj. To the 
extremity of the string which Langs over the last pulley of the 
block Ai a weight p is attached equal to one unit. Now since 
we suppose no rigidity in the cord, and no friction on the asles 
of the pulleys, it is evident (Art. 142) that the tension upon the 
eord la every where the same, and, theiefotc, eyevy where equal 
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to ttiuf unit. Also the teusion upon the first point p. is equal <4 
the tension upon luiv itring of the system ai Bi nioltiplied b] 
the numlier of slringa. And tlie tension upon each string ii 
been ahown to he one unit, therefore the whole tens' 
the point P, is equiil to as many units as there nre strings; \> 
there are (by hypothesis) as many strings as units ia the foro 
acting at P, ; there are, therefore, aa many units in the teniiom 
at P, as in the force applied there ; and the tension is in a diiei ' 
tion oppotile to the force : the point p, is, therefore, in eqoil 
briura ; and the action of the syatem of pulleys Ai b^ eorroA 
replaces the resistances and tensions which were supplied l| 
the connexion and reaction of the different parts of the systi' 
at the point to which the force p, is applied. The s 
be proved of the other points of application p^ P3 p^. 
tem of pulleys we have supposed, supplies, therefore, : 
points of application, forces exactly equivalent to the resistances 
and tensions before sustained at those points. 

Now let us suppose the points _P, P, P, P., &c., to more 
through any small distance, and iu any direction, subject only to 
this condition, that in the new position which they take up, and 
in every intervening position, they may he in equilibrium, and 
the resistances or tensions upon their several points of applies 
tion remain the same. Since the tensions upon the points p, F^ 
&o., remain the same throughout this motion, the tensions upon 
the strings of the systems applied to these points remain tLe 
[laine, and the tension upon every part of the length of the 
string which goes roun<l them all remains the same. Since, 
then, the tensions upon that part of the string which sustains p 
does not alter, it follows that p is always balanced by if, and 
does not move. It follows, also, that the string thrown off hy 
those of the systems AiB,, AjB,, &c., in which the blocks are 
made, by tlie motion of the points p, p„ &c., to approach one 
another, ia taken tip by those systems in which the blocks re- 
cede from one another; for otherwise some portion of the string 
would be thi'own off the last system, and p would move. Thus 
the sum of the portions of string thrown off hy certain of the 
systems is equal to the sum of (hose taken up by the remainder. 

Now the approach or recession of the blocks of any system, 
by reason of the motion of the corresponding point of applica- 
tion, ia in fact the virlual veluc'Uy of that point. Keferring to 
the figure (page 168), we shall perceive that the distance of 
the point P from o, wiiich may represent the centre of thejired 
block A„ is diminished, when the distance pp, through which 
it moves ia small, by a quantity equal to pw, since the angle 
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being small, o m may be considered equal to o K. 
Also tilts equality nill obtain ciccurately tor any distance 
through which the points of application may be rioTed, pro- 
Tided we suppose the forces a]>plied to them always remain 
tlld to their first direction. In which case the fixed blocks 
must be situated at itifinile distances from the moveable 
an hypothesis which will not, in the least, affect the 
istration, the length of the string being entirely arbitrary. 
these circumstances the virtual velocities may, therefore, 
tosed to have reference to any motions of the points of 
ilion however great those motions may be. 

then, the quantities by which the blocks approach or 
from one another, are the virtual velocities of the forces 
strings passing round those blocks sustain; and since 
f-Miing thrown off by these blocks is equal to as many times 
ftii change in the distiuice of (he blocks as there are strings pass- 
ing from block to block ; also, since this number of strings equals 
Ibe number of units in the corresponding force ; it follows, that, 
ttpresenting this number in units of the force applied at p^ by 
P„ and the virtual velocity of that force by «„ the quantity of 
itrin^ thrown off by the first Bvslem is p, i;,. Similarly, that 
thrown off by the second is P, n, ; p, representing the number of 
noils in the force applied at P„ and n, its virtual velocity j and 
so of the rest. Also, the sum of the quantities of string thrown 
offby the blocks which approach one another, equals the sum of 
those ihron-n off by the blocks which recede from one another ; 
therefore, the former being understood to be taken with a nega- 
lire sign, we have p, n, + p, n, -|-Pj 71, + , . , , = o. This per- 
haps may be better understood when it has been applied to a 
feiv examples. 

229. Let us take the case of the wheel and axle (see Art. 
114). It is apparent that if the power and weight be in equi- 
librium in one position of cither, that equilibrium will also exist 
in any other position. Also, that their directions preserve 
always their parallelism. The system, therefore, belongs to 
that class in respect to which the principle of virtual velocities 
tias been proved to obtain, whatever be the extent of the motion 
communicated to it. Also, the virtual velocity of either is, in 
this case, the space actually described by it, since either, in its 
second position, occupies a point in the line iu which the force 
impressed upon it acted, in its first position*. Hence, there- 

* This will reHciav be seen by reference to the fig. page 168, where F 
mnxt be mippoaed to move in flie line p o, the point r' being 1 
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fore, supposing the pofrei F, to give motion to the wfight' 
caliiDg », and n, the spaces described by these lespeciive!)', a 
writing iLc latter negalirely, since it is described in a direeiion 
opposite to that in nhicU tlie force to nbich it corresponds acts, 
we hare P^ h, — p, »,:= o .'. P, ",^p, »,. Hence it sppean 
that the poirer multiplied by the space which it describes is 
eqoal to the weight multiplied by Ihe space which it descritei 
And as many times as the power is lest than the weight, n 
many times is the space throagh n'hich it moves greater*. 

The spaces n,, n^ are manifestly equal to those poFtions of 
the circumferences of the two circles off'ani on which the atring 
is wound ; now these being opposite to equal angles al ik 
centre (each equal to the angle through which the axle lias 
been turned), they are to one another as their radii. Thus n, and 
Ti, are to one another as the radii of the wheel and axle re- 
spectively, and we have as before (Art. 114), 

Pi X Ci^dius of wheel) ^ P, X (radius of axle). 

230. Let us take the inclined plane for our second ex- 
ample, and suppose the force n (see fig. Art. 80) to act parM 
to the plane, and also the consideration of friction to be omiltel 
Suppose the mass m to be made to descend the whole length of 
the plane. Being in equilibrium in one position, it vmii 
manifestly he in equilibrium if allowed to rest in any other posi- 
tion ; the forces preserving always their parallelism. The WW 
comes, therefore, under that for which the principle of virtual 
velocities has been demonstrated, whatever be the extent w 
motion. Also, the virtual velocity of the weight M is, in this 
case, the height of the plane ; and the virtual velocity of N is th^ 
length of the plane, 

.'. N X (length of plane) = m X (height of plane), 
which agrees with what has been before proved (Art- 85). 

231. As a third esample, let us take the case of the aingl^ 
moveable pulley {see fig. page 116). It is evident that th^ 
system is of that class for which the principle of virtual velo"^ 
cities has been proved, and that the virtual velocities of P and f* 
are the spaces they actually describe ; calling these, therefore^ 
II, and n,, we have 

PK|— ll»j = 0. 

Also II 1=:: 2 n, for each of the two parts of the string which sus- 
tain R, are shortened by a distance n, ; therefore the whole of 
the string sustaining (he moveable pulley is shortened by ttnice 
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■that Jistimce. The power rao»es, therefore, through twice that 
distance; or, 

Hi=2«, .■.p2m,-Bh,=o .-.ap^R. 

232. Similnrly it may l>e shown, in the first system of 
pulleys, (Art. 151), that each moveable pulley in suceession, 
cDunting from the last, moves through twice the distance of the 
preceding pulley, and tluit the power p moves through twice the 
distance of t\ie Jirst raoreable pulley, so that calling n, the space 
doicribed by the last moveable pulley, and, therefore, by the 
fbree r, the spaces described by the others in order, are 2 n,, 
4n„ 8 n,, &c., and if there be four such moveable pulleys, the 
space described by the power equals 16 »,, or »,:= 16 «,. Now, 
as before, by the principle of virtual velocities, 

p Wi — BHj^o .*. p16h, — B«,=o .*. 16p=b; 
aresult which is the same as that ive have before obtained. A 
liiniJar method of reasoning may be applied to all the systemB 
«f pulleys. 

.The principle of vittuBl velucitiea readily applies itself to 
tlie solution of every question in statics, into the consideration 
nf which the resistance arising from friction does not enter. In 
fact, the principle of the equalili/ of moiiieiUs, and that of the 
paraUelogram of forces, on which the whole science depends, 
may be readily deduced from it. 

233. We have proved this principle of virtual velocities 
-on the supposition that the forces impressed upon the system 
temain in equilibrium, whatever be the position which their 
pobis of application are made to take up. And on this hypo- 
thesis we have shown it to obtain, whatever may he the distances 
Uirough which these points are made to move, provided only 
the forces impressed upon these, retain always their parallelism. 
The same principle, however, obtiiins generally, whatever be the 
flrcumstances of tlie equilibrium, and the directions of the 
forces, or the motions of the points of their application ; pro- 
vided, only, those motions be exceedingly small, so that the 
resistances and tensions of the purls of the system may not be 
thereby sensibly changed. This last hypothesis being made, the 
proof is precisely the same with that we have already given. 
In fact, the absence of all change in the tensions or resistances 
of the parts of the system is that supposition on ivhich the 
vthole demonstration rests, and it matters not under what cir- 
cumstances it is made. 

When virtual velocities are spoken of, they are usually under- 
stood to have reference to these indefinitely small motions of the 
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parts of a syaUm. The iitinciple of rirtual Teloclties tn&y, tbece- 
fore, be stated under its most general form as foHowg, "If aij 
number of forces be, under any cireurastancea, in equilibrium, 
and to any or ell of tUeir seTeral points of application, there be 
communicated indefinitely small motions in any direction ; tka 
the several virtual velocities of these points, multiplied by tbeii 
corresponding forces, and added together, shall giv^e a result 
*ero ; those which are moved lotvaids the directions of flieir 
forces being taken nitli a negative, and the remainder with b 
positive, sign." It is of the highest importance that the pras- 
tlcal man should obtain a char notion of the application of Ibi! 
principle, in its most geiieial form. The ideas which workraea 
uiiialli/ have of it are erroneous. 
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234 Difficulty of determiniiig me- 
chanically the amouut of anj 
Stuticul Rebistiiuce. 

235 Theory of Resistances whpre 
there 19 on I J One Rgb' sting 



236. Where there are Two Resisting 
Points. 

237 Where there ore tliree Resist- 
ing Points. 

23i} Prind[ile of Least Reaistance. 



On the Tueokv op Hesistakces m Statics. 

234. A CERTAIN number of the forces which Iiold a body at 
rest mai/ be, and in the great majority of cases aclually are, BOp- 
pUed by the resistances of certain fised points, or surfaces. It 
appears to be nearly impossible to contrive any method, gene- 
rally applicable to a measurement of the amounts or magnitudes 
of these resistances. The mechanical contrivances commonly 
used to estimate the amount of pressure, are applicable only to 
the state immediately bordering upon motion. Now, when any 
of the forces which hold a body at rest are resistances, thes 



or all of tliem, admit of I 
municating motion to it. 

Thus, to take a familia 
placed upon a table a 
producing motion ; we may e' 

which one of the legs is 



itely varied, without c 



example, we may vary the weights 
led by four legs, infinitely, without 
a remove the portion of the floor 
rapported, and place that leg iu one 
of the scale-pans of a balance, and although the weight upon the 
table remain the same, we shall find that we may vary the weight 
placed in the opposite scale of the balance infinitely (within 
certain limits), without communicating motion to the beam. 
Now, there was clearly a certain resistance, and no other, sus- 
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Wl^ by the leg of the table, before the portion of the floor on 
"•riuffh it rested was removed ; hut which of tlie pressures shown 
Ij tiie balance, was dial pressure, it is altogether impossible to 
•detenniiie. A amilar difficulty presents itself in the use of 
ifeighing-machines matte with springs ; these estimate pressures 
ly the greater or less degree of yielding in the points nt which 
IheyEtre applied ; thus, one of the feet of the table being attached 
toanch an instnnnent, would fiink until the pressure sustained 
Ijit was equipoised by the elasticity of the spring. But this 
liaiiility to yield would t»ke the pressure completely out of thi 
dues of the pressures supposed, which are those supplied bj 
fad points miAjixed surfaces. 

235. Not only is there, howerer, this difficulty in mea- 
BuiBg the amounts of statical resistances tncdianicaUi/. The! 
I lieori/ of statical resistances presents almost equal difRcuIties.; 
' Iftbfre be any number offerees in equilibrium, amongst which' 
fee enters one resistance only ; we could determine the amoonl 
of that one; for, knowing all the other forces of the system, we 
nn find the magnitude and direction of their resultant ; and wi 
blovi that this resultant must pass through the resisting point 
that it must be opposUe to the resistance in direction, and equal 
*o it in niagnilude. The amount and direction of the single 
'instance thus becomes known to us. 

If there he two resistances in the system, and we know their 
points of application, and the direction of one of them ; we can 
sIm find the direction of the other, and the magnitudes of both, 
^or let us take the resultant of those forces of the system which 
*re not resistances, and suppose these forces to be rejilaced by 
*t. The whole will then be held at rest by three forces, the 
*^EiiItant and two resistances ; the directions of these are, there-! 
fore, in the same plane, and meet, when produced, in ihi 
^loint. Now the direction of one of the resistances is known, let 
it be produced to meet the resultant ; then a line drawn fromj 
their point of intersection, to the point of application of tbo' 
other resistance, will he in the direction of that resistance. Aad^ 
the directions of both resistances being known, also the magni- 
tude and direction of their resultant being known, the mngni-', 
lade of each resistance may be ascertained by the principli 
tie parallelogram offerees. 

If the points of resistance \tejitcd points, capable of supply- 
ing resistance in every possible direction, it will be shown here- 
after that the direction of the resistances is necessarily parallel 
to that of the resultant force. If the points of resistance be 
jioints capable of motion upon a gi\eii aurface, which Barfao«| 
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will supply reBiJtUnce only in certain directions ; then the imt 

tions of the rcsiitonces ate tliose whicU approach the neaiat 

possible to porallclisn). 

^^^^ 236. Let us suppose the points of resistance p, and p, lo 

^^^^! \tejixtd, and let it he the resultant of 

^^^^K 't any syUem of forces in equilibriuin, of 

^^^K 0.4- f^ nhich the resistances of these puinll 

^^^K / Vr form a port ; then are the resistances 

^^^H ,/ / 'x at p, and e, parallel to r. Draivfron 

^^^K * ■' ' fy either of the points r, a linep, XN, 

^^^K f / perpendicular to llie direction of R, 

^^^B / / and intersecilng the direction of tliU 

^^HK W force and r, in M and N. Tlien, unn 

^^H the monietils of the forces of the ^ 

J^S^ ahout any {loml, as P,, are equal, we haye 

P, XP, N=:RXP, M. 

Kov, since the direelions of p, and r are knon-a, the lines r, n 

and p, M are knoM'n, also r is kiioM-ii, therefore P, is knoivn 

from the nhoro et[Uiitiou ; also P| + r.-=;ii. Therefore, p osj' 

be found. 

As a practical application of what has been stated above, k' 
us suppose a (veight W to be sup- 
ported upon two fixed points P, 
p^ ' ii and Pj by the intervention of aiw 

p, r,, supposed without weigWi 
By the principle of the equality of moments, 

PjXP, i',=wxp,w; and similarly, P| X P, Pi=:WXPiW. 
Thus p, and p, are known. 

237. If instead of Itvo there be three poiufs of resistance, 
there is one and only one case, in which the amounts of tlie 
resistances on these points can be ascertained by any of the rules 
of statics which Iiaye bitlieilo been laid doivn. The case is that 
in which the resistances arc those of jjoinlg which arejijred in both 
surfaces, and whose directions are, therefore, parallel to that of 
the resultant of the other forces impressed upon the system. 

Let us suppose a plane to 

,.,■' he drawn perpendicular to the 

,, -'' ^■■'--- direction of the resultant R, and 

.-■■'/,'.- — '_''. »"■■'' intersecting the directions of the 

*"''' M P; three resistances of the system 

' in the points f^, p,, Pj, which 

points we will, for the present, suppose twl to be in the same 
right line. Let the points P,, P^, p^ be joined bj' lines forming 
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thj triangle p, p, p,. Also let lines be drnwD from tlie some 
^ints to B, dividing the whole trinngle p, p, p, into three ele- 
mentary triangles r p, p,, n p, p^, and b p, p,. 

T/ien the magmliide of each resistance will be In (he resullant 
^ ike niliole, ns the elementary triangle on Ike side opposite to 
Jjol resistance is to the whole IriaiigU*. Thus the resistance at 
F| is to a as the triangle R p, p^ ia to the triangle p^ p, p,. 

This may be easily proved. Let the forces p, and r be sup- 
|«ed to be replaced by their resultant, and also the forces P, 
and p^ by their resultant. These resultants are necessarily equal 
ind opposite. (Art. 0.) Now, the direction of the former resnlt- 
ant is throngh some point in the line P, R produced, and the 
direclion of the latter, through some point in the line P, Pg. 

Sesultimta pass, therefore, through the point of intersection 
lese lines. 
ice, then, the resultant of p^ and r passes tlirough m. 



• = R X U R 



■*. Pi triangle p, r p, 

B triangle Pi P, Pj. 

A similar demonstralioii applies to the other resistances. 
If R be the centre of gravity of the triangle Pi p, P^ w 
be equal to one- third of mp,, .-. p, = Jr. Similarly e 
lie other resistances will equal one-third of r ; these resistance 
ue, therefore, all equal to one another. Thus a triangnl 
table of uniform thickness, supported by legs at its com 
ftess with equal force on all of these, whatever be the shape ox 
the triangle ; since the resultant of tlie weights of the parts of 
the triangle, which are the only forces impressed on i(, passes 
through its centre of grarity. Also, if a weight be placed upon 
the table ouer Us centre of gravity, the pressure of that weight 
will be equally divided between the legs. 

238. A given weight R being thus always placed upon the 
centre of gravity of the triangle, let us suppnse the side P, P, 
to revolve about the point p^, until it is made to coincide with. 
P, P . The centre of gravity R will throughout this variation he 



* This very elegant property of the resistances of three pointu, was firs! 
disoovereJ by Euler, Rtid given by bira in the commencement ol a papei 
mStied De presaiaae paaderis in planum cui in™m4i(, in the Memoirs qflAi 
Academy nf Science al Si. Peterfliurgli, Novi Commenlarii, torn. 18, ii 
which die qaetlion uf resistaoce is diflcusK'd at great, \eu6t\i. 
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fuuud Iiy joining the point p,, witU tlie bisection m of the i'lfc 
p, p„ ojid taking M B equal to one-lhird of m p,, also the pressure 
of R ivill, lUroughout, be eijualli/ divided between the poinls 
!■ , p , niid P, ; ttiia equal division will, therefore, continue whra 
e p takes up ils Jinal position coincident with p^ p^. In ihii 

iillimale position, therefore of tfff 

»..-»....« • if MB equal one-third of mp„ Mbeii^ 

"j ' ■" ■ the bisection of p, p„, the preasure ot 

any force applied at b will divide itself 
tquaily between the points P|P, r^. It is easilj shown, that 
when the point n is taken according to the above conditions, 
P,R = i(P, P, + P, P.). 

239. When the number of points of resistance exceeds three, 
the problem does not admit of solution by any of the principles 
hitherto laid down, and recourse must he had to another prin- 
ciple, called the principle of least resistance*. Thnt principle 
may be staled ns follows. If there be a system of forces in 
equilibrium, among irhich are a given number of resistances, 
then is each of these a minimum, subject to the conditions 
imposed by the equilibrium of the whole. 

This principle is easily proved; although the application of it 
presents considerable analytical difficulties. Let us suppose the 
forces of the system which, are vot resistances, to be represented 
liy the letter A, and the resistances by b ; also let irrfy other 
system of forces which may be made to replace the forces b, and 
sustain A, be represented by c. Suppose the system b to be 
replaced by o ; then it is apparent, that each force of the system 
c is equnl to the pressui'o propagated to its point of application, 
by the forces of the system A ; or, it is equal to that pressure, 
together with the pressure so propagated to it by the other forces 
of the system o. In the former case, it is identical with one of 
the resistances of the system B ; in the latter case, it is greater 
than it. Hence, therefore, it appears, that each force of the 
system B is a minimum, subject to the conditions imposed hy the 
equilibrium of the whole. 

All the resistances of any system of forces being subject to 
this condition, the magnitude and direction of each may be 
determined in terras of the other forces which compose it, by 
the 'method of the maxima and minima of any number of 
variables. 

240. From this determination it results that when the 



iciplE nf least resialance was first [lublisliPd by llie autbor of 
he Phil. Mag. for October, 1833. 
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resistances are parallel, there is a certain axis^ about which their 
moments are all equal. When they are all in a straight line, 
this axis resolves itself into a point. The condition that any 
number of parallel resistances in the same right line have their 
moments about a certain point equal, leads at once to a deter- 
mination of the position of that point, and to a comparison of 
the amounts of the several resistances of the system. If these 
resistances be equal, the point about which their moments are 
equal, will be found to pass to an infinite distance^. 

241 . It manifestly follows, that since these resistances are 
the least possible so as to sustain the resultant of the other 
forces impressed upon the system, they are as nearly as possible 
ia directions parallel to the direction of that resultant. And, 
therefore, that if each resisting point be capable of supplying 
resistance in any direction, they are all accurately parallel to that 
direction. And if not, that they ore inclined at the least pos- 
sible angles to it. Thus in the wedge (Art. 87), since the force 
impressed upon the back is sustained by the resistances on the 
sides, these last have their directions inclined at the least pos- 
sible angles to the former, and are, tliereforc, in the limiting 
directions of the resistances of the surfaces ; as is there shown on 
other principles. (See the Appendix.) 

^ This is found to be the case where a given force is sustained by three 
equal resistances in the same straight line, under the circumstances stated in 
a preceding article. 
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THE EQUILIBRIUM OF FLUID BODIES. 



CUArXER I. 



2 Definition of n Fluid, 
211 Equal Distribution i 

Pressure. 
2*6 Hjdroetatic Press. 

242. Op nil substances, a fluid is that ivitli wLose pro- 
perties, as distinguished from a solid, wc are probahly most 
&miliar, yet It is exceedingly difficult to define those properties. 
Fiuids are usually said to be those bodies nhose parts may be 
made to move among one another, or be separated from one 
another, by any assignable force, liowever small, Nature, how- 
ever, presents us with no fluid answering to this description. 
"Were there no resistance opposed to the motion of the particles 
of Suids among one another, having been once put in motion, 
they would never return to a state of rest; and the state of a 
body whose particles might be separated without any effort, 
would approach more nearly to the slate of aw impalpable pow- 
der, than to that of a fluid. 

243. The distinctive chnnicter of a fluid appears to be its 
power of propagating pressure applied to it, not in that direction 
only in which it is applied, as is t)ie case with solids ; or in 
directions limited within a certain angle, as in the case with 
bodies composed of detached particles, sand for instance ; but in 
every possible direction. To l/iis may be traced all those other 
properties which enter into our notion of a fluid body^ as i' 
linguiahed from a solid. 



DEFI-MTIOS OF A FLIID. 



I^t tlierc bo lukcn a tcsbuI a 
rigiJ, ftud let it accttralclif enclose : 



, ivltose Bidei are perfect! 
fluid bod/ of an; coamr^ 
«!)!« form, Suppa 
tivo solid prianit 
-* masses, called f ieto 
/ p p and q % to.bc il ^ 
serted to auydeplkm 
it through aperturesi* 
itssides, to which thq" 
are accurately filtM 
and in wliieh l" 
move with perfertfi 
dom ; aUo 
forces be oppUed I 
these aa nill jusi keq 
ihcm in their ['luces. An equilibiiiim being thus estulMeS, 1 
let nay other force f be applied to either piston ; it will be fuund ' 
that wherever the other piston is ailiialed, an additional force will 
instantly become necessary to keep that piston at rest. Tbe 
pressure from the first piston is, therefore, instantaneously puf- 
pagated to the second; and this being the case, wherever the 
seeond piston is situated, it follows, that pressure applied to ww 
part of a fluid, is propagated in every possible direction, and to 




every other part ii 

If, instead of a fluid, t 
sand or earth, the piston Q w 
force applied to p, only so lo 
enclosed by lines draivii 



le vessel had contained a mass of 
ttuld be found to be affected by a | 
ig as it was situated within a splice 
I certain angle from p, and repre- 
e figure by the dotted riidiallng lines. Bodies of 
this kind, of ivhieh there is a vast variety, are sometimes 
called imperfect fluids. 

244, From the property that pressure applied to a fluid is 
propagated m evcri/ direction, may bo deduced' this other, "'that 
il is propagated tijuAiLY in every direction." This is usually 
cited as Ike principle of (he equal dislribulion of Jluid pressure. 

What is meant by it is this, — that a pressure applied to any 
surface or area, situated in one portion of a fluid, generates a 
precisely similar and equal pressure upon any equal and similar 
surface or area, situated in any other portion of it; thus distri- 
buting itself equally and similarly throughout the whole fluid 
mass. Thus, if there be two portions of the sides of the vessel 
spoken of above, which are of precisely the same form and 
dimensions, and any pressure be applied to one of them, pre- 
cisely the same pressure will be produced upon the other. Or 
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f a solid piston, nliosc extremity is of any given form, he thrust 

» any depth into tlie fluiil, so as to produce a given pressure 

BpOD a surface any where within it, of tbo same form and 

dimensions witii the extremity of the piston; then n similar 

^nd equal pressure nil! thus be produced upon an equal and 

lamilar surface, situated »ny where in the sides of the vessel*. 

%t is clear that the principle stated above, will follow, provided 

»in show ihnt pressure applied to a jitaiiv suTfacc any vhere 

ntuatedin the fluid, is propiignled to any ec^uul and similar plane 

wtnated elsewhere; for every surface may be considered to be 

'.a up of indefinitely small planes, and force applied tu this 

Bttfiiee, as distributed over these planes ; now, if the force thus 

ifphed to each plane in one surface, be accurately propagated 

to each equal and corresponding plane in the other, it follows, 

fliat the whole pressure of the one surface is accurately propa- 

gnled to the other. 

Let us suppose, then, in the preceding figure, the pistons p 
ind q to be tcrminatt;d by plane surfaces, and let any forces P, 
uid p, ho applied to these pistons, such as will be in equilibrium 
i?il1i one another. This being the case, let a slight addhional 
pressure be for an instant communicated to one of them, P, so 
nsjust to disturb the equilibrium; that additional pressure will 
lie propagated to the other piston; and since both were accu- 
wiely in equilibrium before, both will now wore. Let their 
notionH be represented by ri, and Hi ; then, by the principle of 
rirtnal Tclocitiest, p, n^ = p, n,. Now since pressure on a fluid 
i> propagated in every direction, it is clear, that throughout the 
Botion of the pistons, the fluid will be kept accurately in con- 
wifh their surfaces; for if there be, any where, no contact 
Wtween the fluid iind the surface of cither piston, there will, 
tliere, bo a free surface of the fluid, and nothing to sustain the 
fresaure which Ints been projiagated tlirough it, to that surface; 
irLich is impossible. 

The fluid being thus accurately in contact with the surfaces 
of the pistons throughout the motion, and being considered in- 
compressible, it follows, that the motion of one of the pistons 

* This lasb ca?e, ia point of fact, rpMlvea itself into tlie first, Hnee tlie 
ndcSi of the solid pistnti may be au|ipoaed to form a. portion of the sides of ■ 
(ecaud vessel diSerently shaped from tlie firiit. 

t It will be aecn by reference to Art. a'27, that tba prinoiple of virtual 
vdocities, as proved there, applies accurately to the case of a machine constU ^j 
tuted as tjiat described Id the tfit. The demonstration given there is, in ''■^^H 
yn/eef/jl general. If we conceive the fluid to be wlthont weight, tte Bbo»jr 
reasoning holds for any cslunt of motion that niny be eommunicutcd to th« 
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miut he lucli 03 jual to make room for the fluid displaced b| 
tbe otiier. Now, if we coll k, nnd Ki tbe transverse secdotu (||| 
tbc jjislons, tlie (|iiaiilil)' of fluid wliich tliat, p. which t 
forward, will disj^lace, will manifestly he tliut contaiued ia irB 
prism whose huse is k, and length », ; nnd tlie space deaerteifl 
by tbe olher piston, by a prism having K, for ils hase, and »i_ ' 
its lengtii. Now the TOlumes of tliesc prisms are respectivdh 
K, X X, nnd Kj X ",■ ■'. K| X «| = K, X »!- And difiding tk 
preceding equation by this, we obtain, 

-! = -! and .■.-! = — (l). 

K, X, p, %, 

If K, he equal lo K„ p, is equal to p, ; that is, if 
areas lo which tbe pressures are applied are equal, the prei 
themselves are equal. Hence, from what we have e 
preceding artielc, the principle of the equal distrihutii 
sures is proved, whalever be the form of the surface to whiA^ 
is apphed. 

245. From the above equation (I), it appears, that presi 
applied to a plane surface in any one portion of a fluid, isll 
the pressure produced by it on a plane in any other portion (■ 
that fluid, as the area of the first plane is to that of the " ^ 

Thus, if the first area be very small ns compared with the secoD<!, 
the force applied will he very small as compared with the force 
produced ; and this increase of the produced presstire, in coin- 
parison with the pitMliichig pressure, may be carried to any ex- 
tent, by increasing the disproportion between the two areas. 

246. It is on this principle 
that Bramah's Hydrostatic Press 
is constructed. It is repre- 
sented in the accompanying dia- 
gram. AB and CD are hollow 
cylinders, whose sides are of 
great thickness and strength. 
The diameter of cD is much 
less than that of a b, and they 
communicate through a pipe 
B D. A M is a strong solid pis- 
ton, working in the hollow cylin- 
der A B, by means of a water- 
tight collai-, through which it 
passes at a, and terminating in 
a platform or extended surface, 
to be pressed, k c a is 
he olher cylinder c d, and 
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nhicli carries the substi 
nnotiipj. 2>iBton similarly applied 
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niDveablo in it by meaaa of a terer s K L, ivhose fulcrum is at k. 
Immediately beton ibe point d is a valve dosing dowtin-ards, and 
Iwyond it, the cylinder c D is made to communicate by meaos of 
a pipe, witb a resetroir conlaiiiing water at k. The channel 
BD conlains a valre opening into the ci/linJcr a e. The lever 
BKL being raised, the Yalre belon p opens, and the wafer is 
Made to ascend as in the common pump, from the reservoir E 
into the cylinder c v. The lerer being then pressed down, the 
nJve I>elow u closes, that at b opens, and tlie water is forced 
lliroagb the channel d b heneatli the piston M. When the whole 
of llie fluid has been expelled from d, the operalion is repeated ; 
and thus the piston a m ia made continually to ascend. The 
lalntance to be compressed is placed between the platform g f □ 
and a cross-piece i which is fixed in the uprights o and ii. 

By what has been stated before (Equation ], page 184), it 
ap[iears, that tiie pressure upon the base of the piston u, is to 
tbat upon « as the area of the former is to that of the latter. 
Now the pistons being sohd cylinders, tlie areas of their trans- 
Teree sections are to one another as the squares of their dia- 
Deters. Hence, therefore, ciilling these diameters D, and S,, 
and the pressures upon tiiem p, and p,, we have, 



Suppose, as an example, that the cylinder q is one (^uaiter 
of an inch in diameter, and ii twelve inches, 

■ 1' - <1^?' - A^ 

= 144x16 
= 2304 
.'. V, = 2304. p,. 

Now let ua suppose the force p, to be produced on the pU-fl 
ton cj, by the action of a force p applied at the end of the lere 
HKL, and let the length of that lever be 48 inches; and the^ 
distance of the point k from its fulcrum H, 4 inches; 
(Art. 95), 

4.P = 48 p 
.-. 1-1 = 12 p 
.-. p, = 2304 X 12.P 
~ = 27648 p. 

If the force P applied to the extremity of the lever bt 
hundred- weight ; the pressure Pi thus generated on the base ci 
the piston .v mil be 27648 cwt, or more iVuxn. \SVS. lo'oa. 




1S3 PRESSLUE ON EQUAL AREAS OF 

Kiolid; logelher nilh such other conditiona as resnlt 

fluidity, l^t A B represent a' 
tion ot the surfdLe of a heayy:' 
Take a portion qp eonatih 
vertical tolumn of this fluid 
^ fur Its base a lionzonlal ] 
and let us consider the co! 
of the equhbnura of that 
of the fluid By the first cod-' 
1 of a s)stem of variable form, it fallom 
i must olitarn, with regird to the fowl 
acting upon this column of fluid, as though it were a sA 
The sum of the forces impressed upon it in opposite dtreetimi 
vcitical/t/, must, therefore, equal one angther, and also the 
sum of those impressed kortzonlnlly 

Now, supposing the surface a b of the fluid to be free of nil 
pressure, the only le^/ao/ pressure upon the column q p iJobii- 
iiurds IS its weight , and the pitssure upwards upon it is tlie 
upward jiressuie of the fluid upon its base v. These an, 
thereffire, equal lo one another Ihat is, the pressure upon the 
base P of the column of fluid ftp is equal to its Meight; sod 
this 13 true for every other column of the fluid similarly taken. 
Thus, then, it appears that the pressure upon a horizontal plani^ 
any where taken in the fluid, is equal to the weight of the colua" 
reaching from that plane to the surface of the fluid. 

250. Now, by the principle of the equal distribution rf 
fluid pressure, the pressure upon such a plane would, if tht 
fluid were nilhoid weight, he propagated accurately, without 
increase or diminution, to every other surface of equal area in 
the fluid. 

The fluid is, however, not without weight ; every parficle of 
it is acted upon by the force of gravity, which force of gravity 
varies continually the amount of the pressure in its propagation 
from one portion of the fluid to another, provided tlie directioa 
of that propagation be in any degree upwards or downwards, 
that is, in the vertical ; but does not aflect it, if its direction 
be horizontal, that is, perpendicular to the direction of gravity. 
Since, it is a priticiple of Statics, tliat forces, acting at right 
angles to one anotiier, do not mutually counteract or aagmati, 
or, indeed, in any way affect, each other. This being the cose, 
it follows that the pressure upon the plane P is accurately pro* 
pagated, without increase or diminution, to any other surface p' 
of the same area, in the same horizontal plane with it. And, 
Eimilarly, that the presBure upon r' ia ■jtoiga^&lei \.o » . "^caRs. 
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ttk«refore, we conclude that the whole pressure upon p' is pr©- 
fWBely equal to that upon !■. 

For if it he not equal it must either he greater than i^, 
- 1ms. Let the pressure upon r' he greater than ihiit oa P, 
^'ien, since the pressure upon p' is transniittL-d to P, aciing 
"ifffirds on that plane, and eicBeds its own pressure upon: 

^ downwards, it must give motion to it; hut it doet n 
tlie fluid is at rest. 

Again, let the pressure upon p' be less than that on p; thea 
>S the pressure upon P 'greater than that on p', and for tha 
aame reason as in the first case, the plane p' must more ; whiob 
it does no/, since the fluid is at rest. The pressure i 
therefore, neither grealcr nor less than that on p ; that is, it ia 
equal to if. 

251. From the above, then, it appears that tbe fressurbV 

UPON ASY TWO EQUAL AaSAS, ANY WHERE TAKISN IN A HEATT 
VIVID, AltB EQCAL TO O.VE ANOTDKR, PROVIDED 1 

8iMB HOBizo.sTAL PLANE*. This is a fundamental propositimi! 
of Hydros talics, and serves to explain (he mo9t important of tl 
phenomena ohservable in the cquilibiium of fluids on the eartli'ct 
surface. 

252. The pressure upon the surface p' being equal to that 
upon the surface P, also the latter pressure having been shomt 
to be equal to the weight of the superincumbent column q, p, ill 
follows that (he pressure upon p' is equal to the weight of thuf 

twluian, AND THAT THE phessube rpON a.ny iionizo.vrAL arha 
is EQUAL TO THE WElCnT OP A COLUMN OP THE FLUID WHIOB 
nOFLD BEACH FROM THAT AREA TO THE FREE SURFACE OP TM 

■ZviD. From this consideration we shall readily perceiw 
tli.^t the pressure of a fluid upon the sides and base of tlu 

• .'TiBCO is another method of proving this important pi , 
ilthongb by no meaDB sa elementary as the shove, will purliaps, be eon- 
Edereii mu^e intelligible. 

Jjtt P s '^d p' reprosent equal and similar areas 
in die SBme" liQiiaontai plane, anj where sitUBted 
in a fluid ; ant' let p a f' be an imsginarj tube o( 
any >!/mnielric^{ form, and terminated by the 



Suppose the whole' n 

Ikat contained in thie ruoe, lo Decome soiin. ine " ^^m 

cooditiona of the equilibriam of tbe Suid contained in llie tnbe will not bO' " 
altered by tliis change, since it neither adds to the forces acting upon that 
flnid nor takes away from them, bnt merely sappUes a power of reeistiitff -■ 
fitrther pretiure. Now, since tjie tube is lymmelricBl, it ia apparent tbi*^ I 
the flnid in it cannot rest until tbe prasaures upon its two eilremities I 
and p', be equal. Now v and i'' are any vihere taken in any /larinonlt j 

plane. Tbe truth of tbe jiroposition ie, Iheretore, a^^aTwA, 
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TCEsel whicli contains it may be increased enormously lejiail 
the actual weight of the fluid. 

253. Thus let a b represent a ah allow vessel closed on everr 
side except nt the insertion p of o 
slender vertical tube q p. Let lliis 
vessel be filled with fluid, Ly pouring it 
into the tube until it stands in it nt % 
Tbc pressure upon the lowest section I 
of t)ic tube is then the weight of llie 
column (J p. Tlie pressure upon anj 
surfitcc equal to this section, and in tLi 
snmc horizontal plane, a b, with it, it, 
B -^ therefore, equal to the weight of tliis 

column pq; that is, it is equal to the 
weight of an imiginary column of the same height as p q, iind 
having the surface spoken of for its base ; also the sum of the 
pressures upon all the similar surfaees, composing the plnne 
AB, is equal to the sum of the weights of such imaginary 
columns. That is, it is equal to the weight of an imaginaiy 
mass [of the fluid oceupying the whole space between ad 
and a" b". 

The pressure thus produced upon the upper surface ab of 
the vessel is as much greater than the actual weiglit of llie 
water in the tube p a producing it, as that surface is grectcf 
than the section of tbc tube. Thus, if the tube were an imi 
square, and the surface ab coiitiined one thousand squate 
inches, or somewhere about seven square feet, then ivatcr 
poured into the tube wcighiag only a single pound, would pw" 
duce upon A B a pressure upwards of one thousand pounds. A 
cask of almost any conceivable strength might (bus readilj Ii^ 
burst, by inserting in it a pipe, and filling the pipe with water 
to a considerable height. To whatever height we filled tlie 
pipe, we should in fact get a pressure, npon the head and bss* 
of the cask, equal to the weight of the column of water whicb 
it would contain if its height were continued to the, level of tlie 
fluid in the pipe, retaining, in otlier respects, the same dimen- 
sions as at present. 

The pressure which might be produced by tliis means is 
evidently without limit. It has been imagined possible that 
some of the great geological changes which have taken place 
ou tiie earth's surface may Ihu^ have been brought about. 
Thus, if we conceive a huge cavern to occupy the heart of 
n mountain communicating, by means of a narrow fissure, 
sia surface at some point near its summU, 01: %V n.wj -ii 
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ne point consideraUy above tlie level of the water in the 

rem ; Jind this cavern in Ihe course of time liocominjj filled 

ih water, if ivc conceive some mountiiii) torrent occideiilally 

take a direction over the mouth of the lissure so us to fill it 

ia is possible, if we suppose the fissure to become 

iUed by the continual oojiing of the waters of llie mountain into 

fiie cavern — the upward pressure thus produced upon the roof 

of the cavern may exceed the whole weigtit of the niounluin, 

^tnd, further, be sulHcient to overcome its adhesion to its base. 

3l will then be orerlhrown. 

TaG Free Si;iif\ce of a Fluih is every where on the 

254. The pressures upon cqu:il nrens in the snmc Iiori- 
tontoi plftne in a fluid being ci/iial (Art. 102) ; also the pressure 
Upon eftcli of ihese nreas being equal to the weight of iim/ 
column, having a base equal to that area, and reaching lo the 
fne surface of the fluid ; it follows that all such columns must 
l« of (lie same ipciglil, and therefore of the same lieighl. Thus 
(!ien, it appears that nil vertical lines drawn, from the same 
horiwntcil plane, to points in any portion of the free surface of 
the fluid, (that is, to any portion of the surface not retained iu 
iti position by tlie resistance of the sides of the vessel,) are 
tfial to one another; that is, all such points are at tlie same 
height above the horizontal plane spoken of. They are, 
tlierefore, themselves in the same horieonUil plane, or, according 
lo n technical expression, they are on the same level. Thus, in 
ilie figure page 18fl, the different points in the surface ab 
which is supposed to be free, are on the same level, or in the 
inme horizontal plane ; and the fluid being supposed to be con- 
tiuued towards m, if there be imy other portion of it wliose 
mrface is also free, that surface will be in the snmc horizontal 
plane, or on the same level, wilh a b, 

255, The common surface of two fluids of different densi- 
ties is a horizontal plane ; for the free sui-face of the upper fluid 
is a horizontal plane ; also, if a horizontal plane be taken in 
the lower fluid, (he pressure upon every equal area of Ihis plane 
is the same, and is equal to the weight of a vertical column 
extending from it to the surface of the fluid ; hence the weights 
of all such columns are the same. Now they are of equal 
length, since they extend to the free surface of the upper fluid, 
which is shown to be a horizontal plane. Since, then, they are j 
of equal length and of equal weight, each must contain the samfl 
quantity of each fluid; and the heights of the lower columns 
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that is, tlifl dlsltuices of different points in the common taifau 
of the tiTO fluids from a giTcn horizontal plane, must be the 
same ; and, therefore, that common xurface mast ilself be a 
horizontal plane. Thus the common surface of liquids on the 
rarth's surface, and the atmosphere which Eiurounds it, ia a 
horizontal plane. 

256. There ia no conceivable Tariety in the Jbrm of the 
containing vesael to which the Teiiaoiting on which these con* 
clusiona are founded is not applicable. 

Thus, the whole insy form a s^ttem of pipes, connecting 
different reservoirs with one another ; and it follows, from what 
has been said, that nhenerer the water has attained a state <i 
equilibrium in these reaerroira, its surface, in nil, will be in the 
lame horizontal plane, or it will stand at the same leTel, in all. 
The fluid will be in motion until this is the case. AVhilst thus 
ia motion, it ia said to be seeking ill level. 

257- 1'bia property of a fluid, by reason of which it seeks 
ite own level, is that property by which it ia made to diffuse 
itself nilh such wonderful facility through the streets of our 
crowded cities, OTercoming every obstacle which the vaijing 
elevation of the ground presents to its motion j ascending fre- 
quently into the higher apartments of the houses, and feeding, 
at slated intervals, a reservoir which auppliea to each bouse a 
fountain abundantly sufficient for all the purposes of cleanliness 
and benlth. To effect thia, all that is necessary is to cause 
the whole ayatem of pipes to communicate with a reservoir of 
the fluid, whose surface is above the highest level to which it is 
required to be raised. If a sufficient supply of water cannot be 
made to flow of its own accord into such a reservoir, it must be 
raised into it by action of pumps or otherwise ; this is done, 
in the water-works which supply the metropolis, by the aid of 
steam-engines. 

It is remiirkable that this important property of fluids, on 
which the health and comfort of a crowded population so much, 
nay, so essentially depends, should have been so long a secret 
in the world. It would seem not to have become known until 
within a few centuries. That the Romans never suspected its 
existence, or, at any rate, that they never thought of applying 
it to those great purposes by which, in our day, it is made to 
contribute so largely to the well-being of society, is evident from 
the great number of stone aqueducts erected by them, at im- 
mense labour and expense, in tiie neigbbonrhood of all their 
great cities, of which the ruins are among the most striking 
monuments at once of their power, their wealth, and their 
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Bce, tbat remain to us. The aqueducts i\liicli supplied 
Some alone ^rere, together, several Imailred miles in Iciigth, 
and tbe aqueduct built by thcra in the neigbbourbood of 
Kiimes, called the Pont du Gard, is one of the most lofty and 
muBiTe existing specimens of iiiasonry. All these aqueducts 
»ae artificial channels mode, ujion the same level, from tbe 
top of one eminence to thut of another, and supported upon 
pillara over the intervening valley. It is inconceivable that 
ttej should not have spared themselves the erection of these 
^grintic structures, bad they been nwore tljut a closed channel, 
honcver tortuous or irregular its direction, and however varied 
ill level, would carry a stream as certainly from one point to 
niiDther, at the same elevation, as tbougli its whole course were 
made to be a borlzontiil straight line. 

258. The properly of fluids by which they seek their own 
level may be strikingly illustrated by means of the instrument 
npresenled in tbe accom- 
panying engraving, A va- 
riety of vessels of ditferent 
iorma are made to conimu- 
iiicate with a common re- 
servoir wbich is closed on 
etery side. However varied 
and irregular the forms of 

these vessels may be, it will ho found that water poured inta^ 
the reservoir through one of them, and more than tilling it, so 
ai to occupy a certain space in each vessel, will not rest until it 
elands at tbe same beight, or on the siime level, in all. This ex- 
periment may be varied by placing stop-cocks in the necks of 
tile different vessels, as shown in the figure. The reservoir 
being filled, and these slop-cocks closed, the fluid should be 
poured into each vessel so as to stand in each at a different 
level ; the slop-cocks being then opened, the surface of tbe 
fluid iu each vessel will be observed to be instantly in a state 
of motion ; and after some time oscillating about their positions 
of equilibrium, all the surfaces will be observed, finally, to rest 
ia tbe same horizontal plane. 

259. The locks used on canals present another illustration of 
Ibia principle. Since a fluid will ivst only nhcn its surface baa 
attained, every where, the same level, it is evident that the 
waters of a canal will remain stagnant only so long as its 
channel is such as to admit of this equality of level in its ^ 
surface; or in other words, only so long as its channel is 
such that a Jjorizontiil plane, made to ^usa llivou.^b a ^oint 
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at which the surface of the fluid in the canal is intended to 
stand, in one place, and being produced in th^ direction of 
its course, shall every ivliere else cut its banks, or the tides 
of its channel, in some point or other ; no where lying above or 
beneath thom. For the surface of the fluid being at one point 
ill this horizontal plane, ivill not rest unless it be erery where 
else in the same plane ; if, therefore, the plane be any where 
above the banks of the canal, the surface of the fluid ivijl there 
ascend above the banks, or the canal will overfiotu ; and if the 
plane lie any ivhere beneath the* sides of the channel, so aa to 
intersect the bottom of the canal, the surface of the fluid will 
there also intersect the bottom, or the canal will there be dry. 

Now it is sometimes impossible to consti'uct the channel of 
a canal so ns to be subject to this condition, by reason of in- 
equalities in the surface of the country through which it passes. 
Two distinct portions of ihe channel are then made on diflerent 
levels; one, for instance, is on the level of the top of a hill, 
ivbile the level of the other is that of the surface of the valley 
beneath it. The two branches of the canal being thus wholly 
distinct and separate from one another, the difficulty lies in 
transferring the barges which plj- upon it, from one branch to 
the other. This is sometimes effected by making a railroai 
down Ihe side of the intervening hill, floating the barge upon 
a sort of cradle, ivhich may be made to move upon wheels, 
or otherwise, upon the railroad, then lifting the ivhole out of 
the water by means of a steam-engine ; and by the aid of tlic 
Bame power, allowing it to slide down the inclined plane into 
the channel in which it is to continue its course, or raising it 
up the plane into the channel which is upon the higher level, if 
its course be in the opposite direction. One loaded barge is 
thus, sometimes, made to draw up another. 

ind by far the most convenient con- 



tiirance for transferrin 
canal to the other, is, 



the 




from one branch of i 
■, that of the canal lock. Let 
A B represent the surface of the 
hill lying between the two 
branches of the canal. If the 
difference of levels be not con- 
siderable, an excavation is made 
from the summit a perpendi- 
cularly downwards in tlie direc- 
tion A p to the level p b of the 
bottom of the hiil, and at the 
c'lUict s'lic o? \.Kv4 eiKoyation, 
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Ifep of wliich a 4 is on tlie same level nidi a. And tliis 
g done on both sides of llie cscaTation, o great trougli or rc- 
roir is formed wUoae boltom is on tlie Biinie level with the 
bvltom of the lower branch of the cnnal, and its top on the Eame 
l^erel with the top of tlie 
■oyper branch. The exlre- 
tifiiitiefl of this reservoir arc 
(dosed hy gates k c ntid 1 1) 
Ining upon hinges at thi 
mde. A barge is hroughi 
from the higher level A b U 
the lomer e i', thus ; thi 
gates are closed, and a suh- 

terraneous clianuel between tlie upper liraneh of the cnnal and the 
lock, is at ihe same time opened ; tlirough this channel the ivater 
flows into the lock until ila surface c D rises to the level of the 
BQrface d a of the water in the higher canal; the gate I D is then 
opened, wliich may be readily done, since the water standing 
CD the same level on either side the gate, presses equnlly ou 
Ixitli sides; and, therefore, does not, by reason of its pressure, 
oppose any obstacle to the motion of the gate, or in any ^vay 
aceelernte it. Tlie gate being thus opened, the barge is drawn 
into the loek, and the gate closed again behind it. Tlie lock 
tlius becomes a closed vessel of fluid supporting the barge on its 
iorface. A communication is now opened between it and the 
lower level of the canal, and its surface is tlius made gradually 
to descend, carrying with it the barge, until its level is the 
sune with that of the water in tbe lower canal ; the gale k c is 
then opened and the boat floats out of the loett into that canal. 

260. Tlie process of raising a barge from Ihe louver to the 
vpper level is just the converse of this. The lock being, as it is 
Imned, empty, the level cd of the wafer in it is the same with 
that E F of the lower canal; the gate K C being, iberefore, 
opened, a barge may be floated from that canal into the lock. 
Tliia having been done, tiie gate is closed again, and the channel 
communicating between the loek and the upper canal is opened; 
the lock is thus gi-adually filled, and as the surface of the water 
in it rises, it carries with it the barge until it has at length 
lifted it to the level a b of the surface of the water in the upper 
canal; the gate i D being then openeil, it is at once floated into 
that canal. 

* If the difference of levels be considerable, it is found 
practicable to excavate and embank a *in^/e lock of suflicienl 
deptli to effect the transfer of the Aioot at. o^ce. K ^-tw?. '" 
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locks are, in this oie, conslructed, and the boat is 
pass immediately from one inlo the other, uiitil it has bm 
moved, (IS though hy so man; distinct steps, up or down tlie 
side of the iulervcuing hill. A barge luiglit thus he made to 
usccud on one side of a bill, and descend on the other, oi is 
other words, to float over it, irere there a sufficient supply d 
water at the top of (he hill to supply the loss ^vhich takes pbee 
at erery transfer. 

It is evident that vrhenever the lock is emptied, a lock full 
of water is transferred from the higher canal to the lower, and 
since, every time a boat descends, this emptying must necH- 
sarily lake place, and no tiro successive ascents can take plsct 
without it, it follows that unless there be a continual supply of 
Tvater to the upper canal, so as to replace the water whieli i) 
thus continually taken from it, that canal must soon he emptied 
and reudered useless. This is the great obstacle to the use of 
locks; it is of course difficult, in many cases, to obtain the re- 
qiusile supply of water at the higher lerel of a canal, and some- 
times it is impracticiihle. 

261. The water level presents a very useful application ct 
the property of iuida, by which they seek their own level. It 
is necessary in certain operations of drainage and levelling to 
ascertain the exact point of an object, a bank or wall fflt 
iastance, which is iu the same horizontal plane ^^ith anothei 
__ ^ point at some distance from it. This is sometimes done ni 
|lj1. foUovt's; a tube A b of the curved 

^^H tt^ — ^^ — ~Aiy '^ form represeented in the figure, 

^^B ptfa^^iiipum yifHiiy iiiilifll and having the extremities a and 

^^H / Ov B of glass, is fixed on a stand, and 

^^H / ^ placed so that a small quantity of 

^^H // V fluid being poured into the tube 

^^H / V^ the point P by which the lerel of 

^^H // V. the other is to be fixed, shall appear 

^^^^ / w^ to an eye looking over the two sur- 

^^B / \ faces a and B of that fluid, in the 

^^^K / _^ \ same right line with them. If the 

^^^K|£^^_ ,^ observer now look in the opposite 

^^M^^^^^^^^^^^— direction from b, over the surface 

^^r A, the point a of the object which 

he sees in the same right line with b and a, is in the same 

horizontal line with P. This is the insfrnnient commonly used 

bj labourers in drainage. It is easily made and applied, and no 

instrument can exceed it in theoretical accuracy. >• 



CHAPTER III. 



272. The Horiionldl Prcisiirai upon 
a Bod; immereed id b Fluid, 
desCroj one snoliier. 

273. Amomil of Horiiortid Prts- 

278. Effect produced by removing a 
Portion of Ihe Sidcii of ■ Vessel 
containing- Fluid. 

280. Barker's Mill. 

281. The Motion or Roi'kets. 



3£1- The Oblique Preuurc of * 

HeflTy Fluid. 
9Ht9. The Forms of Vetiels contBining 

Fluid. 
96S. The Pornisof Embuikmentf uid 

*67. Centre of Pressure. 

S69. Whole Amount of Pressare on 

my given Surface. 
XTl. CoBipoHiCioD Hui) Resolution of 
__ the preesure of a Heavy Pluid. 

Om the Oblique Pressure of a Heavy Fluid. 

262. Let f q Uc a plane surface situated oblique/^ in a 

floid; and let p 4' be auother plane taken in tbe fluid preci«< ' 

of the siiine dimensions as fq but situiited horizonlally, ~ 

peesure upon p 4' will then, hy what lias been enid befor 

(Art. 24S), be equal to tbe weight of a column of the fluUtI 

hiving that plane for its base, and reaching to the surface U.M 

\ow all this pressure will, by 

the principle of tbe equal dislri- 

bution of fluid pressure, be triina- 

mitced to ibe surface pq, aug- 

aented by the pressure arising 

from the weight of the fluid p <i q' 

IwtTveen tbe two planes. If, 

Iherefore, pqbe infinitely small, 

BDce tliis last- mentioned portion 

ef the fluid will be infinitely 

nnsll, it follows that its weight 
may be neglected, and the pressure upon the plane p Q con- 
sidered accurately equal to the weight of a column of fluid 
hftTing that plane for its base, and a height equal to the depth 
PM of the plane. 

Now the pressure of a fluid upon a surface is in a direction 
perpendiculiir to that surface. (Art. 248.) Taking, then, a 
column pm' perpendicular to pq, having that plane for its base, 
and being of a height pm' equal to pm; the pressure upon pq 
will act in the direction of tiiat column, and be equal to its 
weight. The surface p q being supposed exceedingly small, the 
column P M may be represented by the line 1 
^■363. Let us suppose pp, p^ to be points in the interior^ 
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it TCBwl contiiiiiiiig fluid. Drnw P u', P, v,', F,l 
p<;rpendicular to the sut^l 
tliese points, niid equnl • 
mWy to their depths pm, r|« 
■^ - [/ J p. M,. These perpendicu' 

r-^" -^' . a/ Miil then represent tlie f 

" ~ " 'J ij ^' sures upon exceedingly Ei 

'"-' porliona of the surfiiee a 

ihose points. (Art. 2Cr2.) It is mnnifest that these lin ' 
as the points nrc deeper beneath the sarface; if, therefore, ^ 
vessel is lo he construclid so tlmt it shiill have no 
dency to yield to the pressure of the fluid at one portion o£ a 
GUTfucc than nt another, its Ihickness roust he greater tona 
Its loner portions than its upper. Also, if we suppose U 
strength of (he vessel to be projxtrlionai to its thickness, it is 
ihnt we must take the tliickncsses p q, p, a,, p, q_,, at tlie pcira 
p, p„ Pj, pr.iporlional to thclines p m', p, si,', r, M/,tLatis, tofif 
lines PM, p, M|, p, M,. If we would have tlie ihicknesa e 
v\itTejitsl that which will sustain the pressure of the fluid anal 
no more, we must nacerfniu, by esperiment, what thickness of 1 
the material will just sustain the pressure at auy one point, ss I 
for instance r, and tlioii take the thicknesses at ail the olher y 
points lo their depths in the same ratio that this thicknt 
its depth 

264. If the aide of the vessel, or any portion of it be s 
plane instead of a curved surface, the law of the variation of the 
pressure is very easily determined. Suppose apd to lie i 

scl of whose interior surface, the 
proportion p c is a plane, 
the surfaee of the fluid, and let it he 
imagined to be produced, 6 
meet the plane PC produced, in v. 
Through any point P, in pc, draw 
the vertical p m to tlie surface of the 
fluid, and draw p m' perpendicular to 
p c, and equal to PM. Then, if from 
N there be dra^vn a line n i, passing 
through llie point m', a perpendicular p^ m,', drawn from any 
point p, ill p c to this line, will represent the pressure upon that 
point; being equal to the height of a column r, M, whose weight 
equals that pressure. If we fiic upon P n for the thickness of 
the vessel at p, and draw from v a right line n k through q; 
then, if tlie outside surface of the vessel he made to coincide 
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line, iU power to sustaiu ihe pressure upon it will b 
at every other point of P c, as at p: that is, tlie 
[be equally strong througliout; for P, Q^ has to P, m/ tlu 
ratio which p qhns to P )i'. 

It is on this principle that emhankments and Am 

re mounds of eattli or other nmtcrial intended to sup>4 

pressure of n fluid, — are not 

Mp perpendicularly, and atl of 

le thickness, but mndo to have 

Uer surface uniformly sloped. 

idicular p m being drau'n from 

lint p of the inteiior surfiice a b • 

dam, and made equal to the 
F A of that point, also a liue A i. 
drawn from a through m* ; per- 

drawn from iiU the other points lu a b terminated 
line, will equal the respective depths of those points; 
'qu.ils its deptli. Also, if «»yline a n be drai 
the distances between this line and the different poiaM 
U be itll proportional to the depths of those points; s 
:ment, then, terminated by any such line a n would I 
where of tlie same strength to resist the tendency of tW 
Ittid to burst through itf. Embankments are, of course, usual^ 
made as represented in the figure, wider than is requisite to giv^ 
lliem aa uniform strength, in order that allowance may be ninds 
foe any variation in the resistance of the material of which they 
are composed. 

266. From the above it will he apparent that surfaces a 
Jili kinds sustaining the pressures of heavy fluids should 1h 
made stronger towards their lower than their upper pnrtB, tha 
strength necessary for the latter being thrown away upon the 
ibrmcr. Thus, flood-gntes and lock>gates should have heaviec 
Wms and fastenings, and barrels and vats should be mors 
Strongly hooped, at the bottom than at tlie top. 

The CENinc of Pressuhe. 
267- Let us now return to the case of the pressure upott' 
a plane surface forming part of the sides of a vessel, as repre- 
sented in the figure preceding the last; a qucsti 

• Thia line will evidently be inclined to llie surfuce of the fluid sC IB 
angle of 45'', 

■[ The tendency of the pressnre of Che fluid to operlum the embankmi 
is not bcre taken into account. It materially influences the form »1 
ihould be givtn to ir. 




200 THE CENTRE OF PRESSURE. 

what is the air-oant of pressure Bustained by the leftole of that 
plane; and where a single force should be applied so as 
taia that pressure, and hold the plane at rest; even although, it 
were entirely detached from the rest of the veBsel. The point 
which possesses this property is called the centre of pressure 
it may be defined genenilly to be thai point in a surface suslant- 
iiig the pressure of ajtiiid where a single force might lie applied 
so as to sustain the m/iole of' that pressure and keep Ike surfa 
at rett. Its position may, where the snrfiiee is a plane, be rery 
readily determined. It has been shoim that the pressures upon 
the aereral points of the plane pc (see the figure page 198,) will 
be represented hy lines drawn perpendicular to that plane 
terminated hyw l, and wiil, in fact, he equivalent to the weights 
of columns of the flnid of the same lengths with those li 
the whole pressure is, therefore, equal to the weight of thi 
■whole figure p c em', which may he supposed to be made up of 
such lines, and its effect upon p c is precisely the same as would 
be produced by the weight of such a figure if it were placed 
upon it in a horizontal position. Now the resultant of the 
weights of the parts of this figure would pass through its centre 
of graTily; the resultant of the pressures of the fluid upon PC 
passes, therefore, through this centre of gravity. We have onlj 
then to find the centre of graTity of the figure pcbm' {called a 
trapezium), and draw a perpendicular from this point upgnpc; 
the point where this perpendicular meets it, will be its centre of 
pressure. 

268, If the plane 1' c extend to the surface of the fluid at 
N, the determination of the position of the centre of pressure 
will he very easy, for then the point p will coincide with n, and 
the trapezium p c e m' will become the tri- 
angle N C D {see (he accompanying figure). 
The centre of gravity of this triangle we 
know how to find, hy the method «- 
plained in Art. 68. Now the position of 
llie point a in the figure of that article is 
distant from the vertex A of (he triangle hy two-thirds of the 
whole length of the line am, which is dr.iwn from a bisecting 
the opposite side b c. Hence, therefore, if in the abate figure we 
draw N M bisecting c d in m, and take N G equal to two-thirds of 
N M, o will be the centre of gravity of the triangle, and di'awing 
n u a perpendicular upon n c, ii will be the centre of pressure of 
that plane. Now, since n a equiils two-thirds of n m, it is evi- 
dent that N n must equal two-thirds of N r. Hence, therefore, 
it follows (hat flie centre of pvessMte <i£ at^lrwieTtcwihuig to di0, 
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of the fluid whose pressure it sustiiins, is at a (lis- 

from its upper eslremity equal to two-thirds of its wliole 

:ourse the plane ia supposed lo be composed of 

tLroughout its whole breadth of the same length witb nc 

pamllel to it ; or in other words, it is supposed to be a rect- 

igle ; and this being the case, wbateTor be its inclination, its 

itre of pressure will be distant from its liigher edge by two- 

of its nholc length, and a single force, as, for instance, 

essure of a rod, applied at that distance, aod in the middle 

breadth, would hold the plane at rest. And the same 

manifestly he the cose if the rod, instead of being applied 

igitudinally at a single point, were placed across it orer 

int. All that ia required to the equilibrium being that 

itre of pressure should have n sufficient force applied to it. 

'SB9. We have stated the centre of pressure of a rectangular 

to be at two-thirds the length of the plane from the sur- 

" the fluid, whatever may be its inelination : this is true, 

re, if the plane be vertical. Thus, a sluice or floo4'' 

.night he held in its place by 

isure of a single force against 

end of a rod for instance), 

'O-thirds of the depth of the 

I Bnid, and in the middle of the 

breadth of the gate. Also, if the 

gate turned upon a horizontal axis 

passing across it at that point, it 

■would keep itself closed notwith- 
standing the freedom of motion whiuh it admits of about that 
aria. And if the reservoir contained too much water, having 
allowed that water to escape down lo the proper level, it would, 
liy its own pressure, close itself. 

The beams and hinges of a lock-gate should manifestly he 
placed, not at equal distances from the top and bottom of the 
gate, but at equal distances above and below its centre of pres- 
sure, which is at two-thirds its depth. This arrangement is of 
great practical importance, nevertheless it does not seem to be 
attended to. On the same principle it appears that the staves 
of a barrel or vat would he held together by a single lioop, if 
that hoop were situated at tivo-thirds the depth of the contained 
fluid. If, as is commonly the case, the lower extremities of the 
Staves he prevented from revolving inwards by the resistance of 
the bottom of the cask, the hoop inag he placed anywhere 
henealk Ibe centre of pressure ; it will, however, be best placed 
when nearest it, and must not be abaw it. Where, as ' 
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cose of a Tat, tlic resBel is always to remnin supported on one 1 
extrciu!ty ; the hoops should be placed eymmetri cully with ts- I 
gard to the centre of pressure. In the case of a barrel, wUicii ii 1 
supported aometiines on one extremity and sometimes on. the ' 
other, we mny divide its nhole height into three pnrCs, and place 
the hoops at the divisions. If more hoops be required, 'they 
should be placed hulf-naj between the Others, The Strongest 
hoops are of course required at the estreraities. In the abo»e 
we have supposed the staves to be straight. If this be not the 
case, the results stated above will reijuire to heslightly modified. 

The wnoLB Amocnt of Presstire sustaimbd by tbb J 
Sides of Vessels. I 

27'}- ^B hare shown that the pressure of a heavy flnij | 
npon an exceedingly small plane, however situated, is equal to 
the weight of a column having for its base (he area of that plane, 
and for its height, the depth to which the plane is immersed. 
{Art, 262.) Now the volume of such a column is equal to the 
product of its base by its height. Hence, therefore, it follows 
that the pressure upon any small plane p, whose depth is d, is 
equal to the weight of a quantity of fluid whose volume is repre- 
sented by the product P x D. Also, if we suppose a surfece 
sustaining the pressure of a fluid, whatever may be its form, to 
be made up of any number of such planes j then the whole pres- 
sure upon that surfitce is equal to the sum of all such products ; 
t]iat is, to the sum of the products obtained by multiplying each 
elementary plane by its depth, or rather to the weight of a 
volume of fluid equal to this sum. Now Ike sum of these pro- 
ducts is equal to the product of the nhole surface multiplied by 
the depth of its centre of gravity. Hence, if we suppose the 
^hole surface to be spread out, and a column taken having this 
surface for its base, and for its height what was before the depth 
of the centre of gravity of the surface, then the whole pressure 
will equal the weight of this column filled with fluid. 

'We have thus a very easy method of determining the whole 
pressure of a fluid upon a surface, if we know the position of its 
centre of gravity, For instance, if a. sphere be immersed in a 
fluid ; since we know that the depth of the centre of gravity of 
its surface is tliat of its centre, we know also that the pressure 
upon it is equal to the weight of a quantity of fluid which would 
be contained in an upright vessel having a base equal to the 
surface of the sphere, and having for its height the depth of thft 
centre of the sphere, 

p, ™ ^g sphere only to he just immersed, or just coTcred 
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witt the fluid, ihe depth of its centre of grarity will then equal 
its radius ; hence, therefore, hy whiit has been Kiid ubove, the 
pressure upon it will equa! the weight of an upright column of 
the fiuid baviDg a hose equ^l to the anrj'ace ai the sphere, and a 
height equal to its radios. Now the volume of the fluid which 
the sphere will contain is known, b_v the principles of geometry, 
to equal a similar column having the same hase, but having a 
height equal to two-thirds the radius. Hence, therefore, it a 
peara that the pressure upon the sphere is greater than th« 
weight of the fluid it would contain ; being to that weight In the J 
latio of I to the fraction -jt, or in the ratio of three to two. 

It ia evident that all the above reasoning, and all the coiw J 
elusions made to depend upon if, apply to the case of a koUoK f 
sphere fiUed with fluid; the pressure being here from witkin^J 
Ktwardx, instead of from without, inmards. The pressure upoitl 
nch a spherical vessel is, therefore, greater than the weight n$M 
the fluid it contains, in the ratio of three to fwo. 
f L^t OS now suppose a vessel, in the shape of a pyramid, 

1 its base, and filled with fluid to its vertex. Wsfl 
bseen before (Art. 268,) that the distance of the centre offl 
' e of the trianguhir faces of such a pyramid, from it* ■ 
rartex, is equal to two-thirds of the length of a line drawn fromj 
the vertex to the bisection of the base, Uence it ia easily se^lJ 
that the vertical depth of the centre of gravity of the faci 
Death the vertex of the pyramid, is equal to two-thirds thft 
whole height of the pyramid. The pressure upon each jace is, 
therefore, equal the weight of an upright column of the fluid, 
whose base is that face, and its height two-thirds the height of 
the pyramid. The base of the pyramid baa its centre of gravity 
at a depth beneath the surface of tlie fluid equal to the whole 
height of the pyramid ; the pressure upon it is, therefore, equal 
Id the weight of an upright column of the same base and height 
irith the pyramid. 

If the faces of the pyramid be all equal, the sum of the 
pressures on the sides will equal the weight of three colomne, 
each having a hase equal to either fhce, and a height equal to 
two-thirds the height of the pyramid, or it will equal a single 
column having that base, and being in height, twice the height 
of the pyramid. Now the pressure upon the base has been 
shown to equal the weight of a column of the same base, and 
having the same height as the pyramid. Hence, then, the 
^essure altogether upon the sides and base ia equal to the 
weight of a vertical column having a base equal to either face of 
the pyramid, and being three times its height. The pyramid i 
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will contain a quantity of fluid, ivhose rolume is equal to ll 
of a column of the same base, and of one-third the height. 
Hence the pressures upon the sides and base of the pj'ra 
together greater than the weight of the contained fluid in the 
ratio of three to one-third, or nine to one. 

It follows, from the principle stated in the commencement 
of this arlicle, that a vessel intended to be si 
contain a given quantity of fluid, ivitli the least possible pressure 
upon its surface, should have thatsurface the least possible, so as 
to contain the fluid, and its centre of gravity the highest possilile. 
A sphere appears of all figures best to satisfy these conditions, 

On tub Composition and Resolution of the PnEssuKB of 
A Heavy Fluid. 
S71 . Let p u represent any portion of the surface of a mass 
sustaining the pressure of a fluid. Suppose s' en' n to represent 
a vertical column of the fluid imme' 
r,' „■ diately superincumbent to p q and 

reaching to its surface. Now (Art. 
249), the fluid mass pp' q.'(i being 
in equilibrium, the forces acting upon 
it are such as would hold it at rest 
if it were solid. Tlic sums of the 
forces acting upon it in opposite di- 
rections, verticalli/, are, therefore, 
equal to one nnother; and the sums of those acting upon It 
horizontally. Nov/ the sum of the forces acting upon it in the 
Tertical downwards is manifestly the weight of the column pp' 
d'a; and the sum of the forces acting upon it upwards is the 
whole vertical pressure upon the surface p «. These are, there- 
fore, equal — tliat is, the vertical pressure upon p <t is equal to 
the weight of the column p p' o,' «. 

Again, if p"q'' be the projection of pn upon niiy vertical plane, 
and ive suppose p p" q," n to represent the column of fluid lying 
immediately belmeen p tt and p" d" : then, since the forces acting 
upon this portion of the fluid would hold it at rest if it were 
solid, it follows that the sums of those which act upon it hori- 
xonlaVi), in opposite directions, are equal ; and also those which 
act upon it vertically. Now, since p'' d" is vertical, the pres- 
sure of the fluid upon it is wholly horizontal. Also the whole 
i-pressure upon the column p i'" q" q, from p" towards P, is the 
rpressure upon p" n" ; and the whole pressure in the opposite 
direction is the resolved portion of the pressure upc 
_that direction. Hence, the resolved portion of the 
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IiP a in the direction p e" ; that is, in a direction perpendi- 

to a given pinne, is equal to tlie pleasure upon tlie pro- 
hh p" q" of p q upon tLat plane. 

272- Now hII tbnt has been said ahove is true, whaterer 
B magnitude of the portion of tlie Burface v q. Let, then, 
T^j) <t and p ^ q be those two portions 

of the surface of the mass which hare P A f-_ — — 

itlie same projection p" q!'. The pres- -- ~y''- '.- = ~-~ .j^^ 

! of the fluid upon e ij q, resolvi*d ' '■ ■ -'• ^-^ =-"^ 

t direction perpendicular to tin- . ' ~^|^^ 

been said before, equal to, and iden- c^^— --- -_' ,,2^^^^^^^^^^- 
tival Tfith, the pressure upon p"(i"; 

and it manifestly acts in a direction towards f'' q,". Again the 
: iHolved pressure upon p ^ 4 ia equal lo, and identiciJ with, 
-the pressure upon p" a'', but acts in the opposite direction, or 

*fram f" a". The mass is, therefore, pressed in direciions per- 
[mdicular to the given plane, by forces whit-h are in every 
respect equal, and identical, and opposite to one another. It 
does not, therefore, move by reason of these pressures cither 
twards or from that plane ; and that plane is aiiif vertical 
plane. The pressure of a heavy fluid upon a mass immersed 
in it, or upon the sides of the vessel which contains it, has, 
therefore, no tendency to give motion to it, towards or from 
any vertical plane which can he talccn in the fluid ; that is, 
to cause motion in it in any horizontal direction wliatever. 
.Ajid such we find, hy experience, to be the case ; if we plunge 
a body, however light, or however irregularly formed, into a 
fluid, we experience no tendency of the body to move either to 
the right hand or the left ; provided the fluid be at rest, and it 
ntstain no other pressure than that which is supplied by the 
flaid itself. 

273. The actual amount of the horizontal pressure upon 
any portion of the surface of a body, and in every direction, we 
can readily ascertain. From the intersection a of tlie plane of 
projection with the surface of the fluid, let a plane a q"' be 
drawn, inclined at au angle of forty-five degrees to the surface. 
It has been shown (Art 207) that ibu pressure upon any por- 
tion of the plane p" q" niil equal the weight of the fluid lying 
horizontally between that portion of the piano and a q'". Thus 
the whole pressure upon p" q", that is, the whole horizontal 
pressure upon either side of the mass p q, is equal to the 
weight of the column p"' p" q" q'". And, similarly, the pres- 
sure upon any portion of the surface, as q r, whatever be lU 
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auignitudc, is equal to ihe wright of tlie coIqidti q' ffi 
Since the preuuRB upon the several portionc of the dhmi 
equali ench to the veif^lit of a correspondrng eolunia (it! 
UM* p" p" n"<i", it follcntB tliat the resullant ef tfce' 
M equal and oppoiitc to the retuiltnnt of the wn^t 
resullnnt of tlie pressures upon the different part* of dwi 
resolved iu directious perpendicular to e" q", pas 
tlitoui;!) tlie centre of grurity of p" p'" q"' q", 

274. There are some cases in which this consideiation' 
enable us, very readily, to fii upon llie direction of the 

Kontal resultant. Thus, if the 1 
faoe p Q had Wen that of a ca 
projection p" q," and also the 1 
p"' q"' would have been triangleil 
and if the terlex p of the cone, ' 
coincided with the sur&oe of 
flaid, then the figure p" p'" n* 
would have resolved itself into 
pyramid ; whose centre of grsritj 
■would Imve been at a distance from its verfej, equal to ihree- 
fourths the height of the pj-raniid. In the same manner if tilt 
surfece p (J had been a sj)here, the mass r" p"' q,'" q" would bave 
been the frustum of a cylinder, the position of whose centre rf 
gravity is easily ascertained by the known rules. In holh these 
cases we may, therefore, determine the direction of the «■ 
snitant of the horizontal pressures upon the surface. ThUJi, 
if a hollow cone, or a hollow sphere, were to be sunk in » 
fluid, and we would wish to know where pieces sjionld be 
placed across in its interior surface, so as best to strengthen 
it, we might determine, as above, the directions of the ^esnl^ 
ants of the horizontal pressures all round it, and it would mani' 
festly be in these directions, or symmetrically with regard to 
then, that the cross pieces should he placed. 

275. All that has been proved above applies, whether we 
suppose the pressure of the fluid to be from wilhin the surface 
Pq oulwnrds, or from ivilhovl, inwards. The former is the case 
of a vessel containing fluid ; the latter of a body immersed in 
it. Thus, then, if a cone-shaped vessel were fiUed with fluid, 
we know that the reanltant of the horiiontal pressures upon its 
fiidea passes through a point distant from its vertex by three- 
fourths of its height ; and if we applied two forces, of sufficient 
magnitude, horizontally, on opposite sides of it, at this distance 
from its vertex, and a sufficient force downwards at its vertex, 
tiien cutting the vessel asunder from the vertex downwards, we 
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1 find that the parta nould not be forced asundor. Slmi- 
we might cut a sphere, filled wiiU fluid, vertically, tlirougli 
iddle, and hold tLe purls together hy meuoe of two bori- 

276. These principles have manifestly a great variety of 
Itaefnl practical applications. They >vill guide us in fixing the 
beams of ships, in strengthening the parts of large vessels in* 

tended to contain fluid — the v^its, for instance, used l>y brewers 
id distillers — ^in the building of dykes, locks, &c. In fact, 
is no bmnch of Hydraulic Architecture >rhich can be 
ipted, on a large scale, with common safety, hy a persoa not 

ttoroughly versed in the principles of Hydrostatics. 

277- We have hitherto supposed the fluid to press upon 
■ portion of the aoUd immersed in it, or upon every portion 

*if the vessel which contains it. And on this hypothesis we, 
bove shown that the horizontal preesurcs of the fluid will mutti-. 
tUy destroy ojie another. The hypothesis nhich forms the 
huis of this conclusion docs not ne- 

mmrily oht;iin in all cases ; for let ^: ^^ -—.^ - - _— .^i4 
U suppose the body to be hollow, "' 

Md a portion of its surface as r Q to 
be removed, and let f' a' he that 
ether portion of (he surface which 
has the same vertical projection as 
Pft. The surface P q being removed 

tlie pressure upon it will be removed, and the horizontal pres- 
(are upon p' q' will no longer be sustained by any equal and 
opposite pressure; it will, therefore, communicate to the body 
a tendency to move in ihe direction r' p ; and tliis tendency will 
continue, in a greater or less degi'ee, until, hy the influx of the 
fluid at the aperture p % the vessel is Jillcd, or at any rate until 
the level of the fluid tiiilhin is the same with that withotU it*. 
So that a vessel, with an aperture in it, being plunged in a fluid, 
will tend to move towards the direction in which that aperture 
lies; a ship, for instance, which has sprung a leak, will be found 
to have a motion sideways towards the direction of the leak; 
and this will be the more observable if she be continually emptied 
hy the pumps. If the leak be of large dimensions, the motion 

• The fluid during tlie wliole of it» influj exercises n certain presHure upon 
Oe edges of the nperture, and when it has MUined, internally, the leieL of 
the aperture, there is a further pressure of tlie v^umt upon the co'tlained 
fluid, tHith of wliich tend to sastain the pressure upon r* a' ; eo that we can- 
not csjUBider that, by removing the portion p a of the sorfaee, we entir^ 
remnve froni the body the prcasore which it before soatuned or *'■-- " 
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mOTitig principle, in mccIiaTiical operatiiMis of any Tequinl 
eitcnt and Toriety. 

Tliia machine is said to be (he most effectlTc known fat 
applying the power of a given quantil!/ and a given fall of 
water to the working of machinery. Not only does it apflj 
the pressure of the water arising from its height, but it ap- 
plies it to the greatest possible adrant^e ; for by lengthesiDg 
the horizontal branch r p', this pressure may be made to act st 
any required distance from the axis of motioM ; that is, the 
levernge of the pressure may he increased to any reqtriwi 
extent. There is a still further advantage in this applicatioi. of 
the force of a fall of water arising out of the centritngal font 
produced in the fluid of the horizontal cylinder, by its rcToli- 
tion, which tends very greatly, and, indeed, almost withoit 
limit, to increase its pressure upon the sides of that cylinder, 
and, therefore, to increase the rotating power. So that by the 
lengthening of the horizontal arm not only is the knerage 
of the unsustained, or moving pressure increased, but that 
pressure itself is also increased. The only dravrback upon these 
advantages consists tn the expenditure of force requiired to 
give a rotatory motion to the continually c/ianging mass of 
fluid in p p'. 

It is a veiy remarkable fact, and one by no means creditable 
to those interested in works of Hydraulic Architecture, that this 
admirable machine, which is by no means a modern invention, 
should never, it would seem, yet have received a fair trial, 
8och a trial can, however, only be made on a. scale of eon- 
Bidcrable magnitude, and under the direction of a person pro- 
foundly acquainted with the theoretical principles of Hydraulics. 
There can be little doubt that a trial thus conducted would 
■establish the feet, which has been so continually asserted by 
those competent to judge of the theory of this instrument, that 
it is superior to any other for applying the force of a fall of 
Tvater to the turning of machinery. 

281. It matters not whether the pressure of a fluid upon the 
interior of a vessel which contains it be produced by its weight 
or by any other cause; so long as the Tvliole surface of the vessel 
sustains that pressure, it will hare no tendency to give motion 
to it ; but if the pressure upon any portion of the surface 
be removed, by removing that portion of the surface of the 
vessel itself, the pressure on some corresponding opposite por* 
tion of the vessel becoming unsustained, a tendency to motion 
will be the result. Thus, if we were to take a Tessel contumia 
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leen raised) allon-ed to escape liy the stern, the Teasel irould 
Jie propelled both by (he infiiix and the effliiJ^, for the reasons 
explained, as vrell in this as tlie preceding article. 

280. There is an exceedingly valuable instrument cnlled 
Sarker's mill, -wiiich acts upon a principle annlugous to the 
above, a b is a hoUow 
cylinder moveable about 
a vertical axis hn; pp'is 
another cylinder placed 
at right angles to the 
former, and communi- 
cating internally nith it. 
Near its extremities, 

Tfhich are closed, two 

apertures nre made in 

Ihe sides of ihia hori- 

lontal cylinder, opening 

m opposite directions. 

That at F is supposed to 

front the reader ; that 

it p' is supposed to lie 




on the opposite side of the tube from that on ivhicli he looka 
Let us now suppose the whole to become filled with fluid up to 
a certain height in the vertical tube, the apertures p and p' 
king both closed. The horizontal pressure upon every portion 
of the horizontal cylinder r p' will then, by the last article, he 
(ostalned by an equal and corresponding pressure on an opposite 
portion of it ; and the cylinder will, therefore, have no tendency 
to motion arising from the pressure of the fluid upon its sides. 
But if one of the apertures, as p, be opened, the pressure upon 
that portion of the surface which is removed to form the aper- 
ture, will be removed, the pressure upon the opposite portion of 
the surface will be uiisiislained, and the cylinder will tend to 
more in the direction of that pressure — that is, round its axis 
mn; also, being yree to move about that axis, it wiil continue 
to revolve round it in a direction opposite to the efflux as long 
aa any fluid remains in the cylinders. If tite other aperture be 
opened at tJie same time, it is evident that on the same principle, 
that aperture will tend to give motion to its branch of the hori- 
zontal cylinder in an opposite direction, or to the whole cylinder, 
m the same direction as the former. Thus a rapid and powerful 
motion wiil be given to the machine, and being made to eommu- 
nicate with a system of machinery, it may be applied, as the 
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p, the whole internal surface of tUe hollow cylinder p a becoraM^ 
ignited, a very great quanlitj of highly elastic and rarefied gai 
is produced, and a powerful pressure on the whole unoccupied 
space in the interior of the rocket, is the result. "Were the aper- 
ture at p closed, thia pressure would produce no tendency 
whatever to motion in the rocket, the pressure upon evaij 
portion of the internal surface being counteracted by some ei^nal 
and opposite pressure ; but this aperture heing open, the pns- 
sure upwards on q is wholly unopposed, except hy the weight 
of the rocket and stick ; and if the proper dimensions be giren 
to the parts of the rocket, and the charge be of sufiicknt 
strength, this pressure will be sufficient to overcome that weight, 
and cause the whole to ascend. The weights thus raised by ihe 
Congteve rockets are enormous. It is a distinctive characterisfic 
of the rocket as compared with other projectiles, that it carriej 
its impelling force with it. A bullet receives its impulse from 
the sudden expansion of the gases generated in the inflammation 
of the powder which constitutes the charge of the musket from 
which it was fired. The impulsive force, or force of motion 
thns communicated, may he wholly destroyed hy the intervention 
of any sufficient obstacle ; and this borrowed force once de- 
stroyed, the bullet will fall harmless to the ground, oil power of 
motion being utterly extinct in it. Not so with the rocket. U 
it meet an obstacle sufficient to destroy its forward momentuni, 
yet the principle of its motion still remains in it ; and ac(^uiring 
almost certainly an oblique direction by reason of the opposition 
presented to its forward motion, it will glance oiTin that oblique 
direction, and become again as formidable in that direction SB 
before. Thus, too, a ball losing, in passing through anyrcsisiing 
body, a portion of its impelling force, will aften^ards be com- 
paratively inefiective ; whereas a rocket quickly renews again 
any momentum which it may have lost. Kockets have (has 
been known to pass through whole files of men. 

It is precisely upon the same principle that fire-works of 
another cliiss are made to revolve on their axes. 
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cokiiitions op the eql'ilibihttm and stability 01* 
Floating Bosiex. 
"b hare shown, in the preceding chapter, that (he how 
pressure of a iluid, wlien at Test, does not produce nn; 
ij whatever to motion in a hody ivliicli is immersed in ii 
vessel which contains it. We shall now show, 
382. First, That the vertical pressure of the fluid upon i 
Wy partly or wholly immersed in it tends to raise the hod, 
with a force equal to the weight of a quanlily of the fluid whoi 
volume is equal to that of (he portion of the mass immersed ; o 
Ja other words, Tvilh a force equal to the weight of the flui 
whicli is displaced. Secondly, that the resultant 
of the upward over the downward pressure of the fluid upon thl 
btidy passes Ihrougk the centre tifgravili/ of the pari immersed.^ 
To estahlish tlic first of these propositions, we have only tl 
tefer the reader to Art. 271. It is there shown that the verticA 
ptesBure upon any portion of the surface of a 
body immersed in a fluid, is equal to the weight 
of a column of the fluid immediately fic/jerinciim- 
beal to that portion of surface, and reaching to 
the surface of the fluid ; also, that this is true 
wherever the surface may be siCuAled; so that 
the pressure upon the surface P4, in the accom- 
panying figure, is the weight of the column 
P p" (i" Q ; and the pressure upon p' q', which has 
the same projection p" a" with the other, the 
weight of the column p' p" u" n'. Now this is 
also true, whatever he the magnitudes of the surfaces p a am 
p'ci'i hence, therefore, increasing these so as to coincide witl 
UP US and n p' q' n, it follows that the pressure upon the fot> 
mer equals the weight of the column m P(trjN"M", and that upoi 
the latter surface, the weight of the column mp'h'n n"m". Not 
the difference of the weights of these two columns is, manifestly, 



214 EQUlLIBItlUM 

the weiglit of a mass of fluid equal (o f he wLole solid iniraened] 
and the diffirence of these two weights is also the difference of 
the pressures of the fluid upon the surfaces mpqn andMp'a'ji, 
of which the former is downmnrds, and the latter upinnnd. 
Hence, therefore, it follows, that ihe upjpard pressure ^ajlsU 
vpon Ihe surface of a body immersed in it, exceeds the downwari 
pretture by Ike weight of a quanliti/ i>f thejluid of Ike same rfi- 
meitsioni with the body. This surplus upward pressure tends to 
support its weight, and it is tethnically said to lose a portion 
of its wi-ight equal to the weight of the quantity of fluid it 
displaces. 

Not only, however, is tliis true when the hody is lolaUi/, liat 
also where it is only parliiil/y immersed. For it is evident, 
thnt if the surface of the fluid m" n", instead of heing wbollj 
above the body, had intersected it, so that only a portion of the 
lody had lain beneatli it, then the weights of the colunuu 
m"mp(inn" and m"mp'q'nn" would still hare equalled the 
pressures upon it upwards and downwards, and their difference 
would also still have equalled the weight of that quantity of 
fluid which the hody displaced ; so that in all cases Ihe excess of 
the vpirard over Ihe doivntnard pressure of thejluid upon a bedg 
jvhalti/ or partly imviersed in it, equals the weioht OF Dffi 

FLUID DTSPLACED. 

283. The second proposition stated ahove, at once follow! 
from the consideration that the excess of the pressure upon Pa 
over that upon p'q' is the weight of the column pp'q'ti, and 
lie same is true of all other corresponding elements of the sut- 
iace ; hence, tlierefnre, the resultant of all these excesses of pres- 
sure, that is of the whole excess of pressure, must equal the 
resultant of Ihe weights of all the columns similar to pp'qcj'; 
which resultant manifestly passes through the centre of gra>ily 
of the whole mass, if it be tolalli) immersed, or of the part of it 
immersed, if it be only partially immersed. 

Hence, therefore, the resultant of the effective upward prcs- 
sure of the fluid, or of the excess of its upward over its down- 
ward pressure, acts always through the centre of gravity of the 
part of the body immersed. Now the weight of the immersed 
body whose resultant acta also through its centre of gravity tends 
to counletaet this upward pressure of the fluid; and maybe 
such as to be accurately in equilibrium with it. To this equi- 
librium the two following conditions are manifestly necessarv. 

First, that the weight of the body should equal the upward 
pressure of the fluid ; or, in other words, that it should equal 
the weight of the fluid which it displaces. Secondly, that the 
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Kwultaut of tte upward pressure of the fluid sbould liavo its 
""' teticm in a direotion opporitc to the resultant of the weight 
the hodj ; or, in other words, that the vertical through the 
centre of gravity of the part of (lie body immersed should also 
Mass through the c^itre of gravity of the body itaelf. When 
both these conditions arc satisfied, the immersed body will be 
eqoililirium, and is said to Jloat. 

284. The last condition is neceisarily satisfied nbatevet 
4te form of the body may be, provided only it be totally inb- 
anersed ; for in this case the centre of gravity of the part ira- 
xnersed is the centre of gravity of the whole body ; the resultant 
«f the npward pressure necessarily acts, therefore, in a direction 
■grarate to that of the wei^t, since one acts upwards, and the 
■tther downwards, and they both act through the same point, 
eiz., the centre of gravity of the mass. If, therefore, a body be 
lUaUg immersed, the pressure of the fluid cannot produce in it 
uy tendency to rotation ; it may sink, or it may rise in the 
fluid, but it will not be made to turn round upon itself. If, 
kowcTer, it be allowed to rise to the surface, and a part of it 
ODerge from, the fluid, since the centre of gravity of the body 
ind that of the part of it immeracd no longer necessarily co- 
iiK^e, it may, and in all probability ntitl, occur that the verticd 
&ough the latter does not pass through the former; thus the 
tecond condition of the equilibrium will cease to be satisfied ; a 
iaa. which will at once become apparent in the rotation of the 
body. Hence, then, it appears, that whilst the body is totally 
nnmersed, any position is n position of equilibrium, provided 
only (ha Jirsl condition of equilibrium be satisfied; but that 
when the body is only partially immersed, there are certain 
fositions in which alone the equilibrium is possible. 

The principles stated above, explain a vast number of pheno* I 
mena of common occurrence and of great practical importance. J 
2G5. If a body be totally immersed, and its weight be J 
Each as just to equul the weight of an equal bulk of the fluid, it M 
nill float in any poution in which it is placed. If its weight W'l 
greater than that of an equal bulk of the fluid, it will sink ts I 
the bottom ; and if it be less, it will ascend to the top of thk^ 
fluid, and a portion of it will continue to ejnerge until thofefl 
which remains immersed displaces just so much of the fluid atm 
is equal to the weight of the body ; turning, at the same iime^ 
round upon itself so as to adjust its position to the second ccHi>fl 
didon stated above ; vis., that the vertical through the centre o(M 
gravity of the body should pass through that of the part of iin 
immersed. Thus, it appears, that any body whose weight uH 
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leis tlinn tlint of nn equal bulk of tlie fluid, if immeTGed u 
left to itself, nill at Icngih find out for itself, on the surface d| 
tlie fluid, a position in which it ivill reBt, called its posilioi 9 
equilibrium. 1 

28(1. If the material of whiL-h a mass is composed adnut ^ 
being extended, so as to be formed into a Tcssel, whose exte^ 
nal surfiice is of any given dimensions, however great, then !ts| 
apparent that any such mass mny be made to JUial, bowt^tfrn 
henry it may be ; for we may form it into a vessel whose ndim 
face is of such dimensions that it shall necessarily, befoi« am 
can admit the fluid into its interior, displace a Tolume of th ' 
fluid, whose weight is greater than its own weight i its tenden 
to link will then he counteracted, and it will float. Thusbai| 
ore not unfrequenlly made of iron, and a ship might be built d 

267' Of nil possible geometrical forms, a spher 
whose solidity being gii' en, its surface is the IcaH; or, 
words, wishing to form n body of a certain known volume, if W 
nould form it so as to have the least possible surface which it | 
can have, hsTing that volume, we must make it a sphere. Nov I 
if we would form a floating body, which shall be just capable of I 
supporting a given weight, we know that we must form it so M ' 
to displace a quantity of fluid, w])ose weight shall equal tl^ 
given weight ; also this quantity of fluid is equal to the solid 
content of the body. The solid content of the floating body i*, ' 
therefore, in this case given; and it follows, that if we would 
form such a body with the least possible surface exposed to the 
action of the fluid, we must form it into a sphere. 

288. The second condition of the equilibrium of a floating 
body ; vis., " that its centre of gravity, and that of the part of it 
immersed, should he in the same vertical line," is necessarily 
satisfied, however much of the body be immersed, provided it 
be symmetrical about a certain line, and he immersed with that 
line in a vertical direction. For being thus immersed, the part 
of it immerBed will be symmetrical about the axis of which we 
have spoken, as well as the whole body. Now (Art. 61), the 
centre of gravity of a body, symmetrical about a given line or 
axis, is necessarily in that line or axis. Hence, therefore, it fol- 
lows that the centre of gravity of the body, and of the part of it 
immersed, are both in the axis of which we have spoken, and 
therefore both in the same veriicnl. Thus, a cylinder immersed 
with its axis vertical, will have the second condition satisfied to 
however great a depth it be sunk, since the centre of gravity of 
the part of it immersed (being that of a portion of the cylinder 
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Jurmcd by cuttingit across transversely, or perpendicular to its J 
axis) is also itai'lf in the niis of the cylinder. Thus, too, nt J 
sphere being immersed in a fluid, the second condition of eqiii-B 
librium Trill be satisfied to whittever depth, and in whatever | 
poution, it is immersed, since a sphere is symmetrica! about ani/ 
diameter, and in whulerer position it is immersed, one of these 
diameters must be vertical. If a body be prismatic, that is, if 
its sides be straight, and it be such that all sections roade across 
it, perpendicular to its sides, are similar and equal ; then it is 
dear that there is » certain line pamllel to these sides, in which 
are the centres of gravity of all the parts which can be cut off 
from it by such sections as we have spoken of. Provided, then, 
the body be immersed with this line or axis vertical, the centre 
of gravity of the part immersed will always he in it, and also 
the centre of gravity of the body itself, to whatever depth it be 
mnt. The body represented in the foUoiving figure is one of 
this class. Its centre of gravity, 
md that of nny portion cut off 
bom it acrosn, or in a direction 
jerpendicular to its sides, will 
manifestly be in the line ox, 
Khicfa is parallel to its sides. If, 
lliGTefbre, the body be immersed 
with this line, or with its sides, 

Tertical, the second condition of equilibrium will be satisfied. 
If, however, instead of immersing the body vertically, we im- 
merse it with its sides in an oblique position, this will be no 
longer the case, and we must have recourse to the 

General CoNDinoxa op the EdtJiLiBRiuji and Stability 
OP Floating Bodies. 
Befoke, however, we proceed to discuss these, let us fake 
tiro particular cases, which will serve, perhaps, to put in a clearer 
light the principles we have stated above. 




ilid body in the form of 



BC, {fig. }.) represent one of t^cse seclwns. Talte aL 



289. Let us first of all imagin 

a triangular wedge, to be im- 
[ mersed in a fluid, with one of its 

angles downwards. It is evident 

that the conditions of the equili- 
I brium of this body will be pre- 
I cisely the same, whatever be its 

length ; and therefore they will be the same as th< 
I ,^mow section or lamina of it. 



EQUILIBRIUM OF A TRIANGLE. 



iu centre of gravity, This point is eTidently (Art. 6 

line CD, joining llie point c with a bisection d of the baie; 1 




therefore, be perpendiculai 
it cannot be perpendicular 
be isosceles, ( 



the distance c a being equal to two-thirds of cd. Suppose Ae 
triangle to be so immersed that a b may be horizontal, and let 
P c Q be tho part of it immersed ; the plane P q is then callrf 
the plane of jlolalion. Since pq is parallel to a B, thereftiw 
c D bisects p tj in rf, as well as a b in D. Hence therefore, the 
centre of gravity of tlie triangle PC ft la in cd, at a pointy distant 
from c by two-thirds of c d. Since, then, the points O andf 
are both in the line CD, and tbat these are the centres rf 
gravity of the body, and the part of it immersed ; it is necesiarj 
to the equilibrium by the second condition, tbiit the line c u be 
itself vertical. Bot A B is horizontal by supposition, c d nnat, 
But since CD bisects ab, 
-, also, to that line, unless the triangle 
c A and c b, equal. Hence, 
therefore, it appears that the triangle cannot, under any othei 
circumstances, rest with its base in a horizontal position. 

Suppose ABC, (fig. 2,) to represent a triangle partially in* 
mersed in any given position ; p c a being the part immertet. 
Bisect AB in D and pq in d; join CD and erf, and takeco 
equal to two-thirds of CD,andcg' equal to two-thirds of Ci/; 
then G and g are the centres of gravity of the triangle, and Ibe 
part of it immersed. Join g^, then, in order that tiiere may 
be an equilibrium, this line og'niust be vertical; that is, it 
inust be perpendicular to P Q, vrbich being a continuation of the 
surface of the fluid, is necessarily horizontal. This is thfi 
second condition of the equilibrium. The first is, that the 
weight of the fluid disjilayed by the part immersed, p c ft, should 
equal the weight of tlve whole triangle. These two conditions 
are sufficient to determine geometrically what must be the posi- 
tion of the triangle*. 

* For a theuretical discus«ioa of the CDadiCions of tlie eqailibrium of i 
floatiog boOf, the section of tho iramersed jiortioii of which ia a trian ' 
s rectangular pnTalielagraiD ; the reader is referred to a treatise on B 
"-'-' a and Hydrodynamics, by the aDthm o( tbiB iiork., ^;. 67, 78. 
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Again, let hb take tTie raise of n iiyramid immersed ii 
juid with its vertex downwards. Take i 

frrarity of its base, and join A e ; 

take A B equal to three- ^ 

fourths of A E ; then will o be 

Ute centre of gravity of the py- 

iBmid. Let a f q R be tlic piirt 

of the pyramid immersed, and e 

the centre of gravity of ils haw. 

Join A e, and take A g ec|ual to 

three-fourths of A e; then will ^ 

be the centre of gravity of the - a 

yart immersed. It is necessary to the equilibrium that a and 

g he in the same vortical line. If, therefore O and g he joined 

by the straight line ag: when the body is in a position of 

equilibrium, this line must be vertical. But p r q is horizontal, 
bang the plane of flotation, g g must, therefore, be perpendi- 
cular to FB Q. This condition, coupled with the_first condition 
of equilibrium, nameij-, that the weight of the fluid disjilaced 
by A Fa should equal the whole weight of the pyrnmid, is suffi- 
Ment to determine, by known rules of geometry, the esact 
positioiiof the pyramid. 

On the SiABiLiry of Floatlng Eobieb. 
291. Let either of the figures beneath, represent a bo^ 
partially immersed in a fluid. Let o be its centre of gravida 
ud g that of the part of it immersed ; P Q the section of i^a 
which would be made by the surface of the fluid i? there o 
tinned through it, and called the plane ofjliitaflon. Suppose 
Iwdy to be turned aliout its centre of gravity o, continually il 
the direction indicated by the curved arrows; and let it at tl 




aame time be moved upwards and downvrards in the Tertic^ 

K L, which passes through G, so as to satisfy, in all its positions, 
the first condition of equilibrium, namely, that its weight shall 
l>e equalled by that of the fluid it displaces. Suppose further j 
tlus revolution to have been commenced when the body was ii 
a position of eijiiifibrinm. and when the -^omV ^ ■^a%,\V«^<« 
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in the Tertioal k l, When the body begins to reToly* out of I 
this position, the point g- vril), of course, more out of tlu I 
Terllcnl. Now if, as in fig. 1, its motion be lowardi thi I 
direction in which the body is revolviug, it is cleat that (km 1 
will he a tendency in the body to coiilinue its reTolution in& 
direction in which it has already been made to revolve, tlint i^ 
from its position of equilibrium; for the whole of the weiglitof 
the body may be supposed to act donnmards at c, and tht 
whole pressure of the fluid vpicards a,ig: and these are Ik 
only forces which act upon the body; now, sulijected to tie 
nction of these two forces, the body would clearly be made lA 
rCToIve in the direction towards which it has already began ts 
revolve; that is, from its position of equilibrium; ihatpositiM 
is, therefore, one of vnslable equilibrium. 

Now let us suppose the revolution of the body to be « 
tinned in the same direction as before. The point g will a 
tinue for a certain time to move from the vertical, iu the din 
tion of the revolution, the greater portion of the part immersri 
lying on that sideof the yertical; but, by degrees, this will begin 
to be exchanged for the lesser portion, from the other side the 
vertical; the parts lrq and l n p* will begin to approach more 
nearly to an equality, and the point g will then approach the 
vertical again, describing a curve indicated by the dark line, j 
At length g will be found again in the vertical, and the centre I 
of gravity of the body being in the same vertical, the second 
condition of equilibrium will again be satisfied. Also the fint 
condition is supposed to be satisfied in every position of the 
body. "We have, therefore, a second position of equilibrium. 
Let the revolution of the body noiv be still further continued in 
the same direction as before. The point g will now either crow 
the vertical, continuing to more in the direction in which it 
was last moving, or it will reliirii, receding again from the 
vertical as at _^rsl. If it ci-oss the vertical, it will lie on tlie 
Opposite side of it to that towards which the body is moving, 
as shown in lig. 2, and this being the case, if we consider that 
the weight of the body, and the upward pressure of the fluid 
act as though they were collected in a and g, we shall perceive 
that their tendency is 7iow to cause a motion in the bodj 
towards the opposite direction to that in which it is moving, 

• This will, perhaps, be better understood hy A reference to the neit 
figure, whers the body is shown in one of its oblique positions. The posi- 
tion of ff, with respect to the -vertical, innnifestly depends upon the relntiia 
magnitudes nnd positions of the parts L R p and i a a ! it "" ''"" 

towurJa the greater, and the mare distant of these parts. 



y !^ 



wards its last p 
ibrium is ti aUt. K, * 

_ SDDtcTBO Ac waM ca l , tlir asm dnisAei fcjr 
f poinrnot oittiBg, Wt fwrhy it, liwK tb trwitrty «f 
" >dj is still to mvbc t»wa>4s ' *" 
• ■ _ If «• I 

t Mwe, A^ is «fVMfeto its iuf ■ 

i,tkn!&t«,Aep< -- - - 



a the otber, and it ten's to ntes t« it Tfe | 

^ Gud to to lie eae «f saixed e^ailibdKH. Vnm ^ 
abore, then, tt appeara, tlttC taiaisg Ae Irad; rnwtiimily raaai 
iu any giren djrectioa, lad eanma^ it in cveij positiaa io 

lalisfy the first condition of eqnilibriam, ire sboll fiad that if no 
position of mixed equilibiiani interrene, its poiidotis will ht 
aliematdv stable and unrtabU. Also, that this law of (be 
alteinatioa of the positions obtains, learing out the poatio^ of 
mixed eqailihriam, if any sach occur, 

292. It is clear, front nbat has been said aboTC, and fitm 
an inspection of the figures, that the charai^er of the stahilitr 
of any position of equilibrium, is determined by the directioD 
of the motion of the centre of grarily g of the part immersed, 
irhen the body is made to reTolre out of that portion. If the 
point g more toicardt the direction of the reroliition, the eoui- 



librium is unstable, if it move fro* 



s siabU; the 



granly 



of the body, and the upward pressure of the fluid lending, in 
the first case, to continue the revolution, and in the other to 
counleracl, and ultimately to destroy it. J 

293. Let the accompanying figure represent any obliq^B 
position, into which the body has ^H 

been moved out of a position of 
equilibrium, and let A B represent 
what tvas tlie direction of the 
Terlical through the centre of 
gra-rity a of the body, when it 
was in thnt position, and k l the 
present direction of ihfitveitical; these lines intersect, (liorofore 
in a, the centre of gravity of tlie body; and from nhiit lias bcoH 
said before, it follows that the equilibrium is stable or uiislnblu 
according as the motion of the centre of gravity g of tlio pnrt 
immersed has been from the direction of the revolution of the 
body or lotvards it; that is as g lies on the sido of i; IVinii tll«ii 
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!Now, if all tbe bodies be inclined at the same angle, tLc mog- 
nitade of cm is innnifeBtly greater as s c is grealcr. The 
greater, therefore, is the distance o c, of its metucculre above 
its centre of gravitj, the greater force is there required to more 
a floating body of a given weight through a given angle. The 
gietiter, therefore, is the stability of the body. Tlieru can be 
no question that very many vessels have been lost througli 
a.aeglect of this most important principle in the theory of their 
construct ion. To be safe, it is clear that every vessel should be 
■0 constructed that ivhea carrying a certain Icnown quantity of 
lading and ballast; and for this reason sinking to a given and 
tfaeerved depth in the water, her metacentre should be so higit 
ibove her centre of gravity that (he force of the winds, whea 
Mting upon her mast and rigging with tlieir greatest known 
Telocity, should not be sufficient to incline her beyond a certain 
given angle. It is also quite apparent that a vessel might be 
constructed according to these conditions. 

Before the principles stated above were known to naval archi- 
tects, vessels were not unfreijuently found after their construction 
to be of unstable equilibrium; except, perhaps, when heavily 
Isdm, 80 as to bring the point a to its greatest possible depth. 
OUiers again, although their equilibrium appeared stable under 
the slight derangement lo which their position vras subjected in ' 
port; yet when they came to be deflected by the wiud, were 
fi)nnd to have their true position of stable equilihriura on one 
side. Others again wholly upset*. Science has now taught 
men to protect themselves against these evils. The secret of 
the metacentre no experience or observation could ever have 
developed ; it was a discovery reserved for the systematic inves- 
tigations of the mathematician. 

295. There is anotJier view of this important question of 
the stability of Seating bodies which as it is not generally- 
known, is in some respects new, and leads directly to results of 
great practical value; wc now proceed to lay it before our 
leaders. Let us imagine an infinite number of planes to bo 
taken, cutting off, all of them, an equal volume from the mass A n; 
also let this volume equal that of a quantity of water whose 
weight is the same with that of the mass a b. Let the centres 

* Vessela laden with sugar, and talcing in wafer in rough veflther, Lava 
been lost \>y the sulation of the sugar, Clien pumped anaj with tlie wal 
The wdght of the ladiDg, and the position of the plane of dotation, ' 
centre of gravity and the metacentre, have been so altered, as to make 
eqnilibriom tinaiable. It ia to gucem the relative positiona of tlie centraj 
grarity and the metacentrE, that the yeaael tokca in ballast. 
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of gra»it7 of all the parts cut off by tliese plan 

fbe taken. Tbese centreB of gravity (infinite 8 
numbcrj will all lie in a certain surface, 
' suppose to be represented by o o'. Let p it I 
one of the plnnes spoken of above ; ttien if d 
portion r B Q of the body be immersed the fi 
condition of e<^uilibriiim will be satisfied. 
Let g be the centre of gravity of p b tj, g is iben in 
surface a c,'. Also it may be shonn* that the tangent planell 
that surface at g is parallel to the plane pq. Now puis ti 
pliiue of flotation, when the portion p b a of the body is ii 
mersed ; p ft is, therefore, horizontal, and the tangent to ti 
suiface aa' &t g is horisontal. Now the pressure of the flnil 
acting at that point upwards is vertical. It is, therefore, pfl** 
pendicular to the surface o g' at g. Its effect is, thcrefonw 
precisely (he same as though the surface G a' rested upon fc 
perfectly smooth horizontal plane at g. And the same is tnitt 
of every other of the body's positions, and of every other foaa 
in the surface o a'. In each of its positions the effect of (T 
forces acting upon the body is, therefore, the same as tlio 
its weight were collected in its centre of gravity and it i 
supported upon a horizontal plane by the intervention of i 
surface a o'. The conditions of the equilibrium and sfabili^ 
a floating body reduce themselves, then, to those of a solid b 
supported on a horizontal plane by means of the surface a 
and it follows that there are as many positions of equilibri 
as can be draivn perpendiculars from the centre of gravity ,fl 
the body upon that surface. Also that fheso (Art. 223) ffi^ 
liable or iinstabte, according as the centre of gravity of the bocyT 
is in those positions below or above fbe centre of curvature of 
the surface o g', at the point of that surface in which the centre 
of gravity of the part immersed is then found. This centre of 
curvature of o o' is the metacentre. 

Since the plane of flotation p « is parallel to the tangent to 
the surface g a' in g' ; and tfiis is true for every other plane of 
flotation and corresponding position of ^ ; it is apparent that the 
surface which is loncked by all the planes of flotation, is similar 
to the surface o a' and only differs from it in magnitude, Hence 
we can readily understand how the position of the centre of 
curvature at any point ^ of o c' should be dependent upon the 
form and dimensions of the plane of flotation. 

* The proof of this property is given in the Appendix. 
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Spkcipio Gravity. 
296. That force ivhicli esUts in all matter fixed there 
thmallti and inseparablif^ under the name of gravity or weight, 
11 not distributed so through it, ns that each portion of equal 
dlmeoaions or volume sliould contain the inine amount or quantili/ 
nf it. Nature presents us, in this respect, with an infinite 
wriety, there being an infinity of substances of which equal 
Wlks or volumes being taken, these are found to have different 
veiglits. Thus a cubical inch of iron and a cubical iach of gold, 
would be found to weigh differently. So of & cubical inch of 
water and the same volume of alcohol. This difference of weight 
Inder the same volume constitutes one of those sensible proper- 
ties by which substances are principally distinguished from one 
another, as of different kinds or of the same kind ; and it forms 
inportant element in the conditions of their equilibrium. 
The term weight, aa used in common conversation, has two very 
ilifferent meanings; we apeak sometimes of the weight of a 
body or portion of matter, meaning merely the whole force with 
which that body or portion of matter tends to the centre of the 
e»rth. TVe speak at other times of its weight, meaning thereby 
the quantity of such force in each equal portion of it. In the 
met sense, we speak of the weight of a certain known, 
maas t)f any substance, as a piece of iron, for instance. In the 
^latter senSe, we use no tenn describing the magnitude,' or fixing 
the identity of the substance spoken of, we say, Ihe weight of 
In the first case, wc mean the precise number of units of 
weight in the whole body of which we speak. In the other 
case, we mean the number of units of weight in a certain known 
tolume of the mass, a cubical inch for instance, or a cubical foot. 
It is in this sense, that in speaking of a mass of lead and a 
mass of iron placed in opposite scale-pans of a balance, and in 
equilibrium with oneUnotber, we should say, that this lead is 
of equal weight with that iron, nevertheless, lead is heavier , 
than iron: the whole mass of the lead contains as many unttBj 
of weight as the whole mass of the iron ; neveitheVeaa, a caVti 



i 
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inch, or cubical foot of lead contains mar-e units of weight than, 
a cablcn! inch or cubical foot of iron. In the common inlet- 
course of life these dificrent ideas are made to attach themsehn 
to the same word without any great practical inconTeuiencc. 
The language of science requirea, however, greater predsion. 
We therefore confine the term weight or gravity, to its £nC 
sense ; and speaking scientifically of the weight or gravitj of 
any body or substance, we mean the number of units of weight 
cootaiaed in the whole of that body or substance. 

297' lit its second sense, namely, that in which it implies 
the weight or gravity of a given volume or portion of the sub- 
stance, we apply to it the term speci/ic grat'ity. The sperific 
gravity of a substance is, therefore, the number of units of 
weight contained in a certain known volume or bulk of it; 
which known volume or bulk is usually taken to be one unit ol 
the whole volume or bulk. The units of weight used in mea- 
suring the specific gravity ot a body, are not the same nilh 
those used in determining its ordinary weight. Thus we da Dot 
say, that the specific gravity of a body is so many pounds in the 
cubical foot or inch, meaning by the term, one pound, the 
iveight of a certain quantity of water determined as explained 
^Art, 12.) But to measure the specific gi'avity of a body ff 
• always take for our unit of weight, the weight of a quantity of 
water of the same volume with one unit of the volume of the 
body, whatever that unit may be. Thus, if the volume is 
measured in cubic inches, the unit of weight used in fixing its 
specific gravity, is the weight of one cubical inch of water, i 
And the specific gravity of the body is in point of feet, no other 1 
than the number of cubical inches of water equal in weight to 
one of lis cubical inches. So if the body be measured in cubical 
Jeet, its specific gravity is the number of cubical feet of water 
.whose weight shall equal one of its cubical feet. Thus in the 
^t;ihle of Specific Gravities which will be found at the end of 
■this chapter, the number 8-900, stated as the specific gravity of 
Copper, means that each cubical inch or cubical foot of copper 
weighs the same with 8-900 cubical inches or cubical feet of 
water. Thus knowing the number of cubical feet in a body, 
and knowing its specific gravity, we can toll how much water it 
is equal in weight to, by multiplying this specific gravity by the 
number of cubical feet — this specific gravity being in fact, the 
number of cubical feet of water equal in weight to each cubical foot. 

298. The unit of weight used in determining the specific 
gravities of bodies being the weight of an unit of volume of 
water, that unit of volume of water is of course supposed to 
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iinve aln'iiys tlie same weight. It is, tlicreiore, supposed to be 
free from ail impurities, whicli HoiiliI subject its w 
Tariation. Thus tho specific gravity of a body dfterniined by 1 
means of water taken out of tlie Thames would differ from the j 
specific gravity of the same body taken by means of ivater frotnl 
the Scocrii. And both ivatcra being Impure, ueiiiier would givef 
tbe true specific gravity — the impurities increasing tbe weigluj 
of one unit of the volume of the water iu botb cases. Again^l 
tbe hulk of the water varies with its temperature, so that theiM 
is not so much water, or so great a weight of water ia 
of volume at one temperature as at another, and thus t 
tion of temperature mny produce a variation iu the standi 
unit. To remove these causes of error, the water is suppose^B 
to be cleared of all its impurities by distillation. And to b 
brought at all times to tbe same temperature, namely, 62^ Fab^ 
renheit. At this temperature one cubic inch of it weighs^! 
according to Captain Katcr, 252,458 grains. Knowing then th^ 
volume and specific gravity of a body, we can tell its aclua^ 
iveigbt or gravity. Multiplying its volume in cubical inches hTf 
its specific gravity, wc shall get tbe number of cubic inches o 
water of et^ual weight with it ; and multiplying this again bw 
352,4;)8, we shall get its actual weight in grains. At the r " 
of tbi3 chapter will be found a table of the specific gravitiei 
i great variety of different substances, determined by methodi 
xhich we are now about to explain. 

JIethods of Determining the Specific Gravities op 
Solid Bodiis. 
299. We know that if a solid body he immersed in 
fluid, the upward pressure of the fluid nil! just equal t 
weight of the fluid which is displaced by the solid, and whicl^ 
ia therefore precisely of the same volume with it. IIencey| 
therefore, tbe downtvard pressure or weight of a body immerse^ 
in a fluid, will be diminished by the weight of a volume c' 
water precisely equal to its own volume. If, then, ^ 
taia how much the downnard pressure or weight of the hodw 
is diminished by its immersion, we shall know what ia tbe wcightH 
of the same volume of water. Now, dividing the actual weighs 
of the body out of the water by tfiis weight, the result will bi" 
the specific gravity required. For the specific gravity is th} 
number of times one unit of volume of the water must V 
repeated, to eijual in weight an unit of the body ; and tbei 
fore it is equal to tbe numhet of times any given number I 
units of the wofer must be liikeu to c^uoV X\ie samft t 
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of unila of the body ; and therefore, to the number of times n 
giren bulk of water must be taken to equal in weigl: 
bulk of the body. 

300. Now, if ne divide the whole weight of the body ^ 
tbe weight of an equal bulk of water, we manifestly get tbe ' 
number of times that tbe hitler is contained in the former ; lliat 
u, we get the specific gravity. ] 

301. For determining the weight lost by the body in ita j^ 
I, the follomng is a simple method*. In one scale of I 

a balance let there be placed ^ 
a vessel of dislijied waleriB, U 
and let such a weight re be ',- 
placed in tbe other scale- ^ 
pan as will just produce an ^ 
equilibrium. Let the solid 1 
wliosespecificgraTityistol* I 
determined be suspendedby 1 
a fine wire or thread, or a 
hair from a stand repre- 
sented in the figure, so as 
to admit of being made to descend into the vessel of water; 
nnd it will be better if there be introduced some mechanical 
contrivance for giving it a gradual descent. Immediately that 
the immersion has commenced, the equilibrium of tbe balance 
will be perceived to be destroyed. The scale-pan containing 
the resscl of fluid will preponderate. Let such a weight w' be 
placed in the other scale-pan as will just restore the equilibrium 
when the body is totally immersed. 

The weiglit rv' is that lost by the body in its immersion, 
and is equal to tbe weight of the fluid it displaces ; for by 
the immersion of the body, the tension upon the string — which 
is just that necessary to support the body — is diminished by 
the weight of the fluid it displaces. Now, the downward pres- 
sure of tbe body is equal to its whole weight : of which the 
string supports a quantity less than this by the weight of the 
fluid displaced ; the fluid itself supports, therefore, the remain- 
der, and its pressure downwards is increased by the weight 

* This method, tJtlioagli readily applied, is not an accurate one. The 
genaibility of a balance is always leas as it is more heavily loaded. In diis 
ceae, the balance is laden with the neight of the vessel and its contained 
liquid, in addition to that of the body. In the methods afcerwarda to be 
deeciibed, it is the body only nhicb is placed in it. It is, moreover, a cus- 
tomary, and a very necesBary precaution, to boil the body whose specific 
gravity is to be determined in the water to be used, to drive off the obsti- 
nately adberiiiK bubbles of air. This precaudon could not, in tliis case, be 
talen, b;- reaa' by evaporation. 
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of ihe fluid displaced. Tbus the equilibrium cannot be pre- 
eerred, except by putting into the opposite scale-pnn a weight 
eqaul to tliat of the fiuid displaced, ^Ve tnuy verify this fact 
Tery readily, by placing in the opposite scale-pan, instead of w, 
another vessel, precisely of the sume dimension with a b, and 
pouring fluid into it until there is an equilibrium. ^larking the 
height at ivhich. the fluid stands la both vessels, then immersing 
ihe body in A B as before, and pouring fluid into the other 
vessel, so as to preserve the equilibrium — we shall find that tba 
fluid so poured in, will cause the surface of the fluid to rise is 
the one vessel by precisely the same quantity that the immersion 
lias caused it to rise in the other. The ijuuntily of the fluid 
displaced is, therefore, precisely equal to the quantity of fluid 
irhoae weight equals the weight lost by im 



The IIydbostatic Balanxe. 

302. If a body, basing been weighnd in the scale of a 
balance, be then suspended by a fine thread beneath it ; and, thus 
suspended, if it be allowed to descend 
o a. vessel of water placed beneath 
I receive it, when completely im- 
mersed it will be buoyed up ivith a 
force equal to the weight of a mass of 
water of the same bulk with jtsvlf. 
A less weight in the opposite sciile- 
pan will now, then, be required to 
balance it — less by precisely the weight 
Df this bulk of water. Thus, then, by 
observing what is the difTcrcuce of 
the weights necessary to balance it, 
now that it is immersed, and before; or 
what weight it has lost by immer- 
sion — we Icnow what is the weight of 
a quantity of water exactly of the 
same bulk with it. Dividing the 
weight of the body by this weight, we 
have the specific gravity. The ba- 
lance used for thus determining the 

specific gravities of bodies, is called the Hydrostatic Balance. 
It is simply a balance of great delicacy, one of whose scales may 
be removed when it is thus to be used, and replaced by a scalfr* ^ 
pan suspended from shorter strings, and to the bottom of 
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is fixed n Look, from tvliicli is suspended by a liair tLe Wf 
irbose specific gravity is to be dclermined. 

It is evidi-iitly necessarj- tLat we suEpcnd tLe body w by 
means of some very slender substance ; Dtberwise allowaDce muit 
be mode for tbe quanlity of ibat subslance immersed. ^Vhes, 
however, g w is exceedingly slender (a human hair, for instance), 
it becomes incapable of Gustaining a mass of aiiy but very small 
dimensions. To remedy this inconvenience, we may suspend 
nith it a glass bubble, tlie weight and quantity of water displaced 
by ivhicb, has been before iccuvately ascertained. This glass 
bubble will help to support tbe body, and thus diminish lie 
tension upon the hair. Proceeding precisely as before, we may 
ascertain the weight of the compound body, made up of tbe sub- 
stance under examination nnd the bubble, and the freight vhicb 
it loses by immersiou, if we thco deduct from the first of thc^e 
the weight of tbe bubble, and from tbe second the weightof the 
fluid it displaces, wc slmll obtain tbe weight of the body and llie 
weight of the fluid il displaces, and dividing one of these rcsulls 
by the other, we shali have, as before, the specific gravity. (Art 
300.) The bubble must not of course be so large as to prevent 
the body fconi sinking. If tbe body be speciGcally lighter than 
water, so that it will not sink in it ; then instead of attaching 
it to a bubble, so as to support it, we must attach it to a tpeight, 
which will sink it, having first ascertained the number of grains 
in the weight, and the weight of the water it displaces ; proceed- 
ing then precisely as in the last case we shall deferniine accu- 
rately the specific gravity of the bodj'. 

If the substance whose specific gravity is to be determined, 
be composed of small detached pieces, we may suspend a metal 
dish Irom tbe scale o, and having first ascertained, as before, the 
weight of the dish, and the weiglit of water displaced by it ; we 
may then place in it any number of pieces of the substance 
under examination, ascertain the iveight of the whole, and the 
weight loH by its immersion, and then proceed as before. If 
the substance be in its nature soluble in wafer, we may deter- 
mine its specific gravity, by ascertaining the weight which it 
loses when immersed in alcohol, oil, or some other liquid in 
which it is vol soluble. Knowing the specific gravity of this 
liquid, we can then tell what is the weight of an equal hulk of 
water to that portion of the liquid which it displaces. This 
weight of an equal hulk of ivnter, divided by the weight of the 
body, is the specific gravity required. 
ft» Substances of the same kind are found to have the same 
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ipeciSc graTitj, whalever portions of lliem we submit to examina- 
tion*. Thus every portion of pure cast gold placed in the Hy- 
drostatic Balance, will he found to have the specific gravity 19'25, 
and every portion of copper, 8-900. But if ihc suhstnnce be 
compounded nitU any other, then the specific gravity of the 
compound will di£fer from that of either of the component parts ; 
the quantity of water it displaces being not the same with the 
quantity which would be displaced by the same weight of either 
of those parts. Hence, it follows, that we may tell by the 
Hydrostatic Balance, whether any substance bo alliijed or not, 
provided we know what ought to bo its specific gravity. This is 
a most useful method of di'termiiiing whether inetiils he alloyed 
or pure ; we may even thus ascertain pretty nearly what is the 
proportion of the alloy ! 

It IB told of Hiero, king of Syracuse, that having a crown 
made for him, into the gold of which he suspected the maker to 
have put some alloy, he referred the question to Archimedes. 
The philosopher, as ho one day lay in his bath, and considered 
the nature of the support which the fluid gave to his body, taking 
away from it apparently a considerable portion of its weight, was 
Bttnck with the idea that this supporting force muet just equal 
the weight of the water which would have run over the edges of 
the bath, if it had been full when he got into it ; that is, that it 
most equal the weight of the water displaced by his body. This 
idea constitutes the first and great secret of the theory of floating 
bodies. The powerful mind of the philosopher carried him 
at once through the train of reasoning which wc have been 
lubooring to develope through this chapter of our work, its con- 
nexion with the question of the crown occurred to him ; and he 
rushed naked from the bath, exclaiming, Evp-ijKa 1 Eiipijxa I 
/ have found il ! I have found it! Archimedes is the dis- 
coverer and founder of the theory of floating bodies ; the fuuda- 
I mental and, practically, the most important branch, of the 
theory of Hydrostatics. He has enpoundod that theory with 
wonderful accuracy and power in his treatise, entitled " De 
humida insidentibus." The theory of the Lever owes also its 
origin to Archimedes, and this theory stands in the same relation 
to Statics, that the theory of floating bodies does to Hydrostatics 
TVe thus owe to that admii-ahle philosopher the most important 
and valuable of our knowledge in the two fundamental branches 
ofPhj>ic«. 
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jEnaral rule ; it tialds accurately under tli 
of temperature n-itb regard to by far the greater number 
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303, Let a vessel be weighed and tben filled ■with distil 
water, and wtighed a aeeond time. The weight of the naler 
it will contain, will then he known. Let it now he filled with 
the fluid whose specific gravity is to he determined, and weighed 
again. The weight of the quantity of the fluid it will contsua, 
will then he known. 'We shall know thus, the weight of the 
water the vessel will contiiiii, and the weight of the fluid it will 
contain ; that ia, we shall know the weights of equal volumes of 
the fluid and water ; dividing these weights, therefore, by one 
another, we shall know its specific gravity. (Art, 300.) 

There ia a very ingenious instrument, whose application to 
the determination of the specific gravities of liquids is even 
easier and simpler than the method described ahove ; it is called 

The Hydboheteb, 

304. The principle of this instrument may be explained as 
follows. A body when it floats at rest in a fluid, has been 
shown to displace such a quantity of that fluid, as shall have the 
same weight with itself. If, therefore, the same body be made 
to float ia different fluids, the quantities of these fluids which it 
displaces when it floats at rest, will depend on (heir specific 
weights or gravities. It must displace mote of the lighter fluid 
to float upon it, than of the heavier. It must, therefore, sink 
deeper in the lighter fluid than the heavier. 

Thus to every fluid of a different specific gravity, there cor- 
responds a different depth to which the same body will sink, 
before it float in it. Now the specific gravities corresponding 
to all these different depths of immersion may readily enough be 
calculated hy formulte which it docs not consist with the ele- 
mentary character of this work to explain. 

Any number of different depths of immersion being there- 
fore marked as divisions upon the side of the body, and the 
specific griivity corresponding to each, being ascertained by the 
proper formulie, and annexed to its division or registered in an 
accompanying table, we may, by placing the body in any fluid 
and observing to what division it sinks before it finally rests, 
and then referring to the table, accurately determine the specific 
gravity of the fluid. 

305. Sikes' Hydrometer— which is that ordered, by Act of 
Parliament, to he used in collecting tbe revenue upon ardent 
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ipiritg, ia an instnimenl of tliis class, It is represented in the 

accompanying figure, A is a hollow splcre of brass, F B and 

CD are two stems fixed in it in tlie direction of one of its 

diameters produced both ways, s F is of a 

conical form, being tliickcr towards its lower 

than its upper extremity. It is about one 

inch and an eighth long, b is a bulb which 

is loaded so as to be much heavier thnu an 

qual volume of any other portion of the in- 

ilniroent. The object of this loading is to 

bring the centre of gravity of the instrument 

as low as possible, so that it may be as far as 

possible beneath the melacentre (sec Art. 294), 

uid thus the instrument may hare the greatest 

possible stability. The use of the ball A is to 

Muse the body to displace such a quantity of 

fiuid, that in the lightest fluid in which it is 

to be used, the weight of that quantity of 

fluid may, when it is totally immersed, at 

Itast equal its own weight ; the fluid in 

that case just reaching the top c of the stem 

CD. This stem ia of brass ; it is flat, of uniform thickness and 

width, and is three inches and four-tentlis in length. It is 

divided on both aides into eleven equal parts, each of which is 

Bibdivided into two. 

The instrument is plunged into the fluid whose specific 
gravity is to be determined by it, until it is wetted to the highest 
dt^ree of the scale; it is then left to itself, until at length it 
rests in its position of equilibrium. The division of the scale 
which, is intersected by the surface of the fluid ia then observed, 
ind by reference to the table, the specific gravity corresponding 
to that division at once becomes known. A correction is re* 
quired for the temperature, for the application of which, rules 
are given accompanying the tables. Bight circular weights, of 
which one ia represented at e, accompany the instrument, In 
each of these is a slit terminated hy a circular aperture. 
^rangh this siit they may be made to slide upon the stem c D 
at its thinner extremity, they then full down to the thicker end, 
and become fixed there, that extremity being too wide to ^lids 
throogh the slit. 

The use of these weights is to adapt the instrument for use 
in fluids whose specific gravity is so great, that it would not sink , 
in them, to the level of tlie lowest division on (he stem t b without 
1.3 
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Iicing thus loaded. Of course a dIfFerent lalile of specific gravi- 
ties 16 required for each different lending of the instrumenl. 
Tlie aceonipanying cut represenlB iin iniproyed 
form of Sikes' Hydrometer, as constructed Ij 
Mr. Bute, and recommended in a report of tlie 
Excise Committee in 1836, The stem is font 
inches in length, and contains 900 divisions, 
tp/iich are so made at lo correspond success'wdjk 
equallif-increasitig specific graniliea, Tliere are 
eight poises, or detitcbed weights, of ivliich some 
are shoivn in the figure, and %\'hich fis in » 
stirrup at the holtom of the instrument. These 
poises tire so adjusted as to sink the instrument 
to its last division successively, when immeraed 
in fluids whose specific gravities are '820, '840, 
■860, -880, -920, -040, -960, -980, which have .i 
common difference of -02. Tliis adjustment 
being made, it results, from a mnthcnialical in- 
vestigation of this instrument made by Mr. Lub- 
bock, that the same division of its stem suita 
itself to every poise. TVhen, for instance, t!ie 
corresponding to '9S0 is attached, the specific gravitiu 
coiTesponding to successive divisions, ascend by the same in- 
crements from that specific gravity to '940, as when the poise 
for -820 was attached, they ascended from that specific gravitf 
to '840. This property obtains at least practicaUy, the error in 
no case exceeding '0001 when the instrument is nccDTaldf 
divided for the poise O'0OO. Tlie instniiaeat as thus made fii 
the purposes of the excise, possesses this heauliful and charac- 
teristic property, with this accuracy, only for specific gravities 
less than that of water, and within the range here assigned 
to it. It may, hoivever, no doubt, he adapted to a more gene- 
ral use. 

The sensibiliti) of an Hydrometer is the variation in the 
depth of its immersion which any given difference in the specific 
gravity of the fluid, in which it is immersed, iiill produce. It 
is greater, as the weight of the portion beneath tlie stem is 
greater, and as the *]icdfic gravity of the fluid and the section 
*^ ^"^ tttm ate lest. It is also greater as the length of tlie ste» 
beneath the zero of the bcale is greater. An Hydrometer should, 
therefore, be made as heavy, and with as long and slender a stem, 
as possible. So that when placed in water, it may sink to tlift 
greatest convenient depth upon the stem. 
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TuR Areometer. 

306. An instrament constructed bj M. dc Parcicux, and 
oiled bj him the Areometer, is said to have possessed extra- 
oniuiaiy sensibilitjr. It is, in fact, an Hydrometer, ^vhose 
aeasibilitj is produced by giving extreme slenderness to its stem. 
It ia represented in the accompanying figure ; c b is 
a Tial partially loaded with shot, to keep it steadily 
in an upright position, bringing its centre of gravity 
beneath its tnelacenlre. (Art. 294.) In the cork of this 
rial is inserted a straight wire a b, about one-twelfth 
of an inch in diameter, and thirty inches long, at 
the top of which is a cup a. The loading is so ad- 
justed, that when the instrument is placed in water 
of a medium temperature, it will sink to a point on 
the wire about an inch above d. Being placed in 
anj lighter fluid it will continue to sink, until the 
additional immersion of the stem causes such an 
additional displacement of fluid, as shall again make 
the whole weight of the fluid displaced equal to 
the weight of the ^instrument. It is clear that the 
more slender the stem, the greater the additional depth to which 
the whole must be sunk to bring about this displacement. A 
scale is placed by the side, and the division on this scale, corre- 
sponding with the edge of the cup or the top of the wire being 
observed, and referred to an accompanying table, determines the 
specific gravity of the fluid. 

This instrument was invented for the purpose of comparing 
the specific gravities of different kinds of water. Such is its 
extreme sensibility, that the variation of density produced by 
the falling of the sun's rays on water of the common temperature, 
will instantly cause it to sink some inches; and the throwing of 
the smallest conceivable quantity of a soluble substance into 
the water, will produce a visible effect upon it. An objection 
to its use is found in the elevation of the liquid by capillary 
attraction round its slender stem, which is different in different 
liquids. By means of the cup, the Areometer may be loaded 
so as to sink always to the same depth, and thus act on the 
principle of Fahrenheit's Hydrometer^ now about to be described. 

Fahrenheit's Hydrometer. 

307. Thb principal obstacle to the use of the simple Hy- 
drometer, is the inconvenience and difficulty of calculating and 
marking against the different divisions of the stem of each in- 
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itnimenl, or registering, in a teWe attached to each, a different ; 
scale of specific gravities; and constructing the stem of that r 
perfectly uniforni thickness, wliich is necessary to tlie accuracy i 
of the obserratlona '. To obviate these difficulties, Fahrenheit 
conceived the idea of sinking the Hydrometer always to the same 
depth, by means of weights to he placed in a cup at the end of 
the stem. 

l>;t the weight necessary to sink such an instrument to the 
given depth in water, he observed. This weight, added to the 
weight of the instrument itself, will equal the weight of the t 
water it displaces when JUialiiif^ at that depth, 
Let it now be placed iu the fluid whose specific 
gravity is to be deierinincd ; and let weights be 
placed in the cup until it is sunk again to the 
same depth as before. The weights placed in 
, the cup togctlier with the weight of the instm- 
) ment, will then equal the weight of the fluid 
which it displaces. But, haviag been sunk to 
the same depth in the water as in the fluid, it 
displaced as much of the water before, as it does 
now of the fluid. Vt'e know, therefore, the 
weights of equal volumes of the fluid to be ex- 
amined, and water. Dividing, therefore, (Art. 
300,) one of these by the other, we obtain at 
once the specific gravity of the fluid. The ac- 
companying figure represents one of these instru- 
ments, made by Mr. Bute, for the Escise Committee, and called 
by him the Gravimeter. 

NlCnolaON's U YDBO METER, 

308, This instrument is so contrived as to determine the 
specific gravities of ^olid as well as^flriid bodies. Its application 
to the determination of the specific gravities of fluid bodies, is 
precisely that of the inalrument last described, a is a hollow 
ball, in continuation of oae of the diameters of which, is fised 
an exceedingly slender steel wire BC, about one-fortieth of au 
inch in diameter. To the opposite extremity of this diameter 
of the hall, is fixed a stirrup n F carrying a heavy brass dish P. 
Hie wire c b supports also at its esfremity a light dish B. The 
weight of the dish f is such, as to preserve the stability of the 
instrument, and is further so adjusted as to cause it to sink to 

* This diflicnlty woold evidently lie got rid of, if after hnving fixed B scale 
of specific grsvides fur one iiiEtniinent. we could construct others precisely of 
the same fomi, dimeDsiani, and weight. 

^ 
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B point K ; niarlced about (he middle of the stem, ivIiqq llic 

strument is placed in distilled vrater nt the temperatUf^ gf G 

and loaded vitb & vrt-ighl of 1000 grains in ,) 

the dish b. To determine the specific gravity 

of a solid by means of Nicholaoa's Hydro- 
meter, let it be allowed to float in distilled 

water at temperature 60°. Let the solid be 

placed in the upper dish, and as manj grain 

vreightB thrown in with it, as will cause the 

Instrament to aink accurately to the given 

division k. These grain weights, together 

m-ith the weight of the solid, are then equal 

to lOOO grains. For 1000 grains, together 

vrith the ^veigbt of the instrument, sink it to 

K ; also, the weight of the solid, together with 

the graina thrown in, aad the weight of the 

infitrument, sink it to k; the first-mentioned 

weights are, therefore, equal to the others; 

and taking the weight of the instrument from 

both, it follows, that the weight of the solid 

and the grains added to it equal together 1000 

grains. 

Hence, therefore, it also follows, that the weight of the solid 
is lOOO grains, diminished by the grains thrown in with it. "We 
therefore get accurately the weight of the solid by subtracting 
from 1000 grains, the number of grains which must be added 
to the soUd in the cup d, to sink the instrument to k. Let the 
soUd be now placed in the loiver dish ; and again sink the in- 
strament to K, by means of grain weights placed in the upper 
dish. These weights then, together with the weight or doivn- 
ward pressure of the solid in the water, will for the same reasons 
as before, equal 1000 grains. Diminishing, therefore, 1000 grains 
hj the number of grains thrown into the upper diab, we have 
tie weight of the solid in water. The difference between this 
and its actual weight, will be the weight of the water it displaces; 
and ike quotient of its actual weight by the weight of water it 
dispalces, is its specific gravity, (Art. 300.) 

The accuracy of the results given by this instrument, de- 
pends upon the accuracy of the observed coincidence of tlie 
division K, with the surface of the fluid. Now the wire bc is 
made so thin, that an inch of it displaces only one-tenth of a 
gTMn of water. Hence, therefore, the lOOtb part of a grain 
too ranch ot too little in the upper cup, will cause the mark to 
uok beloiv or rise above the surface of the fluid one-tenth of afl 
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inch. Now the coincidence of k with the surfiice, may W^ 
readily observed wiih accuracy, to a. much smaller fraction of ait " 
inch than this. In fact, the accuracy altainahle by means of 
this inBtrument is such, that specific gravitieB determined by 
means of it, nith all the requisite precautions and care, may be 
lelied on to the 100,000lh part of their whole ralue, or to fiye 
places of decimals. It is scarcely possible to carry our notion 
of the limits nithin which an error is possible, further than 
this. On the same principle, that by measuring their specific 
gravities, we may determine whether metals be alloyed or pure, 
we may also find whether fluids he adulterated or not, and in 
some cases, fix the amount of tlie adulteration. It is for this 
purpose, that the Hydrometer is principally used. All the 
Tarielies of ardent spirits are mixtures of pure alcohol with 
other ingredients, of which the principal is water. On the pro- 
portion in ivhich the alcohol enters iato their composition de- 
pends, in most cases, their value. It becomes, therefore, a 
matter of the highest importance, to commerce, and to the re- 
venue, that some easy method should he devised for ascertaining 
this proportion. Bikes' Hydrometer is expressly constructed 
■with this view. 

309. The following remarkable example of the commercial 
advantages which have resulted from the use of the Hydrometer, 
is mentioned by M. Dupin in his work entitled, Mtcanique 
appliqu^e atix Arts. Brandies have, according to their greater 
or less degree of concentration, a greater or less specific gravity, 
The French, who first measured these degrees of concentration 
by means of Hydrometers, first gained by this means the ad- 
vantage of being able to make their brandies always, and witii 
certainty, of those precise degrees of strength which were re- 
quired by the different markets to which they carried them. 
The Spaniards, whose strong full-bodied wines are eminently 
suited to distillation, endeavoured to enter into competition with 
the French, in the sale of brandies. But as they were not ac- 
quainted with the method of measuring their degrees of concen- 
tration by means of Hydrometers, they were obliged to content 
themselves with the following clumsy and awkward substitute. 
A drop of oil was allowed to fiiU from a given height on the 
surface of the brandy to be examined, and as it was seen to sink 
in it, to a greater or a less depth, the brandy was concluded to 
he of a greater or less strength. Tliis measure failed them per- . 
petually, and the result was, that their foreign market was sup- 
plied with brandies on the strength of which no reliance could 
he placed. ,^1 
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Spauish brandies luiring Ihus acquired a bad reputation in 
tbe inarkel, they were purchased by tlie French merchanls, con- 
centrated to the requisite degree, as shown by the Ilvdronieler, 
and erentually resold as French. By llie solo of tliis description 
of brandy in tlie norlheru market alone, the French, before llie 
reTolution, realized an annual profit of four millions of francs. 
Hie Spaniards now nt length understand ihe use of the Ilydro- 
neter, and carry their bnindies to market themselves 
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tie 1-062 

Arsenic 3'391 

ioions .i-raa 

toic 0-C67 

Boradc, crystsllized .... 1-479 

Do. fiued 1-803 

y Catric 1-034 

nic 1-116 

Tlnoric 1-060 

Uoljbdic 3-160 

Moriatit: I'ZOO 

ITitric 1-271 

Do. highly concentrated 1'5B3 

Phosphoric, liquid 1-638 

Do. BoUd 2-BOO 

Sulphuric 1'850 

2-590 

Alcohol, Absolute 0-797 

Do. highlj rectified 0-BOO 

" ofeommen^ 0-835 

1-714 

Amber from 1-0G5 to MOO 

Ambergrifl from 0-780 to 926 

AmeChjat, common 2-750 

oriental 3-:!fll 

Amianthua from 1-000 to 2-313 

Ammonia, nqneous ., 0-875 

Arragooite 2-900 

Aiure-stone 2-850 

Baryteg, Sulphate of, frnm 

4-000 to 4-8G5 
Do. Carbonate of, from 
■■■^ 4-100 to 4-600 

Basiltea from 3-421 to 3-000 

BctjI, oriental 3'549 

Do. occidental 2-723 

Blood, human 1-053 
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Do. 






Butter , 0- 

(Jamphar 

Caoutchouc, or India robber 0- 

Cameliaa, speckled 2 

Chalcedony, common, from 

2-600 to 2- 

Challc from 2-252 to 2' 

Chrysolite 

Cider 

Cionnbar, fi-om Almsdea .... 
Coals from 1-020 to 

Cunil, red from2'630 to 

white from 2-540 to 

Corundum 

Crystalline Lena of the Eye 

Diiimond, oriental, eolourl(»9 

Do. colouied Torieties, 

from 3-523 to 

Do. Braiilian 

Do. coloured varieties, 

from 3-518 to 

Dolomite from 2-540 to 

Dragon's Blood (a resin) .... 

Ether, Acetic 

Mnriatic 

Nitric 

lolphuric from 0-632 



1-018 
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1-300 
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0-775 
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3-300 
0'!)23 

0-93G 
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Gunet, praiiona, froDi4'0O0 to2' 

Uo. mmmoD, from 3576 to 3- 

Gasea, — Atmospheric Air .... !■ 

Ammoniacal 0' 

Carbonic Acid 1' 

Cu-booic Oxide 0' 

Cwburetted Hjdro- 

gen 0' 

Chlorine 2- 

Chlorocarlmnoui Acid 3' 

Chlaropruulc Add.. 2' 

Cyanogen 1' 

Euohlorine i' 

Fluobcric Add .„ 2 

Fliiosilicia Add 3' 

Ufdriodic Add 4 

Hydrogen 

MurijilicAdd 1 

Nitric Oxide I 

Nitrogen 0' 

NitrouB Add 2 

Nitrous Oxida 1 

Oxygen !■ 

Phosphiir«tt«d Hy- 
drogen 

Pmuic Add 

Sub-oarboretted Hy- 
drogen 

Sab-phoiphuretteddo. 

Solpbaretted do. I 

Sulphuroui Add . 
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LimestoQe, compact, from 
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nesia, natiee, Hydrate o( lt'33) 
Do. Carbonate ol 

from 2-220 to 2'GU 
icbite, compact, finm 
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Klute Italian 
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tic(a^ "ZZZZ 
inite, or black Garnet, 
Irom 3-691 lo 
Metals, Antimony fl'?(B 



Gypsu 



Oonpowder, loose 

compact, from 

1-872 fe 
crystallized, From 

2-311 ti 
Ueliolrope, or Bloodstone, 

from 2-629 tt 

Hon^stone, or Mrilile, from 

1-50O tc 
Hornblende, common. 
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2-642 

o 3-000 
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1-481 

0-836 
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Gold, cut 13-31 

Do, hammered. H-» 

Iridium, hammered .. i 

Iron, caal at Carron , ?-!4* 

Do.barliardenedorDot 7-7St 

Lead U-M 

Manganese B-OOO 

Mercury, solid, 3° be- 

lowOofFahr 15-61 

Do. Bt32°of Fair.... 13-fll 

Do. at 60° of Fahr.... 13-58 

Do. at 212° of Fehr, 13-37 

Molybdenum B-flOO 

Nickel, cast B-2?9 

forged 3-006 

Osmium and Rbo- 

diam, alloy of. IS'SS 

Palladium ll'M 

Pistiniim 2l-4t 

Potas3iumat59°FBlir. D-&65 

RkwEnm _ 10-M 



TABLE OP SPECIFIC GRAVITIES. 



241 



Uebk, SdeniiinL....^...... 

Sil?er 

hammered 
Sodium at 59° Fahr, 

tempered 

hardened 

tempered and 
hardened .... 
Tellarium, from 

5*700 to 

Tin, Comiah 

Do. hardened 

Tungsten » 

Uranium 

Zinc from 6*900 to 

Mica .from 2*650 to 

Milk 

Mineral Pitch, or Asphaltom, 

from 0*905 to 

Mineral Tallow 

Mynh (a resin) 

Kaphtha from 0*700 to 

Mtre 

Obaidian from 2*348 to 

Oihs, £ssential — ^Amber 

Aniae-seed .... 
Caraway-seed . 
Cinnamon .... 

Cloyes 

Fennel 

Lavender 

Mint, common 
Turpentine .... 
"Wormwood .... 
Expressed — Sweet Al- 
monds.... 

Codfish 

Filberts 

Hempseed .... 

Linseed 

Olives 

Poppyseed .... 

Hapeseed 

Walnuts, from 
0-923 to 

Whale 

Opal, precious 

common.. ..from 1*958 to 

Opium 

Orpiment from 3'048 to 

Oyster-shell 

Pearl, Oriental.... from 2*510 to 

Pearlstone 

Peat frpm 0*600 to 

Peruvian Bark 

Vhosphoras 



4*300 
10*47 
10*51 
0*972 
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816 
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7* 
7* 

7- 
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6-115 
7*291 
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17-40 
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0-913 

0-947 
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2-114 
114 
336 
500 
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2-340 
1-329 
0-784 
1-770 



2- 
1- 
3" 
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Pitchstone from 1*970 to 2720 

Plumbago, or Graphite, from 

1-987 to 2-400 

Porcelain from China 2*384 

Sevres 2-145 

Porphyry from 2*452 to 2*972 

Do. Seltzer 1.003 

Proof-spirit 0-923 

Pumice-stone ....from 0-752 to 0914 

Quartz from 2-624 to 3750 

Realgar from 3225 to 3338 

Rock-crystal ....from 2*581 to 2 888 

Ruby, Oriental 4*283 

Sal Gem 2143 

Sapphire, Oriental, from 

4 000 to 4-200 

Sardonyx from 2-602 to 2-628 

Scammony of Smyrna 1-274 

Aleppo 1-235 

Schorl from 2*922 to 3452 

Serpentine from 2264 to 2*999 

Shale 2-600 

Silver Glance ....from 5-300 to 7*208 

Slate (drawing) 2110 

Smalt 2*440 

Spar, Fluor from 3094 to 3-791 

Do. calcareous ...from 2620 to 2837 
Do. double refracting from 

Castleton 2*724 

Spermaceti 0*943 

Spodumene or Triphane, from 

3-000 to 3-218 

Stalactite from 2323 to 2*546 

Steatite from 2-400 to 2665 

Steam of water 0*481 

Stilbite from 2*140 to 2*500 

Strontian, Sulphate of, from 

3-583 to 3-958 
Do. Carbonate of, from 

3*658 to 3-675 
Stone, Bristol ....from 2*510 to 2*640 

cutlers' 2-111 

grinding 2'142 

hard 2*460 

paving ...from 2*415 to 2*708 

Portland 2-496 

rotten 1-981 

Sugar 1-606 

Sulphur, native 2*033 

fused 1-990 

Talc from 2*080 to 3*000 

Tallow 0-941 

Topaz from 4-010 to 4-061 

Tourmaline from 3-086 to 3-362 

Turquoise from 2-500 to 3-000 

Ultramarine 2*360 

Uranite 2*190 
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VesuTian from 3*300 to 3*575 

Vinegar from 1013 to I'OSO 

Water, distiUed I'OOO 

sea 1-028 

of Dead Sea 1*240 

Wax, bees' 0*964 

white 0*968 

shoemakers' 0*897 

Whey, cjows' 1-019 

Wine, Bourdeanx 0*993 

Bargundy 0*991 

Constance 1*081 

Malaga 1*022 

Port 0*997 

White Champagne .... 0*997 

Wood, Alder 0*800 

Apple-tree 0*793 

Ash 0*845 

Bay-tree 0*822 

Beech 0*852 

Box, French 0*912 

Dutch 1*328 

Brazilian, Red 1*031 

Campeachy 0*913 

Cedar, Wild 0*596 

Palest 0*613 

Indian 1*315 

American 0*561 

Cherry-tree 0*715 

Citron 0726 

Cocoa-wood 1*040 

Crab-tree 0*765 

Cork 0*240 

Cypress, Spanish 0*644 

Ebony, American .... 1*331 

Do. Indian 1*209 



Wood, Elder-tree 0695 

Elm-tree 0-671 

Filbert-tree 0-6(KI 

Fir, Male 0550 

Do. Female 0498 

Hazel O-6O0 

Jasmin, Spanish 0*770 

Joniper-tree 0'556 

liemon-tree 0*703 

Lignum Vitse 1*333 

Linden-tree 0*604 

Mastick-tree 0*849 

Mahogany 1*063 

Maple-tree 0*750 

Medlar 0*944 

Mulberry, Spanish .... 0*897 

Oak-heart, 60 years old 1*170 

Olive-tree 0*927 

Orange-tree 0*705 

Pear-tree 0*166 

Plum-tree 0*785 

Pomegranate-tree .... 1*351 

PopLir-tree 0*383 

Do. White Spanish 0*529 

Quince-tree 0*705 

Sassafras 0*482 

Vine 1*327 

Walnut 0*681 

Willow 0*585 

Yew, Dutch 0*788 

Spanish 0*807 

Knot of 16 years old . 1*760 

Woodstone from 2*045 to 2*675 

Zeolite from 2*073 to 2718 

Zircon from 4*385 to 4*700 
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310. All the fluids of wliicli no have liltherto treated, 

ing to tlm class called liquids. These fluids wc nt once 
ncDgnise to he such; indeed ihey »re those mnlerinl suhstiinces 
from which the very notion or idea, which we attiich to a fluid, 
is drawn. 

There is, howerer, another clnas of fluids, whose fluid pro- 
perties are by no means so eiisily recognised, and from which 
indeed ive derive so few of the sensations that come to us from 
other material Buhstances, that wc scarcely admit them to he 
matter. These are called Ains or Aeriform FLiins, and the 
eaence which treats of them, is called Pneumatics. With the 
properties of one fluid of this class we are far more intimately 
concerned than with those of any other material substance; we 
are, in fact, perpetually immersed in that fluid, it enters most 
inUmately into the composition of our bodies, we swallow a 
huge Tolume of it at every inspirollon, and the very principle of 
life rrithia us appears to feed upon it. One of its constituent 
elements is indeed so necessary to the sustenance of the power 
of living, that to cease to breathe, and to cease to live, have 
come to be used as synonymous expressions. This fluid is the 
atmosphere. It surrounds the globe of our earth on every side, 
forming a continuous spherical shell of vapour, which encloses 
the earth itself, as its solid portion, or nucleus. 

Were it not that we are endued by nature with a tendency 
to gpeculale on the phenomena around us, and to reason upon 
the sensalioas to which we are subjected, we might pass on 
from infancy to the grave without, perhaps, even recognising 
the existence of this fluid, certainly without distinguishing any 
€f its properties. 

But few of those sensations by which we are accustomed to 
recognise the existence of external things, appear to come to 
us from the air. We do not see it as we do other material 
substances, we cannot touch it as we do them, we are not con- 
sdons that it has weight as they have; it does not appear to 
Feq^nire any force to move i( as it does to move them ; in short, 
there does not teem to be a single sense afiectcd by it; although 
it nnquestionahly enters largely into the constitution of every i 
single sensation. M 

^ 
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One great cause of tlie deception under irhich we ttiu 
labour, is that we are born into tlie air. Our senses are guV 
jccted conlinuallij to those aScctiona which, if the mind toci1[ 
notiee of them, would constitute perceptions of its eiistence 
from that period whea it takes notice of nolhiug*. There are, 
howerer, other causes arising out of the conditions of the eqiu- 
librium of fluids as explained in the preceding chapters, wliicb 
enter largely into the esplanatiou of this mystery. 

The first of these is that, by the nature of that equilibrium, 
when a solid body, of whatever form, is inimerged in a heavj 
fluid, the pressure of tliat fluid when ut rest, produces in it m 
tendency whatever to move /ioWso«(a%,' there being, for eacli 
horizontal pressure on one side of it, an equal and opposiw 
horizontal pressure on the opposite side, which two pressures 
neutralize one another. Also the vertical pressure of the fluid 
produces in the body, a tendency to move upwards, equal only 
to the weight of the fluid it displaces. 

From the above it follows that the air in which we are im- 
mersed does not, by reason of its pressure when at rest, tend 
to move us liorhontallj/, in one direction more than another ; it 
presses us equally in all directions, and this is the case in 
every position into which we can throw our bodies; also that 
the force by ivhich it presses us upivards, or buoys ua up 
towards the higher regions of the atmosphere, is so small, being 
only the weight of the air we displace, that it is entirely 
neutralized and greatly surpassed by our weight; whilst, 
moreover, we are at any time altering our position, the fluid pres- 
sure adjusts itself so rapidly into a state of equilibrium that we 
are unconscious of that state being for an instant destroyed. 

But it ivlll be said that although this equality of the pres- 
sure of the air all round us, be sufficient to account for our not 
being called upon to oppose any effort to it in any particular 
direction, and for its opposing no obstacle to a change of our 
position; yet it is not sufficient, to account for our not being 
fonscious of its tendency to press the different parts of our 

* It aeems to be a law at ova natnre, that the mind shoulJ not lake 
notice of those affertiona of tbe organs of eense which are constanllj 
repeated, and, therefore, a/ortioTi. of those which are conlitmal. Examples 
of this are exceedingly numerous, and must present Ihemaelvca to the mind 
of every one. Were it not for this Aal/it of the mind how many secrets of 
nature would be laid open to us ; May it not, for iniEance, be possible that 
iill the internal operationB of the homao body, each affecting tome nerve or 
organ of sense, would, if the mind did but take notice of the affection, present 
itself to ill eye, as completely as the parts ot a piece of mechanism to the 
eitemal organ. 



^^ 
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iher, and cruth tUera ; since [he oppoaile an J eijuul 

IS wtucb hare been spoken of above, whilst they neutralize 

id destroy one another, ten<}, at tlie same time, to destroy the 

nisation of the parts between them by compressing those 

; thus, the pressure on the opposite sides of one of the 

H sIiDuld, it may be asserted, tend to destroy that delicate 

nfication of arteries, veins, nerves, and musclea wliieh cover 

B bones of the finger; and the perception of that pressure 

I Right to be transmitted by the nerves. Similarly, the pressure 

I on opposite sides of the upper portion of the body, roust tend to 

I impede the motions of the lungs, and to break in the cavity of 

I &6 thorax. This objection is of great importance, and deserves 

I particular attention, especially as it leads to a striking view of 

economy of the human frame. 

311. The parts of the body are either hollow, as the chest; 

I Atj are composed of solid parts or bones; of fleshy or muscular 

I puts; of nerves and tendons; or of vessels ^//cif with liquids, 

I aa veins and arteries. The parts called hollow are not in reality 

; filled with the same fluid, the air, in which the 

vrhole of the external portion of the body is immersed; and 

this air contained internally, has a direct 'communication, 

ttuongli the passages of the wind-pipe and the oesophagus, with. 

the external air; so that, in fact, the air contained internally 

and the external air, form different portions of one continuous 

fluid. Hence, therefore, by what has been said before, the 

pressure of this fluid horizontally, upon any given portion of 

the cavity of the chest from ivithin, must be precisely equal to 

that upon a corresponding portion of the convex surface of the 

ribs from n'ilhoul; these two corresponding portions forming, 

in fact, opposite sides of a body immersed in a fluid. Thus the 

pressure of the air externally upon the ribs, is borne always, by 

a corresponding opposite pressure of the air within; and neither 

hare a tendency to alter the form of the cavity 

^ however, we exhale any portion of air from tlio chest, 
e immediately conscious of a diminution of the internal 
^presBnre outwards, and an excess of the external pressure; the 
chest becomes oppressed, and by a peculiar mechanism supplied 
by nature for that purpose, its dimensions contract, until the 
included air is again sufficient in quantity to supply the requisite 
pressure from within. 

It is for reasons similar to those assigned above that divera, 
when at a great depth, experience a severe pressure upon the 
ribs; the eiternal pressure upon the chest being increased by 
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the great weight of the supciincuioljent fluid, and thus made! 
exceed the opposite internal pressure of the coiitiiined air. 

Tliose porlions of the body whieh do not communicate 
the external air and thus hecome filled with it, are alt, whaterff] 
he their nature, completely saturated and permeated by fliudi^ 
Thus the bones are porous, and their porea are, every whet^ 
occupied by certain fluid secretions; the muscular portioD' 
the bod}', or the flesh, is every nlicre saturated by the bk 
the nerves and sinews are fascicles of tubes, each being i 
rently a canal serving as the conduit of a fluid. 

From the above then it appears that the mass of the ht 
body may be considered as an accumulation of solid 
each separately immersed in a fluid. This being the cos^l 
fiilloivs that the pressure upon any portion of the external 
face of the body is propagated er|ually throughout its subtle 
(Art. 244.) by the intervention of the fluids which penne 
and that each solid particle thus sustains pressures eqi 
every possible direction; so that, by reason of these ptessn 
it can have no tendency to move eilher in one directio 
another. The pressures upon each particle thus separately] 
tvalizing one another, it follows that the particles do not 
upon one another*. Thus then we see a reason why th 
teinal pressure of the atmosphere, which is exceedingly great, 
being altogether little short of 30,000 pounds on each individual, 
does not, nevertheless, tend to press any of the component parts 
of the body upou, or agoinst, one another, and prodi 
therefore, no excitement of the nerves, is not felt. 

"Wc may also see a reason why, when the body is immersed 
to a great depth in tlie water, (by means of a diving-heli ot 
otherwise,) and the external pressure upon ir, is thus rendered 
very far greater than the atmospheric pressure; yet, by reason 
of the equal distribution of that pressure over the surface of the 
body, through the medium of the fluid in which it is immersed, 
and also by reason of the equal Iransmission of the pressure 
through the system, by the intervention of the fluids which are 
contained in, and which pervade it ; there results no perceptible 
pressure upon those delicate nerves which are every where in- 
terwoven in our frame, and which the slightest unequal pressure 
is sufBcient to in-itatc. 

Were the enormous pressure of the atmosphere any other- 
wise applied to our bodies, than by the intervention of the fluid 
in whieh we breathe, it would be utterly impossible that the 



ATMOSPHERIC PRESSURE. 24? 

ttouons of the parts of ihe boily, constituling life, nbuuM pro- 
ceed; the slender and fragile mechanism, indeed, of its organs 
coald not fail to be destroyed. By that adniirable property, 
liOweTer, of the equal distribution of fluid pressure, not only are 
vre enabled to sastain the 30,000 pounds' weight of aliuospheric 
pressure ^vithout feehng it, but tbiit pressure may he doubled 
by immersing the body thirty-sis feet under irnter in a diving- 
bell, and yet no single nerre, not even tlie most delicate of ihe 
millions ^vhiuh overspread tlic body itHI, by reason of that 
pressure, experience the least perceptible excitement ; aUhough 
these nerves are of such sensibility as to enable us not only 
to perceive, but to appreciate, to measure and compare, the 
shghtcst pressures vrhich (being unequal) tend to alter the form 
of the surfflce of tbe body. Even ihe cbest will, under these 
circumstances, suffer no oppression ; for the prcBsure of the 
irater being transmitted through the medium of tbe air in the 
divtng-bell, equally to tbe external and internal surface of the 
chest, these external and internal pressures ivill neutralize one 
■nother, however great the weight of tbe superincumbent water 
may be. 

Such are the effects which result from the body's being Im- 
mersed in a fluid, and from its parts being (according to an 
expression of Paley,) packed m fluids. We now see plainly how 
the air may be (as it really is) a jiuid possessing weight, and, 
therefore, pressing heavily upon us, and yet wc be altogether 
unconscious of the pressure. 

We may, however, very readily put the matter to the test 
of experiment. Let us destroy the equality of atmospheric 
pressure, spoken of above, let us remove the air from any 
one portion of the body ; we shall then at once be conscious 
of the existence of pressures upon (he other portions, and Oi 
the great advantages we derive from an absolute and entire 
immersion in it. This removal of the air may he efi^ected by 
various means; there is, however, a machine called the air- 
pump, which is commonly used and expressly intended for tliat 
purpose, and of which the principles and action will, in the 
course of this work, be fully explained. By means of this 
machine, the air may he removed from any giveu portion of the 
body ; its pressure upon the rest of it will then at once be 
perceived. If, for instance, the hand be applied so as to cover 
Ihe open top of a vessel, of which the lower portion communi- 
cates with the air-pump ; and if the pump be then put in action 
80 as to remove the air from the vessel, and, therefore, froiT 
ibe under surface of the hand, the pressure of the air upon tl 
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upper surfuce vrill at once become apparent ; the biind will ji 
firmly pressed down upon the edges of the resael, aiid,.d 
length, it will be found impossible to mOTe it ; the biood-vea 
vriil become distended, the back of the hand will be b 
inwards, and the operation may be carried on until a preasoJ 
is produced equal to the weight of a column of thirty inches^ 
mercury, a weight probably sufficient to rupture the mechanic 
of the hand. 

The process of cupping is an example of this partial lemaiA 
of pressure from the surface of the hody. A small portion » 
alcohol is put into the cupping-glasses and lighted; hy the bed 
thus produced the air which before occupied the glass is iai 
great measure expelled, and its place supplied by a highly-atlf 
nuated vapour of alcohol. In this state the open estremity(( 
the glass is applied to the surface of the skin ; the Same is epi 
tinguished, the rapour becomes condensed again into a liquij, I 
the air loses its heat, and with its heat its tendency to expand; I 
thus its pressure upon the surface of the body (underneath the | 
glass) becomes less than before, and less than the pressure upon 
other portions of the hody; and the result of this unequal pres- 
sure is an immediate disorganization of the surface beneath the 
glass ; the flesh and muscular parts swell out in a surpriEing 
manner, the vessels become distended, and blood is at length 
Been to gush from the pores of the skin. The escape of the 
blood is however commonly assisted by first puncturing the 
surface of the shin. 

Suction presents another striking example of the partial re- 
moval of pressure. There is a certain operation of the musclei 
by which the aii may be removed from the cavity of the month ; 
if this exhaustion takes place 'when the lips are applied to any 
portion of the skin, the result will he a removal of the pressnte 
from that portion of the surface of the hody, and a consequent 
displacement of the skin beneath: moreover, the exterior surface 
of the lips sustaining the atmospheric pressure, whilst the interior 
portion in contact with the skin is free from it, the two ate 
brought closely in contact and pressed together. 

It is thus that snails attach themselves firmly to walls or to 
the trunks or houghs of trees, and may be seen even to crawl 
with their bodies suspended beneath them. The under portion 
of their bodies is furnished with powerful muscles, which enable 
them to form a hollow space or cavity in any portion of its 
length. Their method of fixing themselves to any surface is to 
raise their bodies into a hollow or cavity, producing a vacuum 
underneath this cavity, the edges of which are closely pressed 
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_ Vipon the surface, and the whole body suspended to it bj the 
erfenial atmospheric pressure. Attaching in this manner, dif- 
faent portions of their bodies successively to different parts of 
Ik surface on which thej wish to move, they may be seen 
walking suspended not only as to their bodies, but the shell 
wAich serves them as a habitation, not only up perpendicular 
walls, but along the smooth surface of the ceiling of a room. 

There is a plaything of children called a sucker, which acts 
precisely upon the principle we have been explaining. It con- 
nsts of a circular piece of leather, which is exceedingly soft and 
pliable, and suspended by its centre from a string. If this be 
wetted and applied to the surface of a stone or any sinooth 
heavy mass, and then an attempt be made to remove it by pull- 
ing the string, it will be found to oppose a powerful resistance 
to separation from the surface on which it has fixed itself; and 
rather than yield, it will, if the weight of the mass be not consi- 
derable, carry it away with it. 

The reason of this is obvious. The string being pulled, the 
leather is slightly raised in its centre, and the cavity beneath it 
is a vacuum, no air having been allowed to enter by reason of 
the close contact of the edges of the wet leather with the stone. 
This being the case, the pressure of the air is removed from that 
portion of the stone which is beneath the surface of the leather ; 
its pressure upon the opposite side of the stone is, therefore, 
unsustained ; the stone is, therefore, by that unsustaincd force, 
pressed towards the leather; again, by the pressure of the 
atmosphere on the external surface of the leather it is pressed 
against the stone. Thus then, the leather and stone are attached 
to one another. 

It is precisely upon the principle explained above, that flies 
are enabled to fix themselves upon a perpendicular pane of 
glass or upon the ceiling of a room. They have a contrivance 
in their feet by which they are enabled to raise the central por- 
tions of these, as the centre of the sucker is raised by the string; 
a vacuum being thus formed underneath the foot, it becomes 
fixed upon the surface on which it is planted. 

312. It has been proved that any substance immersed in a 
heavy fluid, besides those horizontal pressures, which acting 
equally in opposite directions produce no tendency to horizontal 
motion, sustains further certain vertical pressures whose effects 
are not thus neutralized, and which produce in it a tendency to 
upward motion, equal to the weight of fluid it displaces. 

Our bodies then being immersed in the air, sustain, each, an 
upward pressure equal to the weight of air which they displace 
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Wliy, tlien, it may be said, are we not coiiBcious of thai upward 
pressure f The answer is obvious; it ia because tlie weight of 
the body exceeds tbe weight of tbe air it displaces. Tiic dotvn- 
mad pressure, therefore, exceeds tbe upward pressure ; and ne 
are, therefore, only cooscious of weight. 

This, however, is not only true of the aggregate of the np- 
n'ard pressures upon different parts of tbe body, but of each in 
pnrticulur. If, for inataDce, we imagine the body to he dirided ' 
into any number of slender vertioU columns, then the ryjword 
pressuru upon tbitt portion of its surface which forms tbe base 
of any otic of these will equal tbe weight of a column of aii 
precisely of tlie same dimensions with that column; and the 
downward pressure of the column will equal its weight, and, 
therefore, will escced the upward presa-jre ; we shall thus he 
unconscious of any upward pressure upon the surface spoken 
of; and the same is true of every other portion of the surface 
of (he body. 

Also, it has been shown, that when a body is tolaUij im- 
mersed, the resultant of tbe preseores of the fluid upon it neces- 
sarily passes through its centre of gravity, and acts in a Tertioal 
direction; and the resultant of the weights of the parts acting 
also there, exceeds this upward resultant; ive arc, therefore, 
unconscious of tbe esistcnce of the latter pressure. This we 
certainly should not be, if its direction were not thus always 
through the centre of gravity of our body ; there would be cer- 
tain, and only certain positions of equilibrium, as in tbe case of 
floating bodies; and our bodies could assume no positions, other 
than these, without a certain expense of muscular energy. When 
we inclined the body, for instance, tbe upward pressure of the 
air would tend to bring it back into its previous position, or to 
cause it to recede still further from that position, and would 
thus he a perpetual source of annoyance to us. 

313. If we could by any means lighten the substance of 
our bodies so as to render them lighter than tbe air they dis- 
pUce, we should immediately ascend and float in the air. "We 
have seen that fishes have the power to expand certain portions 
of their bodies so as to cause the quantity of water tliey dis- 
place, to exceed the weights of tlie quantities of fluid they dis- 
place, or be less than tliem, according as they wish to rise to 
the surface of the water, or to sink to any required depth be- 
neath. Some of them would seem to have the poiver of carrying 
this expansion still further, so as to pass from the water into 
the air, and displace of the latter, a quantity weighing nearly 
the same with themselves; these are called Flying- fish. And 
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■e are certain bii'ds which would » 
to be able so to contract tlieir dimensiona, aa fo sink in water M 
any deptli they may wish. We may easily construct bodi 
lighter than the air they displace ; its upward pressure upsftj 
■ocli bodies will thea exceed their weight, and they will ascendT 
is it. 

It is tbua that balloons are made. Certain fluids may b*' 
jirodmced artificially which are greatly lighter than the air thej^i 
displace. These Suids are of the kind called gases 
flttids. If a light vessel, capable of containing one of theW 
£uids — as, for instance, a bng of gitizcd paper, or of thin silk- 
be filled with that fluid, and tlieu left to itself, i '" ' 
diately begin to ascend, provided the weight of the vessel be no( 
mail, as together with that of the conliiined fluid to equal 
exceed Ibe weight of the air displaced. 

Fluids lighter than the air may be obtained fro 
of difFereiit substances, and in a vnriety of different 
gas commonly burnt in our streets is a fluid of this kind; aitA 
large silken bugs filled with this gcis displace a quantity of air 
whose weight is greater than tlieir own weight; and are for 
thai reason made to aseend by the upward pressure of the air. 
They will carry with them a weight nearly equal to the differ- 
eiice between their own weight and that of the air which they 
tkue displace. 

Not only, however, can we make artificially other liquids 
lighter than the air, but we can make any one portion of the air 
lighter than the rest. This we may do by healing it. All 
bodi«S expand or increase their dimensions by the application of 
keat, and of all bodies the air is probably that which expands 
most readily, or is most sensitive to the variations of heat. If, 
therefore, we take any portion of the air around us, which is 
precisely of the same nature as the rest, and therefore, displaces 
a portion of it exactly equal in weight to itsulf ; and expand 
ihat air, by the application of heat, tlicn will it displace a por- 
tion of the surrounding air, greater than itself in bulk, and the 
result will be, that on the principles we have explained, it will 
te made to ascend. This expansion of certain portions of the 
air and their consequent ascent through the surrounding air is a 
process which we observe to be continually going on around us. 
The smoke which ascends tlirough our chimneys, is air rarefied 
iy the heat of tiie tire, and carrying vrith it small portions of 
UJtconsumed coal. The operation tnkcs place, however, on a 
mucli more niagnificeiit scale under the influence of thi 
"Within the tropics, where its power is greatest, v\\e mtSs 
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nnallf unilergomg rarefaction, and is thus rendered lighter 
that on either side of ihem ; it is, therefore, weighed up, 
mode conlinually to ascend by the pressure of that air, whii 
contintinlly occupies tlie space which it leaves. Aa the hei 
iiir ascends, it loses its heat, and therefore contracts its dimen^ 
sions, and moving off towards the poles erentuallj descends to 
the earth's surface, to return again to the equator in its turn. 
Thus, there is a continual circulation of air kept up between the 
polar and equatorial regions of the earth ; combining with the 
rotation of the earth to constitute that prevailing direction of the 
wind towards the tropics, so well known to sailors under the 
name of the Trade Wind. 

Similar effects to these, produced on the surface of the earth 
by local variations of temperature, conslilute winds. Thus a 
sudden fall of rain or snow, at any particular spot, may there SO 
increase the weight of the air, as to make it weigh up all the 
surrounding air : liigh winds will be the result, having on the 
earth's surface a direct ion yrom the spot where condensation has 
thus taken place. 

314. \Ve have fihown it to he possible that the air which 
surrounds us may he a heavy fluid exercising great pressure 
upon the surfaces of our bodies, attended by all the phenomena 
observable in other cases of fluid pressure, and yet we ourselves 
be altogether unconscious of that pressure. We may he living 
i.in a fluid at the bottom of an ocean, as we see fish to be living 
iu the sea, receiving large quantities of it at every instant into 
our bodies, and eshaliiig it, as we observe n current of water to 
pass through the gills of fishes, and yet perceive hut few of its 
properties, scarcely even be made aware of its eTistence, And 
accordingly, philosophers reasoned and speculated for two thou 
sand jeara on the subject of the atmosphere before they dis- 
covered that it was material, a fluid, and bad weight. This is 
easily explained, there are no direct observations which lead us 
to the conclusion that air has weight. There is, indeed, little 
ot nothing in the phenomena which establish that conclusion, to 
guide us to the connexion between those phenomena and the 
question of atraosplierio pressure. A link is wanting. The 
theory of hydrostatic pressure establishes that link. Thus, a 
man ignorant of the principles of hydrostatics can perceive no 
relation between the ascent of water in a tube hy auction and 
the weight of the external air. But let bim acquire a knowledge 
of the principle that a heavy fluid cannot rest until the pressure 
ttpon every point in the same horizontal plane is the same, and. 
this connexion will at once establish itself in his miud. 
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Tlius it W3B ttiut pliilnsopbcrG endeavoured in vain, for some 
20O0 years, lo account for the nscent of fluids Ly suction, until, 
hopeless of a solution, they iiroimiinced it to be an anmnalif — 
a freak of Niiture — an unaccountable antipathy, which she had 
talieu to an empty space. Tliey iiseerted, for instance, that 
wben the air was removed A-om a tube, one end of which was 
immersed in water. Nature, ahhorreiit of a Tacuuni, thrust the 
vater immediately into it, to fill up the Tacant space ; and that 
she did this, notwithstanding the opposite tendency of the water 
lo descend by reason of its weight. 

It having, however, happened to some engineers at Florence 
to discover that water could not be raised in a pump, suck out 
tie air as much as you would, above the height of thirty-two 
feet, this principle of the utier abhorrence of Nature for a va- 
cuum was found to require some qualification \ and its limits 
were accordingly fixed by Galileo, at a height of thirty-two feet. 
315. One TorricelH, a pupil of Galileo, doubting the ex- 
planation of his master, reasoned upon the question somewhat 
in this way. Since by the absolute removal of the air above it, 
a column of water can be supported at the height of thirty-two 
feet, and no higher, it would seem thiit the force whatever it 
may be whith supports it, should be precisely equal to the 
weight of such a column ; and that, therefore, that force would 
not probably have supported so higli a column, had the liquid 
been some other, heavier than wafer, so that the abhorrence of 
Nature would not in the case of a heavier liquid estend so 
high as thirty-two feet. He tried mercury ; and he found that, 
however perfect the vacuum made above its surface, it would 
not stand at above twenty-eight or thirty inches. This column 
of mercury, he then ascertained to be precisely of the same 
weight, with a column of thirty-two feet of water, of the same 
diameter. 

Hence, therefore, it became apparent to him, that the cause, 
whatever it was, was subject to this law, that it should always 
develope a force equal to the weight of the liquid supported, 
whatever that liquid might be. This abhorrence of Nature for 
a Tacuum was therefore no freak, but like every other deve- 
lopement of her energies in unorganized matter, the subject of 
a fixed and invariable law. Reasoning further upon hia 
experiment, and applying to it certain principles of hydro- 
statics, which had by that time became known, he at length 
perceived its connexion with the external pressure and weight 
of the atmosphere, arrived at its true explanation, and constructed 
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by wbicU wa are enabled to tneamre at any time the end 
pressure of the otmospbere upon a given surface at the pla« 
where we make our obaervalions ; and wliicli, whether irt 
connder it in reference to Ihe importance and accuracy of it 
indication.'!, or the remarkiible simplicity of its construction, 
deserves to be ranked among the most valuable of our instni- 
inentB. 

316. The Biiromettr is thus congtrueted : a glass tube bh, 
someivhat more ihan thirty inches in length, of which one end 
ia closed, is filled with mercury ; and the finger being then 
applied to the open end, so as to prerent the escape of any 
portion of the mercury, the tube is inverted in a cup of mer- 
coiy c D, the open end being plunged beneath its surface ; the 
finger ia then withdrawn, and a free communication left between 
the mercury in the tube and that in the cup. The former is 
immediately perceived to descend, until it finally takes up a 
position of equilibrium ; somewhere between twenty-eight and 
thirty inches above the level of the mercury in tJie cup, 

Now let us consider the circumstances under which tbia 

equilibrium takes place. It has been shown (Art. 251), to be a 

^ necessary condition of the equilibrium of a 

continuous fluid, that the pressure upon every 

equal area in the same horisonlal plane, any 

^^^^ where taken in it, shall he the same. Thns 

^^^1 then, tailing that horizontal plane ef which. 

^^^B passes through the lower extremity B of the 

^^^B tube, it follows that the pressure upon every 

^^^^ equal portion of that plane is the same. 

^^^^p Hence, therefore, the pressure upon that area. 

^^^^^^ ^^ or portion of Ihe plane which lies immediately 

I ^H^^B under the bore of tlie tube, is the same with 

I ~ >^H^Bv *^^ pressure upon an equal area elsewhere. 

I '^^^HF ^^ pressures upon these areas are respec- 

I ^^^^^ lively equal to the weights of columns of the 

fluids in which they are contained, continued vertically upwards 

from those areas, respectively, to the free surfaces of these 

fluids. (Art, 262.) Now the space o n being a vacuum, the 

free surface of the fluid in the tube is at g. But wHho«t the 

tube, in order to arrive at the free surface- of the fluid, we must 

continue our column, through the mercury, to the extreme 

limits of the atmosphere. 
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Hence, therefore, it follows, lliat the column do, wjiliin th 

L tabe, is equul in weight to any otiier column without it, havinj 

I sn equal base in the same horizontal plane fe, and reaching 

I fcoogh the mercury, to the fop of the atmospliere. This las 

I <ralumn is composed partly of the column of atmosphere apokei 

of, and partly of a column of mercury of the same dimension 

-, — ^H wth AB, and Laving, therefore, the same weight with it 

'*^l Taking, therefore, from each of the ahove-mentioned equals, th' 

■ weight of the column, a b it follows, that the weight of the columi 

^■'iB AO iti the tube, above the surface of the mercury in the cup, i 

equal to the weight of a column of the atmosphere of equal haw 

I continued to the very surface of the iitmospherc. Tlius then, t^ 

I neana of tliis simple little instrument, the Barometer, no 

I more than thirty-one inches in length, we measure the pre 

I aise weight of a column of the atmosphere reaciiing to it 

very surface, a distance certainly not less than fifty or aixt; 

milee. 

It was tlius that Torricclll explained the suspension of th 
mercury in his tube; and he confirmed the conclusion wbic; 
lie had arrived at, by causing his barometer to he carried to 
great elevation above the earth's surface, the fop of the Puy d 
Dome, near Auvevgnc; it was found that the mercury sun! 
there considerably beneath the level at which it had stood i] 
the plain below. TJiis was a necessary consequence of th 
theory: for by carrying the inslrument to the top of the moun 
tain, the height of the superincumbent column had been con 
siderahly diminished; and since the suspended column of mel 
cnry could not rest until it had the same weight with such i 
column of atmosphere, it niuiit necessarily descend, as the colunu 
of atmosphere was thus diminished". 

Thus, at the top of Mount St. Bernard, the barometer stand 
at only fourteen inches, wiiilst at the level of the sea its usua 
height is twenty-eight inches. 

• If every equal portion of tlie atmoBi)Iieric tolunin wBre of tlie Bam 
weight, by whatever fraction, in his ascent, the observer ditniiiisiied ti 
hdgbt of that portion of this column which was ahove liiin ; by the earn 
fraetioQ only would he find the whole height of the column of mercury i 
hia bsrometer tu be diminished! and thus, supposing the height of tli 
(tmoaphere to be fifty miles, a barometer carried to the height of five mill 
(which is probably greater than ony height to wliicli it could be carried 
would sink only by one-tenth of ita whole height, or about three inches. 

The atmospheric column is not, however, throughout of the un 
wmght; ita lower portions are greatly heavier than the higher; and thi 
it happens that ascending through only a small fraction of its whole hej^ 
as for instance at the top of Mount St. Bernard, we nevertheless get throqg 
be heaviest portion of it ; so as to diminish the weight of the auga^iBKaJB 
oit coJuiDn, and eonsequenllj the iieight of the \iiitoioeb;t , moxe 'fiKsa t" 
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317. The Iiaroroetet hm since been applied on this p 
ciple lo the det^nniiiution of the heights of mountains, 
methods which it docs not coniiist n'ith the elementary c 
rncler of this work to expliiin, the precise elevatio 
the earth's surfBcc, eorreapondiiig to ench height of the colnn 
of m<?rcur3' in llic tuhc, may be calculated. Thus, then, c; 
ing n barometer with us to the top of a mountain, and obaei; 
ing the height nt whicli tlie mercury stands in it, w 
know, the requisite calculations having been made, e 
what is the height of the mountain. Formulfe are givei 
tables have been constructed, which very greatly facilitate i 
calculation. 

The determination of heights by the barometer is certai 
the most simple and easy method known, and it is probably] 
most accurate. In order, however, to obtain this act 
numerous precautions must be taken. In the first plat 
precise height of the column above the surface of the mere 
the cup must be ascertained. This is no easy matter. It is 
that a scale of inches and parts, fixed as it usually is, by i 
side of the tube, and numbered from the surface of tl 
the cup vprvariU, will not serve us to effect this taeaaurem 
with accuracy. For the surface of the mercury ii 
necessarily varies its position continually, as more or less of it is 
contiined in the tube; if, therefore, at one height of the column, 
the zero, or first division of the scale, coincided with the surface 
of the mercury in the cup, it could not possibly do so at any 
other. 

Various methods have been contrived to remedy this incon- 
venience. Among the best, probably, is the following. The 
cup of mercury is constructed accurately in the form of a 
cylinder, as shown in the figure. Its bottom, which is turned 
accurately to fit the internal surface of this cylinder, admits of 
having a slow motion communicated to it by means of a screw, 
so as to raise or depress the whole mass of mercury above it in 
the cup. There is an ivory index with a fine point turned 
downwards, which is fixed precisely on tiie level of the first 
divisitm of the scale. When the instrument is to be used, the 
screw* spoken of is to be turned until the surface of the mer- 

* The contrivance of a moveable bottom to the cup seems to be in B 
greit mEaeure unnecessary 1 any thing bj which a portion of the fluid 
might he displaced, would ecrye equally well to elevate its aurfafe. We 
might, for instance, airaply insert a screw into the side of the cup near its 
bottom ; as this screw was moved further into the cup, or out of it, the 
surface of tbe mercury would be raised or depressed. 
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I Diiy in the cu]> is brought just to touch tlie ivory point. Tliis 
kingiiccompliiihed, the height sliown by the srnle is ai'cuiately 
that of the top of the column above tlic surfuce of the mercury in 

318. Not only does ft yariation take place in the heiglit of 
the mercury in the barometer ivlien it is moved to different ele- 
ralions above the eortli's surface, bnt also when it is kept in the 
nme position, there are scarcely any two periods of lime when 
ita height is accurately the same; and this is not only the case 
when the air is in motion, but also at periods when it is nppa- 
lenlly at rest. The heights of the barometer are perceived under 
these circumstances to be diifereut at different times of the day, 
nd at different periods of the year. From the careful comparison 
of a great number of observations made in ihe Royal Observa- 
tory at Paris, the following general conclusions have been drawn 
by M. Bouvard. 

Dividing the day into two periods, the first extending from 
une in the morning to three in the afternoon, and the second 
from three in the afternoon to nine at night; it will be found that 
during both these periods the faarometerja/ff ; but that the quan- 
tity by which it tails during the^r*( period is much greater 
tban that by which it falls during the second. In respect to the 
frtt period, a considerable leguhirity is apparent in the Tnria- 
tiona of the barometer, as well from year to yeiir, as from one 
month to another. From an average of eleven years, it 
appears that the mean annual descent of the barometer between 
nine in the morning and three in the afternoon, is '02976 
inches. 

By a comparison of the variations of the Jinl period from 
month to month, the following remarkable fact was established: 
that during the three months of November, December, and 
January, these variations were greatly less than during the other 
months of the year; and that they were greatest during the 
months of February, March, and April. The variations during 
the remaining sis months of the year were intermediate between 
fliese, but apparently subject to no law. In respect to the varia- 
tions of the second period, no law could be traced; they were 
neuaily less than one -half those of the preceding period. 

By a comparison of the diurnal variation of the barometer at 
different places on the earth's surface it appears, that it is at all 
places between the tropics nearly the same, and that it is there the, 
greatest ; that it rapidly diminishes as the latitude increases, and, 
18 not perceptible in latitude 74° north. 

It has been obserred, that the diurnal variations of the ban) 
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melcr are subject to tlie influeiicu of the tvind ; tbat they t 
scarcflf perceptible duriog the prevulence of vrinds from the 
south, and attain thuir raasiiuum tvhen the wind is from the 
north, 

319. The weight of the suspended mercarial column alvraya 
eqnalling that of a column of the atmosphere, it follows that a 
variation of the former can only take place when there is a cor- 
responding variation in the latter. These Tariations in the weight 
of the superincumbent column of atmosphere at any place are 
supposed to indicate changes in the weather; an opinion wliieh 
has, it is said, of late received a remarkable confirmation irom the 
discoTery made by Professor Dove, of Berlin, of a direct relation 
between the height of the barometer and the hygrometrical 
state of the atmosphere. The difference between the greatest 
and the least heights of the barometer does not exceed three 
inches. 

It is customary to observe it, as indicating changes in the 
weather with considerable accuracy. In order to preserve the 
tube from injury the whole of it, excepting the three inches within 
which the variation takes place, is inclosed in a tube of brass, to 
■which is fixed a scale whose divisions extend only along the 
three inches of which wc have spoken. Annexed to ceitain of 
these divisions may be seen the words Fair, Raiii, &c., specify- 
ing the description of weather which is supposed to be indicated 
by the corresponding heights of (he mercury. 

The only indications of the barometer which can he relied 
upon as connected with tlie state of the weather, are its changes. 
The following rules are said to he founded in observation, 

1. A rising of the barometer indicates the approach of fine 
weather; afalling, shows the approach of foul weather, 

2. In sultry weather, the fail of the barometer indicates 
thunder. In winter, the rise of the mercury shows frost. In 
frost, its fall indicates thaw; and its rise indicates snow. 

3. Whatever change in tho weather suddenly follows a change 
in the barometer may be expected to last but a short time. Thus, 
if fair weather follow immediiituly tho rise of the mercury, there 
will be very little of it; and, in the same way, if foul weather 
follow a sudden fell of the baiometer, it will last but a short 
time. 

4. If fair weather continue for several days, during which the 
mercury continually falls, a loiig succession of foul weather will 
probably ensue: and again, if foul weather continue for several 
days, while the mercury continually rises, a long succession of 
fine weather will probably succeed. 
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5. A fluctuating and unsettled state in tbe mercurial column 
indicates changeable weather. 

6w There is another rule which is founded upon the princi- 
ples of Hydrodynamics, and which may, therefore, be taken as 
nearly, if not absolutely true; it is this: That a low state of the 
biffometer indicates the prevalence of high winds, somewhere not 
▼eiy remote from the place of observation. 

320. A. column of mercury having a base of one square 
inch, and a height of thirty inches, weighs about fifteen pounds. 
Now, supposing the barometer to stand at thirty inches, the pres- 
sure of the atmosphere will just be sufficient to support such a 
column, and will, therefore, just equal its weight. Under such 
drcumstances, then, the atmospheric pressure is just fifteen 
pounds on each square inch of surface. Thus taking the sur- 
hce of a man's body to contain somewhere about 2000 square 
inches, it follows that the whole pressure of the surrounding air 
upon it is of the enormous amount of 30,000 pounds. 

321. 'In the use of the barometer, considerable difficulty 
arises from the extreme smallness of the variations in the height 
df the mercury corresponding to each change in the atmospheric 
pressures. The whole space through which this variation takes 
place, corresponding to the extreme cases of the density and 
rarefaction of the air at the earth's surface has been stated to be 
three inches. It is, therefore, manifest that the intermediate 
states, of which there is an infinite variety, sensibly dififerent 
from one another, can be indicated only by minute fractions of 
an inch in the variation of the height of the column. To ob- 
viate this difficulty, various forms of the barometer have been 
contrired. 

322. Of these, one of the simplest and most ingenious is 
called the 

Diagonal Barometer. 

It is simply a barometer of which the tube is bent, as 
represented in the accompanying figure, somewhat below the 
lowest point to which the mercury can sink. This tube 
being filled, like the common barometer, with mercury, whose 
surface rests at some point Q in the bent portion of the tube 
ABC, every yariation in the density of the atmosphere will be 
fiound to be indicated by a much more considerable motion 
of the mercury along the tube than though the tube wer 
straight. 

'hm is vejj easily explained. The ]^eB&uie u^on the bai 
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c. of tlie column, is not equal to the weight of the whole 
II <t DC, but to nhat would be the weight of the cclu 



uc if it ' 




)nCinued in the same vertical dii 
level PQ of the surface Q> Thus it is 
to the weight of the column of mercury wi 
would fill tlie tube PC. If, therefore, 
_ column of iitmosphere alter its weight hy I 

»i^ quantity, say by a quantity equal in weight to 
a column of mercury reaching from p to p', 
BO that its weight now becomes equal to that 
of the column c p', then is the surface of iht 
mercury in A B on llie same level with f', at 
at a'; it has, therefore, moved through the 
sjiace Qft', which is greater than P !•', and may 
be made as much greater than it, as we choose, 
hy increasing the inclination of A B. Thus the 
motion of the surface of the mercury along the tube a b for an; 
f^iven variation in the weight of the atmosphere, is much, greater 
ihan it would have been in the straight barometer. I 

323. Another contrivance for effecting the same object is the 

IVheel Babosip-ter. 
A B F represents a barometer- tube bent at b, bo that both the 
branches ab and fb are vertical. This tube is filled wth 
mercury, and inverted in the position shown in 
the figure. It is manifest that the mercury will 
rest when tlie pressure of the atmosphere upon the 
surface E is equal to the weight of the column of 
mercury p k, which stands in the other branch of 
the tuhe above the level of e. Now any descent 
of the surface e will produce an equal ascent of sur- 
ftice F; and the surface e being depressed, and p 
elevated by the same quantity, the distance of these 
two surfaces, or the difference of their levels, will 
be increased by double that quantity. Hence, 
therefore, the variation of the column r k js double 
that of the position of the surface E. But F K is 
the height of the barometer, that column being 
equal in weight to the corresponding column of at- 
mosphere. The variation in the position of b is, 
therefore, half the variation iu the height of Gxc 
barometer. 

To measure the variation in the position of e, 
following method is adopted, A siaaVV »oa\ic!&.^a \aa,de to 
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on ibe snrTace of the mercury. To litis ball is ottnched 
string wliich pnsses over the circura fere nee of n wheel oc 
piUey at q, and currk-s at lU other extreniitj a ^veigbt n, which 
less than the iveight of the iron ball. The 11 heel q carries ati 
iaiex b pointing to the equal diviaions of a larger cirle l. 

It is eleai that, by the descent of the surface e, the iron ball 
kcoming immersed to a lea» depth in the fluid, will be less 
mpported by ii (Art. 282) than before, and since when so sup- 
forted it was just balanced by the weight n, the equilibrium 
itill now be destroyed, the iron bail will descend, nnd the string 
tany with it the circumference of the circle and the index. By 
llu distance rooTed over by this index the actual descent of the 
nrface of the mercury may easily be ascertained. 

Suppose, for instance, the circumference of the wheel a to 
be one inch and a half; a descent of the surface e, through one 
inch and a liiUf, causing the string to move llirough that dis- 
tance, will produce a complele revolution of the circle nnd its 
index. If, therefore, we divide the circu inference of the outei' 
circle into 300 equal parts, a motion of the index over any one 
of these parts will indicate a motion of the surface k through 
Ihe 300th part of an inch and a half, or through the 200th 
part of an inch. But this motion of the surface e corre- 
sponds to double that variation of the barometer — that is, it 
corresponds to a barometric variation of the 100th part of an 
inch. So light a variation as this may he tlierefore readily per- 
ceived by means of a wheel harometer. There are, however, 
numerous causes of error introduced hy the mechanical part of 
the arrangement; nnd the instrument has no pretensions to the 
acGiiracy of the simple barometer. 

The actual height of the column kf is somewhat influenced 
bj the weight of the iron ball nt e. The varialions in its 
iieight, for observing which this instrument is principally used, 
are, Iiowever, unaffected by it. 

The wheel barometer is the instrument commonly known 
under the name of the weather-glas?. Particular positions of 
the index are supposed to be conuected with particular states of 
the weather, and the names of these are annexed to the cor- 
responding divisions of the circle. These indications of the 
weather, rank in authority with the predictions of the alma- 
nacks. It is not in any kno^vn positions of the index, but in 
the changes of its positions, that it really sympathizes with the 
state of the weather. 

weight enceede it 





TnB SipHox. 

S4. TitG SipLon is another inatramenc of cxCE'eiin^ 

city ; its application is not, however, like that of the I 
meter, to the purpoBca of science, but to the commonest use* ' 
and occasions of life. By means of this instrument a fluid may 
be made to ascend, apparently of its own 
accord, out of the vessel which contains it, 
to pass over the edge of that vessel, antl 
then to descend and empty itself into 
another adjacent vessel ; all that is re- 
quired ia that the level of the fluid in the 
second vesacl shall be beneath that in the 




The bent tube apb represented in 
the accompanying figure constitutes a si- 
phon. It is, in the first place, filled with 
fluid, the open ends being stopped; one of 
them A is then plunged in the fluid of the 
vessel c h which is to be emptied, and the 
other passes into that I K which is to be 
filled. The two extremities of the tube 
beiDg then opened, the fluid is immediately found to flow from 
one into the other. 

The reason of this will easily be nndei-atood. The pressare 
of the fluid within the branch of the tulie F A upon its lowest 
section A, tending to cause it to flow oiil of the tube, is equal 
to the weight of a column a p re.iching from a to tlie level of 
the highest portion of the tube; also the pressure of the eiter- 
nal fluid at a tending to cause it to floiv inla the tube, is equal 
to the weight of a column of the height a c, together with that 
of a superincumbent column of air; hence, therefore, on the 
whole, the fluid is pressed at a, inwards, hy the weight of a 
superincumbent column of atmosphere, diminished by the weight 
of the column of fluid C p. Similarly it may be shown that at B 
the fluid is pressed into the tube, hy the weight of a superin- 
cumbeut column of the atmosphere diminished hy the weight of 
the column of fluid n q. So long, then, as the column d q is 
greater than the column c p, the fluid is pressed into the extre- 
mity A of the tube with greater force than it is pressed into the 
extremity b. It is, tlierefore, made, by these unequal pressures, 
to move through the tube in the direction apb, until the surface 
c cornea on the same level with d. 

The pressures at a and b, tending, both of thera, ta foYce t\v« 
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fluid into the tube, keep its parts together, causing them to form 
one continuous column. That continuity ^^ill, howerer, be 
broken, when the column cp is more than thirty inches in 
height, if the fluid be mercury, and wlicn it is more than thirty- 
four feet in height, if the fluid be water. For if c p exceed 
those limits, under the circumstances supposed, its weight will 
exceed that of a superincumbent column of air; and, therefore, 
by what has been said above, it appears tliat the aggregate pres- 
lore upon the section at a, will not be into but out of the siphon. 
Much more, then, will its tendency at b be out of the siphon, 
nnce q b is greater than p a. Since, then, the fluid tends to 
flow out of the siphon at both ends, tlic column will separate, 
and the siphon will cease to act. Thus a siphon cannot be made 
to raise water more than thirty -four feet^ or mercury more than 
thirty inches; or to raise it at all in a vacuum. 

After filling the siphon, we have supposed both of its extre- 
mities to be stopped before they are plunged beneath the surfaces 
of the fluid in the two vessels. It is manifestly only necessary 
to stop one of them ; the atmospheric pressure being sujQBcien^ 
under those circumstances, to support the column in the other 
branch, even when it is inverted. 

In the siphons commonly used in drawing off spirits, there 
is a cock supplied for thus stopping one extremity of the siphon ; 
and it may thus be kept continually full. 

325. The Wurtemburg Siphon is another, and still more 
simple contrivance, for thus keeping the tube full and ready for 
use. It is composed of two branches which are precisely alike, 
and which are turned up at their extremities; the pressures upon 
the surfaces of the fluid in the small portions of the tube, thus 
turned up at the extremities of its two branches, are, when 
the branches are held in a vertical position, precisely the 
same. The fluid, therefore, remains at rest in the tube. 
When, however, one of the extremities is immersed in a fluid, 
the surface of which is above the level of the fluid in the 
other branch of the tube, the inequality spoken of before is 
immediately reproduced, and the fluid flows through the siphon. 
The theory of this is precisely the same with that of the simple 
fl>rm of the siphon. 
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On the Elasticity op Arn. 
326. Thobe properties of fluids nhich vte hare hitherto 
discussed, result eicluaivelj from their fluiditj, and are, there- 
fore, common to all of them. Fluids are, however, of two 
binds; these are, inrlastic fluids or li'juids, and elastic fluids or 
gnscB. To the latter class belongs the atniasphcre, and although 
it partakes, as we Lave staled before, in all those properties 
which have been shown to belong to other fluids, and all the 
lesulting phenomena are common to it and them, j-et there is 
another class of phenomena resulting from its fluidity which are 
peculiar to it, and of ei^ual, if not superior importance, to the 
former. 

AH those atmospheric phenomena which we haye hitherto 
discussed would, in point of fact, occur precisely as they do, if 
the air which surrounds us had been a liquid like water, instead 
of a highly elastic and expansive fluid, as we know it to be. It 
is our present object to treat of those further properties which 
result from its elasticity. 

327. We may thus, by a Tory conclusive 
^^^ B-^ esperiment, conviuce ourselves of the elas- 

^^^L ll ticity of the air. The accompanying figure 

^^^1 B represents a bent glass tube a b c, at one 

^^V f> fi extremity c of which is fixed a stop-cock. 
^^^ H The stop-cock being opened, and a small 

quantity of mercury E B e' poured into the 
tube, it will be found to stand at the some 
level E e' in both of the branches; the at- 
mospheric pressure at b and e' being the 
same; and those portions of a fluid of which 
equal surfaces sustain equal pressures, being 
necessarily in the some horizontal plane (Art. 
251.) 

Now let the stop-cock c be closed. It will be found that 
by the stopping of the cock, although the pressure of the 
tuptrincumbeiU column of atmosphere, on that contained in 
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tk portion of the tube ec, is taken off, yet ivill ihe reaist- 
asK of this nir to the upward tendency of the surface E 
(arising out of the ntmospheric pressure upon l',] remain un- 
allered; fur k will not move. Now this would occur, exaclly 
the same way, if tlic fluid conlained in e c were a liquid 
water, or even a solid ; but let us pour more mercury 
the branch a b of tlie tube, and we shall at once pei- 
a difference between the two cases. Suppose that when 
additional mercury has been poured into the tube a b, its 
siulace is at d ; the pressure upon e will now be increased 
kj the weight of the column d e'. Now if e c had coulnined 
a liquid, this additional pressuie, howcTCr great it might hare 
been, would have produced no motion of the surface b : the 
liquid supplying, always, an increased resistance, precisely equal 
to the increased pressure. ButCE containing air, it will be 
Jbnnd incapable of supplying this increased resistance in its 
present state ; it will immediately yield to the increased pres- 
mre, the surface e will ascend, and the fluid in E c will not 
he found to have acquired a power of resistance adequate to 
this new demand upon it, until the space it occupies has been 
consideriibly diminished. Now there is a remarkable relation 
between this increased power of resistance and the diminution 
of volume under which it is attained. It is this; the pro- 
portion in which the volume of the fluid is diminished is pre- 
cisely that in which its power of resistance is increased. Thus, 
if the volume be diminished one-half, the resisting power is 
doubled; if the fluid be contracted into one-third its bulk, its 
power of resistance is tripled; and so on. 

Thus, as in the experiment above described, more mercury 
u poured into the tube a n, thereby increasing the pressure 
upon the surface e, it will be found that that surface will 
continually ascend, compressing the air above it ; and when 
this compression has thus been continued until the space e c 
is diminished one-half, or to f c, it will be found that the mer- 
cury rests at such a height in the other arm a B as to doiiUe the 
pressure upon the surface e. Also the surface e resis at p. 
The fluid in F € supplies, therefore, a resistance double of its 
former resistance; or iis power of resistance is doubled. Now 
the pressure upon e we know to be doubled when the height of 
the column d p" between the levels of the two surfaces, equals 
the height nt which the barometer stands at the time of the 
experiment. For before the addilional mercury was poured into 
the tube, the pressure upon E was that of the atmosphere, and, 
therefore, equalled the weight of the barometric column; ani' 
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now it is increased by the weiglit of o p'; if, there 
weight of Dp'etjual that of tlie barometric column, it isdotibtia 

Kmiinrty, by making the coltimn f' d tbrce times tbe b 
metric column, we may triple the pressure upon e, tbe spaces 
will then be found to be diminished to one-third of its fon 
dimensions, and so on. 

Hence, iherefore, it follows, on tbe whole, that the rolul 
of any given portion of air is diminished as tbe pressure nil 
it is increased ; and that this relation of the pressure s 
Toliune is governed by the remarkable law that tbe increase! 
the pressure is exactly proportional to the diminutiun. of ^ 
volume. 

328. Now the converse of all this is also true; that i 
say, the volume of any given portion of air is increased, a« % 
pressure upon it is diminished; and the dimii: 
is precisely equal to tbe increase of volume. To prove this, 
Hie stop-cock i)e opened, and a portion of the mercury u 
the last experiment having been poured out of the tube, let 
inverted, the cock having been first closed. The pressure u 
E will now no longer be incrensed, but diminished by the we _ 
of the column e'd; and tbe pressure upon e being thus dint 
nished, that surface will be found to move in an opposite dtre(J= 
tion to its former motion along the tube, the air in EC now 
expanding itself so as to occupy a greater space in the tube; 
also, if the quantity of mercury in the tube be so 
adjusted as to cause the air in EC, thus to double 
the space which it occupied before, it will be found 
that the length of the column is now such ns to 
cause the pressure upon E to be just half what it 
was before. That is, the surfiice e will have moved 
to a point F, such that the length of the column 
p'd will be just half the height of the barometric 
column. Similarly, if the quantity of mercury 
contained in the tube be such as to cause the 
space c p to be tripled, the distance f' d between, 
the levels of its two surfaces, will be found to be 
two-thirds of the barometric column, showing the 
pressure upon f to have been diminished to one- 
third, and so on. Hence, therefore, it follows that 
as we diminish the pressure upon any mass of air, 
it expands its bulk, and that tbe diminution of pressure ia 
exactly proportional to the incrense of hulk. 

That force by which air thus expands itself, and resists pres- 
sure applied to it under tb«se conditions, is called its ELAfiTicrrr. 
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kllj, then, tlie elasficily of tiny portion of air ia increased 
uits volume is diminished; and the contrary. 

399. The density of air is the (luantity of it contained in a 
grren space. Now, as the volume of any given quantity of air is 
iimmiahed, the quenlilr/ of it contained in a given sp3c«, say one 
rahicol inch, is increased. And this diminution and increase 
Ke in exact proportion. Hence, therefore, it follows that the 
ehsticity of air increases exactly in the same proportion as its 
deaaity incretises, and vice versA. 

These properties of the ntr by which it m.iy he compressed 
isto a smaller space or expanded over a greater, enter largely 
inta the explanation of that infinite variety of atmospherical 
pKenomena which are daily occurring around us; tlicy hare, 
farther, suggested the construction of some of the most valaable 
Bsd useful instruments which science has supplied t>} the arts. 
We shall proceed to describe some of tliese. 

Tub Condenser, 

330. Is an instmment for forcing into a certain space a 
greater bulk of air than would, under the ordinary pressure of 
the atmosphere, be contained in that space. A section of an 
instrument of this kind ia represented in the 
accompanying figure, EP is a hollow cylinder, A 
IB a solid circular mass of metal »hich accurately 
fits the interior surface of the cylinder, and may 
be laoTed freely along it. 

The hottom of the cylinder communicates 
with the vessel D, called the recei ver, into which 
the air is required to he compressed. Over the 
small apertureoby which this tube communicates 
with the receiver, ia fised, loosely, a piece of 
oiled silk extending a considerable distance be- 
yond the edges of that aperture. This piece of 
silk is called a silk valve, aud its operation i 
explained. The piston A is pierced by a small channel whose 
under surface ia also covered by a silk ralve, similar to that 
at c. 

Now suppose the piston a to be driven down; the air under- 
neath it will then be compressed, the force necessary to retain 
it under compression will, therefore, be increased (Art. 329), 
asS. will now exceed the elasticity of the air in i>; the silfc 
T^re loosely covering the aperture c will, therefore, be pressed 
aaequalt^ above and below, and will be driven away; tl 
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mmprcssed itit iti the cylinder thus fiu<liiig iti way mtol 
receirer. 

Wliilst the air ia thus allowed to pass freely from i 
cyhnder through the aperture c it will be observed tbatS 
escape through b ia rendered iropossihle. The claatio forcsj 
the air compressed beneath the piston instead of removing a 
obstacle opposed by the vnlve which covers b will only teadj; 
pressing its edges against the luider surface of the piston, f 
it more across that aperture. Hence, therefore, it appears ^ 
when the piston has completed its descent, the whole of tT 
before contained in the cylinder will have been forced i; 
receiver. When the piston is dra^vn hack, if the valve 
open and n closed, the pressure being again diniinished, 
was before increased, this air would, by the properties v 
stated in a preceding article (Ait. 328), again expand itself (^ 
the apace it before occupied, returning from the ri ' 
cylinder; and things would thus resume the state in which ti 
were before the piston was first put in motion. Such Is, h 
ever, not the case; when the pressure upon the piston 
slightest degree diminished, it becomes insufficient to retain i 
expansive power of the condensed air in the receiver; 
pressure upon the valve c again becomes unequal, hut that fi 
benenlli, instead of that from above, has now tlie preponderance. 
The result is that the edges of the silk are pressed tightly 
against the inner surface of the receiver, and it becomes an air- 
tight covering firmly fixed across the aperture. Thus the return 
of the air from the receiver Info the cylinder is rendered impos- 
sible. Again, after the piston has been di'awn up a veiy short 
distance, that small portion of compressed air which was con- 
tained in the upper portion of the tube which joins the piston 
aad receiver, and in the smuU space n-hich may have intetrened 
between the piston and bottom of the cylinder, becomes ex- 
panded over so large a space that its elasticity is less than that 
of the atmosphere without the condenser. The valve b' will, 
therefore, bo now pressed dotviiivards with a greater force than 
it is pressed upwards. It will, therefore, he thrust from the 
aperture, and the air from milhoiU will find its way into the 
cylinder, and will thus ease the ascent of the piston. 

When the piston has been drawn to its highest point, and 
the cylinder beneath become filled with air, the operation may 
be repeated; and thus successive volumes of air, each equal to 
the content of the cylinder, may be compressed into the receiver; 
thereby continually increasing its density, and in the same pro- 
portion, its ELASTICITY (Art. 329.) 
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LI desirable (o hare some instrument hy means of which 

i degree of elasticitir thus communicaled to it may be 

Such an instrument may readily be supplied. It ia 

A Gal-ob. 
A BD is a bent gloss tube, having a stop'Cock nt a, 

ud being made to comoiunicatc through the branch a with the 

•iaienot uf the receiver. A small quantity of 
tinned in the portion b c f of the tube b c n. 
>Bie stop-cock A being open before the cou- 

dtosation, the surfaces b and f will stand at 

tke same lerel, and will retain this hvel after 

fte cock is closed again, so long a^ the density, 

tod, therefore, the elasticity of the air in the 

nceiver is the same with that of the e;tternal 

air, or that in the hranch cd which is the 

Bme with it. So soon, however, ns the air ia 

the receiver becomes denser, and, therefore, 

more elastic (Art. 329) than that in p d, the 

equality of the pressures upon the two surfaces d and P will b| 

destroyed; the surface p will he made to ascend, until the 

increased elasticity of the air thus compressed in the space fd, 

together with the weight of that portion of the column 

"hich is above the level of b, equals the elastic force of thi 

in A B, or in the receiver. 

Observing the height at which the surface F is thus madfl 
to stand, we may readily calculate what is the elasticity of tlia 
condensed air, Thus if p stand at such a height as to liar* 
compressed the air above into half its original space, we know 
that its elasticity must have been doubled, and, therefore, that 
it must have become equal to the weight of a mercurial columa 
twice the height of the barometer, and deducting fri 
height the difference between the levels of b and F, (which ia 
twice the elevation of the latter surface, or the depression 
the former,) we know that the remainder is the heiglit 
a column of mercury whose weight equals the pressure at B, 
the elasticity of the air in the receiver. 

The gauge might be so graduated that these results should 
at once be given by inspection. 

The Air Ovs, 
332. Is, as its name indicates, a gun from which bullet 
may be projected by means of condensed air. A strong spheri 
cal receirer is constructed, whicli admits of being screwed upofl 
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the bieeclt of the gun, and also upon the exiremitv' 
densng Bjringf. By the sctioD of ihis syringe a hu^ 
of air is condensed into it, and it is then nnscrewed i 
apon the gun. Connected with the receiver, when thus 
to the gun, is a contrivance for opening a valve by me! 
trigger, and thereby producing a comtnunicatiMt bet 
interior of the receiver and that of the barrel of 
Through this channel, when opened, the air rushes n 
force, carrying with it whatever missiles may have been 
there. There is a very simple mechanism by which, 
dischai^e, a new bullet may be instantaneously slipped 
barrel of the gun, and the discharge repeated. 

The force nith nhich missiles niay thus be propi 
manifesllj no other limit than the degree of condeusatic 
can be produced, and the i/rewo/A of the receiver. The i 
form for ihe receiver is that of a sphere, thj 
under which a given volume is contained with the least 
Burface. 

The ExiiAusTDiG Syihnqe. 
333. If instead of ihe valves E and c, described 
condensing syringe, opening downwards and 
tbey hud closed downwards and opened upwards, as shorn 
the annexed figure ; the instrument, instead of a 
would have become an ex/iaiisiiiig syringe. 

Its action will readily be understood. Suppose the piston 
he at the bottom of the cylinder; and let it be raised; the air 
beneath it will then be expanded; iti 
elasticity will thus be diminished, mi 
rendered less tban that of tbe esterad 
air. Tbe pressure upon the valve i 
from jBilkoiit will tbus be rendmJ 
greater than that from wil/iiii ; it friU, 
therefore, he tighily closed, and prerent 
the entrance of the air through At 
aperture which it covers. Again, tke 
air in the cylinder being rendered rater 
than that in tbe receiver a, the pressure 
upon the valve c from below will be 
made to exceed that from above, and it 
will be opened, the air in the reoeijer 
passing through it into the cylinder, a&l 
thns expanding itself. When the pistoa 
has thus completed its ascent, the aii in 
A. Villi hbvc hecLV e'x:^anded aver tbB 
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wbole of the interior both of the receircr and the cylinder. 
Huis, if the cylinder equal the receiver, the elasticity and density 
will each hare been diminished one-lialf. 

Let now the piston be made again to descend. Immediately 
Aat the Bpace beneath it in the cylinder is diminished, the 
flhsticity of the contained air will lie increased, and will be 
■ade to exceed that in the receiver; the valve c will, therefore, 
aow be pressed downwards with a greater force than it is 
jRfsed upwards, and consequently it will be tightly closed, 
and the air in it will remain in that expanded or rarefied state 
to which it was brought at the instant when the piston was at 
its greatest height. As the descent of the piston is continued, 
die air beneath it will gradually become more and more con- 
lensedy until at length it attains again the same density, and, 
dierefore, elasticity^ with the external air. When this is the 
case, the valve s will be pressed equally from without and 
within; as, however, the condensation is continued, by the still 
farther descent of the piston, this equality will cease, the pres- 
inre from beneath will exceed that from above; the valve will 
open, and the air will escape^ and thus the piston will be 
ijlowed to descend freely to the very bottom of the cylinder; 
when the operation of exhaustion may be repeated by causing 
it to ascend a second time, and thus we may theoretically con- 
tinue the rarefaction of the air in the receiver without any limit 
Praclicallify however, there is a limit opposed to this continual 
exhaustion, by the weights of the valves. 

334. It is clear that in order to lift either valve, the pres- 
sure from beneath must exceed that from above by a quantity 
greater than the weight of the valve. Now, when the exhaus- 
tion has been carried on to a very great degree, it may become, 
and practically does become, impossible to bring the piston so 
closely in contact with the bottom of the cylinder as to render 
the elasticity of the air beneath it by this means greater than, 
or even equal to, that of the external air. 

There is a similar source of error arising from the weight of 
ihe yalve c. Thus, if there be any weight at all in the valves, 
a limit is affixed to the possible exhaustion, and that limit is 
more remote as this weight is less. The great points to be 
attended to in the construction of an exhausting syringe are, 
therefore, as will appear from what has been stated above, that 
the weights of the valves should be the least possible, and that 
when the piston is at its loweH point, the space which can be 
occapied by the air beneath it may also be the least possible. 
335, There are numerous contrivances for getting rid < 
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llicse difficulties, nnd extending tbi; limits to wLich exhausld 
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n>!ij- be cnrried, Ol these, one of tlie best is, probably, thatfl 
which we are eimbled to do wilbout one of the valTC 
The cotilrivnnte by which this is effected, 
be understood by an inspection of the e 
pnnjing dingriim. Tlie piston a is here 
Tlie toji F of tlie cylinder is closed, and I 
piston-rod nioyes in it through an air-tight colfl 
An aperture k supplies a commani cation betn 
the upper part of ihe cylinder and the receifl 
and in tlie bottom of the cylinder is ; 
ajieiiing downtvards. 

Suppose the piston to be at the hollom of £ 
cylinder and to be forced up, a vacuum will thoj 
be produced beneath it, or between the i 
Eurfiice of the piston and the bottom of the 
' Under, the valve e being closed by the preagori 

of Ihe exteniiil air; the ascent of the piald 
having been continued until it has passed the aperture ^4 
communication will he formed through the apertnre betwefl 
this vacuum and the air contniued in the receiver, and tbua 
latter will be expanded over the space which it occupied before 
together with that portion of the cylinder through which the 
piston has passed, ivhich when it has descended to the bottom, 
will be the whole cylinder. The piston being then made again 
to descend, the communication between the air now contained 
beneath it in the cylinder and the receiver, will, when it has 
passed the aperture k, be cut off, and the density of the air in 
the space ac will continually increase, until at length it sur- 
passes that of the external air; the valve e in the bottom of 
the cylinder will tlien open, and the air beneath the piston will 
escape. This operation may he repeated, an additional degree 
of exhaustion being produced at every stroke of the piston b, 
until as before, the rarefaction is 80 great that the air contained 
in the cylinder after the piston has ascended, being compressed 
by its descent into that small space which cannot fail to exist 
between its under surface and the bottom of the cylinder, is 
yet not of sufficient eliisticiiy to force down the valve. This 
difficulty is sometimes in a measure removed by placing vpoii 
this valve a receiver connected with another exhausting syringe, 
by which a portion of the atmospheric pressure upon the under 
surface of the valve may be removed. The solid piston is cer- 
tainly, in every point of view, a great improvement on that 
commonly used. 
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The syringe we have described, presents perhaps the simplest 
known contrirance for exhaustion. There are, however, various 
methods by which it may be modified so as to facilitate its appli« 
cation to the purposes of science. 

In the first place, the exhaustion may be rendered more 
rapid by the use of two cylinders instead of one. In the next 
place we may communicate motion to the piston so as to cause 
the force we apply to act at a mechanical advantage, and lastly, 
we may produce the exhaustion in a receiver capable of being 
moved, so that the apparatus of iiny experiment which we may 
wish to make in vacuo^ may readily be introduced beneath it. 

The following figure represents the section of a machine 
containing all these properties, and called an 

Air PrMP. 

336. B and b' are two cy- 
linders, the tops of which are 
closed, except that they admit 
the piston-rods f e and f' e' 
through air-tight collars. 

p and p' are solid pistons 
moveable in these cylinders, to 
which they are fitted with great 
accuracy, so as in every portion 
to be air-tight. The rods of these 
pistons terminate in racks £ f 
and e'f' which are applied on 
either side of the circumference 
of a cog-wheel w, moveable by 
means of a hand- winch ii' w. At 
the bottoms of the cylinders are 
small apertures closed by valves 
V and V, which open downwards. 
Near their upper extremities 
they communicate, by means of 
orifices o and o' in their sides, 
with a system of tubes t t t' 
forming a communication with 
the receiver r. This receiver is 
commonly of glass, its shape is 
that of a cylinder with a curved 
top terminating by a ball of glass, 
which answers the purpose of a 
handle. Its lower portion is 
open, so as to form a sort of 
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moutli, of wbich the edgea are ground so as to be ] 
smonth, an'l iu the Enme pla^ne. This recc-irer rests i 
horlsontnl plitte, s a', of brass, whose surfiwe is also groun 
great cnre so its to be accurately a plane. If the edgc& of tl 
tecwret and the surfiice of the plate be thus ground so as io he 
Tery nceuratcly in the same plane, their contact will be air- 
tight. The accuracy of the contact may be increased by smearing 
talloiv on the ground edge of the receirer. 

Tliese precantions being taken ; let us suppose the wheel to 
be turned, one of the pistons f will then be made to ascend, 
and the other to descend. By the ascent of p a vacuum will 
be produced in the cylinder beneath it ; the valve v being 
closed by the pressure of the external air. When p has passed 
the aperture o, the nir in the receiver will be made to communi- 
cate with this vacuum; and thus to expand iiself over the 
cylinder b, in addition to the apace which it before occupied. 
The piston p' (vill, in the mean time, have been forced to tlie 
bottom of the cylinder b' in ivbich it moves. Let the wheel 
then be turned in a direction opposite to its former motion. 
Tlie operation of exhaustion will now be performed by the 
piston e' as it was before by p, and, by turning the wheel thus 
continually backirardB and forwards, it may be carried on, until 
the whole of the rarefied air contained in either cylinder, being, 
when the piston is forced to the bottom of it, condensed into 
the small space between the bottom of the piston, the bottom of 
the cylinder, and the surface of the valve, has not sufficient 
elasticity to open the valve or overcome the pressure of the 
eriemal air, although the tendency of the elasticity to over- 
come that pressure is here increased by the weight of the vnlve. 
It is by tliis circumstance, that a limit is placed to the exhaust- 
ing power of the air pump. There is aa ingenious modification 
of it hy C'uthbertson, in which the opening and shutting of the 
valves is effected not by the condensation and rarefaclinn of the 
included air, but mechanically hy the motion of the piston ; by 
this contrivance the limit of exhaustion is somewhat further 

The figure on the next page represents an Air Pump con- 
structed on the principles we have described iit perspective. All 
the parts of the instrument are represented in this drawing, 

H L is t!ie gauge ; it is merely a glass tube, of which the 
■upper extremity communicates with the receiver, and the lower 
is plunged in a cup of mercury. When the air in the receiver 
is rarefied, its clastic force being diminished, that portion of 
the surface of Ihe mercury in the cup which is wilhin the tube 



i less pressure tban tliit wilhoul it. The equilibrii 
therefore, deatro^ed (Art. 251), and the mercury ascends in 
Isbe tmtjl the requisite eijunlily of pressare is restored; 
WRght of the suspended colama of mercury nnti the elacti 
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pressure of the air ahove it now equalling the preESure of the 
air Trithout; that is, equalling the weight of ihe barometric 
eoluTDn. Ilenee, tlierefore, it follows, that if ne diminish the 
height of (he Imrometric rolumn by the height of tlie column of 
mercury suspended in the tube, the remainder will be the 
Ireight of n mercurial column which would be Eustained by thfr-^ 
ehaHcitj of the air in the receircr. 

"SI 
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337. The state in which every thinjf around us exists, 
the manner in which every action is carried on, ap 
inOucnced l>y the fact of our constant immersion 
sphere. To become perfectly conscious of this, we have onl; 
remove the air by means of the machine which we have 
been describing, and observe the slate in which the same hi 
exist, and the same tilings occur, in naciio. 

333. Thus a vessel which appears to us empty, is in reaHl 
filled with a heavy fluid ; and when we weigh it, supposing 
selves only to weigh the empty vessel, we weigh also the fluid 
which it contains. 

To convince ourselves of this, we have only to extract llie 
air from it, which, if it he in the form of a bottle the neck of 
which is provided with a stop-cock, we may readily do, by 
screwing this neck to the orifice K of the air pump, and ex- 
tracting the iiir as from the receiver. If after this exhaustion, - 
the bottle be again weifrhed, it will be found to be considerably f 
lighter than before. Again, the air preaaes upon every portion 
of the sides of a vessel, and yet does not crush it, however 
fragile the material out of which it is constructed may be, 
simply because it occupies the inside of the vessel as well as 
the outside, and presses it outwards from within, with the same 
force that it presses it inwards from without. 

3.19. To render this evident, let two hollow hemispheres, 
such as those represented in the figure, have their edges accu- 
rately ground, and fitud to one anoliier so as when pressed 
together to render them air-tight. Let a tube communicate 
with one of these, and admit of being screwed upon the orifice 
K of the ail- pump. Let the air then be taken from within the 
-space enclosed by the hemispheres, and it will be found that 

k although before the air was thus estrncted, 

„, they admitted of being separated by the 

J^L slightest force applied to thera, yet now the 

^P~^% pressure of the external air being counter- 
^^^^'V^ balanced by no internal pressure, it will hold 
l^pr laf the two together so firmly, that supposing the 
^^^^ diameter of the sphere be six Inches, a weight 
I1J&. of four hundred pounds will not be found 

<S su£Gcient to separate them. This is the cele- 

• brnted experiment of the JIadgeburg Heml- 

Bplieres, and is one of the earliest made with 
(he air pump, Otlo Guericke, the inventor of that instrument. 
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conBlructcd a pair of liomUpheres one foot in diameter, retjuirrng 
a force of 1 700 pounds to separate llieni. If the hemispheres 
irhen exhausted, be removed from the orifice k of ibe pump, 
a stop cock in the tuhe having been first closed, so as to prevent 
' flie return of the air into tlie spnce vhich they enclose, and if 
■Ihey be then laid on the plale tt' of the pump and the glass 
receiver placed over them ^ then by vforking the pump, and 
thus removing the air from the outside as well as the inside of 
the hemispheres, we shall very soon cause ihcm again of their 
own accord to fall asunder. 

340. Not only, however, is the air a heavy fluid, hut it is 
as elastic fluid, and tends perpetually to expand Itself, and 
thus to burst asunder any vessel in which it may be confined. 
We are altogether unconscious of such a tendency, and per- 
ceive none of its effects, betukuse the outward pressure of the 
ail upon the vessel is just equal to this elastic tendency of the 
contained air, and neulraliios it. To assure ourselves, however, 
of the fact, we have only to lake a pliiiil containing nothing hut 
Mr, and cork it firmly, fixing down (he cork by wire, or other- 
vise, and rendering it air-tiglit, and place this phial of air under- 
neath the receiver of the air pump ; as long as it is surrounded 
by the air in the receiver, its tendency to hurst the sides of the 
phial will not he apparent, but as soon as this is removed, it \rill 
take eifecl, and the phial will be broken to atoms. 
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341. A SECTION of the Common Suction Pump is repre- 
sented in the accompanying figure. 

A B D is a cylinder culled the barrel, in 
which ft piston a is moveable by means of a 
piston-rod a l, connected, above, with the 
extremity of a lever called the brake or 
pump-handle. In the piston is a valve 
opening upwards as in the exhausting 
syringe ; to which, indeed, the whole ap- 
paratus bears a close resemblance both in 
form and principle, b is a second valve 
closing the bottom of the barrel, and open- 
ing upwards. From the bottom of the 
barrel a tuhe ed, called (he suction-tube, 
passes into the well or other reservoir from 
which water is to be raised. 

Suppose the barrel and tube to contain 
nothing but air, and let the piston a be put 
ia motion. It is evident, that on the prin- 
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ciple of tlie sjringc, a portion of the air tvill at each m 
exhausted Iroiu the liil>« u n< The elitslicity of (lie a.' 
■urface of ttjat portion of the water of the well wliich ia n 
the tube, nil! then become less tliau that tvilhoKt il 
Ilbrium, nhit-li reijiiires the j)re*8Uie on the same hwiai 
plane to he the tamt\ wiil therefore be destroyed, and the n 
niU ascend in tlie tube, until \>y its weight, and the i 
elatticily of the air above it, now reduced into a ' 
equality of pressure in the inme plane is restored, and it Gsi 
rests at some point v of the suction-tube. Another s 
the piston will produce a still further exhaustion, and i 
destroy tlie equulity of the pressure upon equal portio 
plane M d k, within and without the tube j tiie result t^ 
still further elevation of the wuter, until at length it is 
to the lop of the tube, and passes into the barrel. 

Here a ueiv operation of (he pump takes place; on 
scent of tile piston, the vaive e doses, and the fluid is 
iu the bnirel beneath it, occupying a portion of the space A. 
until, the piston continuing to descend, it is at length plungail 
into the flaid, and the latter is made to pass through the tbItc I 
in it. It U01V occupies a portiou of the barrel abaue the pistooi 1 
And hy the nest ascent of the piston, it is raised irith it to ths I 
level of the spout p, by which it is discharged ; the space be- I 
neath the piston filling continually with water as it ascends, ai 
this water passing to its upper surface at its next descent, to be 
then discharged as before. 

If a perfect vacuum were foiined hy the action of tlie piston 
above the surface of the water in the suction-tube; it could not 
be raised to the top of it, and so into the barrel, provided that 
the tube were more than thirty-four feet iu length. For it is 
raised hy the pressure of the air on the surface of the water In 
the well, Hud that pressure would, iti our country, support a 
column of mercury of only from twenty-eight to thirty inches in 
length ; now such a column is equal iu weight to one of aome- 
where about thirty-four feet of water. In reality, howerer, 
however perfectly the piston and barrel may be constructed, 
they will not produce a vacuum ; and no pump is so constructed 
as to raise wafer ao mucii as thirty feet. When it is raised 
from a greater depth, as in mines, a series of pumps are used. 
These each discharge the water into a reservoir, from which it 
is taken by the next above it iu the aeries. 

Tub Liftikg Pdmp. 
342. A n represents an open cylinder immersed vertically 
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in the reservoir from wliicli ■water is to be raised. 

pipe commuiiicating with thia cylinder 

through which the water ia to be 

nised; at b, wliere these unite, is a 

valve, opening upwtu'ds. In the cylinder 

I water-tight piston a ia made to move 

fcy the intervention 'of a fr.imo D E f g 

ta which the piston-rod a u is fixed. In 

the piston ia a valve A, opening upwards. 

The way in which this pump works ia 
easljseen; by the ascent of the piston 
tbe fluid above it in the cylinder is 
fiirced from it through the valve atn, into 
lie pipe c. As the piston descends the 
Water upon its inferior surface, pressed 
by the external air, fi'om which pressure the water upon its 
finperior surface is free, raises its valve, and the water rushes 
above it into the superior part of the cylinder, whilst the return 
of the wafer from the forciiig-tuhe t: D is prevented, by the 
closing of the valve at it. The next ascent of the piston will 
thus take place under the same circumstances as the first. 

The force necessary to move the piston is manifestly (Art. 
S52) eijual to the weight of a vertical column of water .of the 
same area with itself, reaching from it to the height to which it 
ia raised. 

The Forcing Pump, 

343. This pump presents a combination of the suction and 

lifiing pumps; it raises water from a reservoir belorv its own 

level, on the principle of the auction pump, and then raises it to 

any height above that level, on the principle of the lifting pump, 

B F is a suction tube passing into the reservoir from which 
water is to he raised. A B is a vertical cylinder in which there 
TTorks a solid piston A. Between this 
cylinder and the suction tube is a valve R, 
opening upwards; and from the side of the 
cylinder there passes a branch tube c d, 
through which the water is to be forced to 
the higher level, and which contains the 
valve c. 

To understand the action of this pump 
let the suction tube b f at first be supposed 
to contain only air, and let the piston be 
made to ascend; the air underneath it in 
the space b, and in the branch tube D c he- 
neath c, will then he expanded; and, "tts 
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elasticity becoming Icsa than that of the esternal a 
will be tightly closed, and the fluid will ascend in the 
tule. 

Aa the piston descends again, tbe Talve B v.il\ close, % 
when the air in c d B has Required, by the contraction o' 
Bpnce in ^hich it is contained, a density, and, therefore, a 
elasticity, greater than that of tbe external o' ' ' 
he raised, n portion of air ^vill be expelled, and tbe nest afceat 
will, therefore, produce a slili further rareltiction and ascent of ' 
tbe water in the suction tuhe, until at length it will find ifj 
way through tbe valve B and into the space c 
is once the ease, ibe descent of tbe piston ivili force the water 
froiH the cylinder a n into the tube c D, and each futui 
will bring niore water into the cylinder, lo be, like the lut; 
forced into the tube c i>, through its valve c, and to the leyeUl 
which the forcing-tube terminates. It is only at the desecnl of 
the piston that water is made to ascend through the foreing- 
tuhe. The flow of the water through that tube is, therefore, 
iiiteriiiillenl. 

344. There is a very ingenious contiii-ance by which it 
may be made to flow conlinually., although not always with tht 
Burae force. The niTangement of the suction tube, eylindtr, 
piston, &c., are precisely as before, hut the branch forcing-tnbt 
C K is made to communicate immediately with an air-li^t 
reservoir, in the top of which is inserted the pipe through which 
the water is uitiniately to be raised, and which passes nenrlj to 
the bottom of the reservoir. The water being forced, by lh« 
action of the pump, into this reservoir, compresses the air in the 
space above its surface, and thus renders it more elastic than iht 
external air. Hence the pressure upon that portion of the B^l^ 
face of the fluid which is n-ilhin tbe pipe becomes less than tint 
on an equal portion mil/iaul it. Tbe equilibrium is, therefore) ' 
destroyed (Art. 251), and the water made to ascend in the tube. 
And by continually forcing more water into the reservoir tlie 
compression of tbe air in it may he carried to any extent, and, 
consequently, its elasticity and the elevation of the water in the 

Now the compressed air in the reservoir will tend to expand 
itself incessaiilli/, and not only at the moment when it is under- 
going corapression by influx of the water from the cylinder of 
the pump; thus water will be made coiilinunlly to flow through 
the forcing tube. On this principle is constructed 
Tbe FriiE E>crsE, 
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of (wo forcing piUDps a d, b e, whose piatona i 

irlced alternately hy the same 
to nhosc extremities ttieir 
:e attnched. Tliese forcing 
communicate witli the same 

ivessel H, from wliicii there 
a metal tube i k, terminated 
flexible tube of leather, or 
ns it is termed. ]3y tJic in- 
terrention of this tube the wnter 
forced into the air vessel by the 
pumpn, and conlinunlly pressed 
from thence into the tube, by tliu 
elulicity of the air comprcssod 

shove it, is applied in spots remote from iIil- engine ilgi?lf, and at ' 
considerable distance above the level nt nliieh it acts. Tlie great 
idijcetion (0 the use of a reservoir of the kind described above, 
catted an n.ir vessel, is this, tliat by reason of tho great force by 
which the air is pressed upon the water, it is made to be nhsorbed 
by it, so that the air, by degrees, passes away from the reservoir 
nth tho naCer, and the latter K^filled with ivalcr. 

346. There is a very ingenious pump which gives n con- 
Unned stream without the aid of the air vessel, and is, therefore, 
free from the objection we have just stated. 

The solid piston a works iu a cylinder which communicates 
with a system of tubes such as is represented in the figure. D is 
the suction tube, and c tlie tube through which water is to be 
forced. There are valves at p, q, r, a, opening ns shown by the 
figure. Suppose the whole iilied with water, and let the piston 
be in the act of ascending; underuealh " 

it the pressure will he diminished, and 
abore it increased ; the vatves at e and 
q will, therefore close, and the valves 
P and R open The atmospheric pres- 
sure will cause wittr to aiceiid through 
the suction tube, and by the \\\\l p 
into the cvlindcr beneith the piston, 
whilst the witei above the piston will, at 
thesametiaujbeyoiierf through the v-ilve 
R up the tube r. 

On the descent of the piston again, the 
Talres r and p ivill close, and e and ti will 
(^en. The tendency of the piston to pro- 
duce a vacuum above it will now, as bc- 
loie, cause tho watex to ascend through the 
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suction tube, bvt its direction will not now be tbrongii the valre^ 
but up the tube d 8, along b b, and into the cylinder uhw>e tk j 
piston. Again, the water beneath the piston will be driTetj 
downwards and along the channel p q, through the Talre ci, «p [ 
the channel a n, and so into the forcing tube. Thus the pomp \ 
will, at one and the same instant, and at ererj instant, act ai ~ 
a forcing and a lifting pump, and the water will flow from it 
continually^ and always with the same force. This is a reiy 
beautiful contrirance. 
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The first ten propositions of this Appendix contain the 
Mathematical Demonstration of the following Statical Prin- 
dples. — 1. The Parallelogram of Forces. — 2. The Equality 
of Moments. — 3. Tlie Theory of Parallel Forces. 

The principle of the parallelogram of forces is that on which 
the whole science of Statics has in the preceding pages been 
made to depend. It is clearly its legitimate basis, inasmuch as 
it establishes that relation of unequal forces which is necessary 
to their equilibrium in the simplest case under which the equili- 
brium of unequal forces is possible, viz,^ that of three forces 
acting upon a point. 

The principle of the parallelogram of forces is easily demon- 
strated experimentally. We have, therefore, found no difficulty 
ia laying it down as a Jirst priticiple in an inquiry into the 
general conditions of equilibrium professing to be founded upon 
experiment. In respect, however, to a theoretical investigation 
of the theory of Statics, the case is very different. 

The direct investigation of the principle of the parallelogram 
of forces on mathematical principles offers difficulties which 
would probably at the very outset discourage a large portion of 
those readers for whose instruction this work is especially 
intended, and to whom some knowledge of the mathematical 
principles of Statics will be found of the greatest practical 
value. 

Under these circumstances it is judged expedient not to com* 
mence the following mathematical investigation of the theory 
of Statics, with a demonstration of the parallelogram of forces, 
but to arrive at the demonstration of that principle through the 
medium of the subordinate demonstration of the equilibrium of 
three parallel forces acting upon a rigid body, anywhere in the 
same plane; which case of equilibrium would in the prope'" 
order of investigation, be made to depend upon the preced 
case. 
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PROroaiTiON 1. 
The resultant of two [laraUel forces acting upon a r 
body, passes through a point between tliem, about wM 
their moments (Art, 35) are equal. 

Let P ami p' represent any two parallel forces acting t 
the points p anil p' of a rigid body. Now the position 
remllant of the forces p 
■ in reference to either of th^ 

u I mnnifestly is the si 

T ■ ^p ever direction those forces a 

.1 T I be appUcd, provided they i 

^i I main at the same distance, a 

r Ml B vR M„. — A i,e alwaj^ parallel to one t 

• ■"~- ■' " other. Suppose them, then, to 

be turned round, so as to be in a rerlkal direction ; draw any line 
mm' perpendicular to the directions of both forces, and meeting 
them in m and m. 

Now the forces p and p' produce the same effect as though 
they were applied at m and m' [Art. 3). Suppose thom to be 
applied at those points. 

Again, whatever the forces p and p' may he, two tvctglita 
may be taken equivalent to them. Let two such weights be 
taken, .ind let them he formed into two tinifonn rods A B and B c 
precisely of the siime tliicknosa thi-ougliouf, and of such lengths 
that being suependcd at m and m' from their middle points, 
their adjacent extremities shtill meet in b. 

The rods ab nnd bc being suspended from their middle 
pulnl.i, will clearly bang in a horizoiiUd position, for there 
is no reason why either should itiflino more to one side than 
the other. The line .lEC i?, therefore, a horizontal slraigki 
line. 

Now it has been shown (Art. 159) that whatever conditions 
of equilibrium obtain in a rigid and continuous system, the sarne 
must obtain in the equilibrium of the same system when ils form 
is made to admit of variation; together with such other condi- 
tions as ari^e out of the nature of the variation to which it is 
subjected, and converseli/. 

Hence, dierefore, whatever conditions would exist if the two 
rods A B and b c were joined at n, so as (o fomi one confinuoua 
rod, exist also now that they are separate. 

Now if AB and b c formed one conlinuoug rod, the resultant 
of their irfights would manifestly pnss through the middle 
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point R of that rod, since the rod would balance on its middle 
point. Hence, therefore, it follows, that also in the present 
ieparate state of the two rods, the resultant of their weights 
passes through the point R, which is the bisection of the line a c. 
Now if we divide the weight of a b by the number of units 
in its length, we shall get the weight of each unit. But the 

weight of A B equals the force p, 

P 

/. = weight of each unit of a B ; 

AB ^ 

P' 
similarly = weight of each unit of b c. 

B C 

But the rods are both of the same thickness ; therefore, each 
unit of the one is of the same weight with each unit of the 
other. 





• 
• • 

A B 


BC 




/. P X BC 


=r P' X A B. 




Now R C 


= A A C. 




Also M m' 


= J AC. 




.*. R C = 


M m' ; 


/. taking away ] 


R 3i' from both, 






M R = m' c 


=L J B c ; 


and similarly, 








R A = M m' ; 


and taking away 


RM from both 






m' R = A M = 


a A B ; 




/. 2 M R = 


BC, 




and 2m'r = 


A b; 



.*. p X 2 M R == p' X 2 m' R ; 

.'. P X M R = P' X m' R. 

That is, the point r, through which the resultant of the two 
forces p and p' passes, is such that the moments of these forces 
about that point are equal (see Art. 45). 

The above proof applies to every possible case of parallel 
forces. 9 

Proposition 2. 

The resultant of two forces, whose directions are oblique 

to one another, passes through a point between them about 

which their moments are equal. 

Let P and q be any two forces, acting obliquely In the same 
plane. Their resultant r passes through a point s about whir 
their moments are equal. From s draw the perpendiculars i 
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and s M npon the dircctioas of p and a ; and take s s' in ihe » 
straight line with bm, andwf 
.t r(' apply the foM 
indQ"in opposite dlrecnoa 






/ 



H 



Now the forces p, «, r 



Qi *t 



perpendicular to s n' and eq 
to one another. These eqnj ' 
and opposite forces will » 
any way alter the conditioniof 
the equihhrium of the forces P 
and ii,and the direction of iheir 
resullant will remain as before 
(see note, page 4 

ec|uilibriuin, it is 



evident that the resultant of a, «" and n passes through the 
same point with the resultant of P and a'. But the resultuni of 
(I, tj" and n manifestly passes tlirough s. For the two Erst a 
and ft" are equal; their resultant hiseefs, therefore, the angle »t 
which they intersect ; hut a line hisecting this angle passe* 
through a ; the resultant of n and q," passes, therefore, thtongh 
b; and R pasaes through s; therefore the resultant of ft, q" and 
B passes through s. 

From the ahore, then, it follows that the resultant of ite 
parallel forces q' and P passes through a. By the last propoa- 
tion, therefore, 







i ft about K are eqiwl. 



Propositi ON 3. 



I F in the direction of the resultant 
of any two forces p and Q, acting 
upon a point B, we tabe any point B) 
and complete a parallelogram paQS. 
of which SR is the diagonal, then P" 
and Q R are, to one another, in the 
same ratio as the furces p and a> F"'' 
/. Abpr=^Asqr; 

.". PR xsM = ftR Xsn; 

hut hy last prop, r X bm =r ft X SS, 



.*. dividing the cquatio 
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PR 




Q QR. 

That is, p R and q r are in the ratio of the forces p and q. 

Proposition 4. 

The converse of the last proposition is manifestly true. 
That is, if p R and q r be taken in the ratio of the forces p 
and Q, and a parellelogram p s q r completed, then its 
diagonal s r will be in the direction of the resultant of the 
forces p and q. 

Proposition 5. 

Not only is the resultant of p and Q represented in rfi- 
rection by s r, but also in magnitude. 

For complete the pa- l' - 

rallelogram s r p' Q, of '^«..^ 

which R Q is the diagonal '*••,., 

and s R one of the sides. 
Substitute for the force p' 
supposed to act in the di- 
rection R p, another equal 
force p' acting in p' R. The 

equilibrium will then manifestly remain under the same circum- 
stances as before. 

Thus, then, the forces p'and q, together with the resultant r, 
which acts in the direction R s, are in equilibrium, q is, there- 
fore, the resultant of p^ and r. And r q is the diagonal of the 
parallelogram s r p' q ; therefore, by Prop. 3, p' r and s R are 
proportional to p' and R ; or, in other words, on whatever scale 
f' is represented in magnitude by p r, on the same scale r will 
be represented by r s. But p' r is equal to s q — that is, to p r ; 
it represents, therefore, p^ in magnitude on the same scale on 
vhich R p represents p. On the same scale, therefore, on which 
p and Q are represented in magnitude by R p and r q, r is repre- 
sented by 6 R. 

Lemma. 

If from any point, lines be drawn to the extremities of 
adjacent sides, and to the extremities of the diagonal of a paral- 
lelogram, so as to form three triangles haying the adjacent 
sides and the diagonal respectively for their bases* ; then 
triangle, having the diagonal for its base, shall equal th 

* This lemma is true for triangles haying for their bases lines f 
situated in p r, q r and s r produced, and respectively equal t** ^' 



01 diffennce of tbe other two, according as the point Ue^ 
wilhim (he Tertical nnglei ibrmed bj the adjacent ridea of th^ 
parallelogmm when produced either way, or withaul these angles* 
Let F R 4 s be a parallelogiam 
and o an; point, whicli we will firsC 
iuppose to be without the angles 
contained by pr and qr, or these 
lines produced either v&y. 

Join the point o with these points 
p, Q and B. Then 
; A0SR = A0PR+A0(1R. Join 
o R and draw o l perpendicular to 
o R, and p M, Q K, s L each parallel 
to o R. Then 
■." p R = n a ; 
,'. o » = X L ; 
.'. 0L= om + on; 
.*. ioLXOR = J omxor + Jonxor; 

.*. iOSR = iOPB+ AOtlR. 

Next let the point o lie mthin one of the angles formed by 
R F and It Q produced. The some constroctioa being made as 
before, it .tppeari that 

VP8 =: RttJ 





Therefore, generally, 
the triangle upon the 
di^onal equals the sum 
or difference of the tri- 
angles upon the sides 
according ns the point 
is without or within the 
vertical angles formed 
by the sides produced 
either way. 

If p R and ft R he in. 
the directions of two 
forces hoth acting to- 
wards or from b, it is 



► V r 
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evident that according as o lies without or tvitbin the angle 
1* R Q and p' R q', the two forces will tend to turn the system o 
Trhich they form a part, in the same direction or in opposit* 
directions about q. 

Applied, then, to the case of the parallelogram of forces 
this lemma gives us the following important property. 

Proposition 6. 
Any two component forces and their resultant, being 
represented in magnitude and direction by lines, and anj 
^ - point being taken and made the common vertex of three 
triangles, having those lines for their bases ; then the tri- 
angle, having for its base the resultant force, will equal 
the sum or difference of the triangles, having for theii 
bases the component forces, according as these last act to 
turn the system in the same, or in opposite directions, 
about the point. 

Proposition 7« 
The area of each of the triangles described in the last 
proposition is equal to one-half the moment of the force 
which forms its base. It follows, then, that in the case ol 
three forces in equilibrium, the moment of the resultant 
about any point is equal to the sum, or difference, of the 
moments of the components. 

Proposition 8. 
The moment of the resultant of any number of forces, 
acting in the same plane, is equal to the sum of the 
moments of the components ; the point about which the 
moments are measured being any whatever, and the mo- 
ments of those forces being taken negatively, which tend 
to turn the system in an opposite direction from the rest. 

Let pPj Pg Pj, &p. be the 
forces of the system, and o 1^^ 

any point about which the /^ 

moments are measured. Let 
Rj be the resultant of p and 

Pi- 

Bg that of Rj and p^ 



R 

8 


95 
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n. 


?j 
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Then bj tbe last proposition, 

momeut of n, =: mt. r +nit. r* 

„ B = mt. B +lDt. Ff 

»„ B = mt. B, +int. Pj 

„ 11, = mt, B, + mt. Pj 

+ C0. = +C0. 
B„ == mt. B„,+P„ 
Therefore adding tliesc equations togethei and striking out 
similftr terras on the two sides we get 

moment r,, = mt. p+mt. p, +mt. p, + . .+mt, Pj. 

a,, is manifestly the resultant of a!l the forces of the system, 
Hence, therefore, it follows that the moment of the resultiint 
force is equal to t!ie sum of the moments of the components, in 
all cases. 

If the forces be in equilihrium their resultant equals nothing ; 
the snm of their momenta about any point, therefore, equals 
nothing. 

The demonstration of tliis proposition applies to every pos- 
sible case of forces in the same plane, and, therefore, to the 
case of parallel forces. But in. this case the same line drawn 
from the point about which the moments are measured, is per- 
pendicular to all the forces of tlie system. 

Thus, in the fig. Art. 45, the line m m^ is perpendicular fo 
the directions of all the forces p„ p^, p^, p^. So that, in the 
case of parallel forces, we have only to draw a line from the 
point about which the moments are measured, perpendicular ta 
any one of the forces of the system ; we shall then obtain the 
momejit of each force by muiiiplying it by its distance from the 
point measured on this line. 

Also, if n be the resultant of all the forces, and it intersect 
the line m 'k, produced in a point which we call r, we hare, by 
the proposition. 
B XMr = P| XMiii,-l-P, XM'n, -l-P, XMW, — P, XMm, — PjXMiBi 



In which expression the moments of P, and P, ai'e taken nega- 
tively, because they tend to turn the system ia a contrary way 
from the rest. 

AJso, in the case of parallel forces, the resultant B is equal 
to the sum of the components (Art. 40) ; it being here also 
obsetved that those must be taken negatively, whose tendency 
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^ould, when all were applied at m, be opposite to tiiat of the 

rest. Thus, 

Pt XM7;ij+Pj XM?W2 + P3XM7/f3 — P4XM7W4 — PjXMTW, 

P, +P2 + P3-P4-P5. 

Thus, the precise direction of the resultant R of any number 
of parallel forces, in the same plane, may be ascer:tained. 

We may by tliis means readily find the centre op gravity 
of any number of bodies situated in the same plane. 

For the centre of gravity is a point through which the re- 
sultant of the weights of the parts of the body passes, in what- 
ever position it is placed. 

Now, as we alter the position of the body, we alter the 
direciiojis of the weights of its parts with respect to it, or through 
it, without altering the amount of those weights. 

The case is, therefore, that of a system of parallel forces 
acting upon a body which alter their directions (still, however, 
remaining parallel,) without altering then- amounts or points of 
application. 

In this case it has been shown (Art. 51) that the resultant 
passes always through the same point. To find the position 9f 
that point we have, therefore, only to find itvo directions of the 
resultant ; it will lie in their intersection. 

Proposition 9. 

The positions of the centre of gravity of any number 
of hea\7^ bodies, situated in the same plane, may be found 
by supposing their weights to act in any two different 
directions in respect to the parts of the body, and finding 
their resultants in the two cases. It will lie in the inter- 
section of the resultants. 

Suppose the parallel forces Pj, P2, &c., to be applied at the 
points Ml, M^, &c., in the same plane, aAd from any point o 
draw o x perpendicular to their directions. Then the direction 
of their resultant r may be found by the formula. 

Pj + Pg + &c. 

Now let the directions of all the forces be turned, s^ 
be at right angles to their former directions. And A 



perpendicalnr to o j-, it irlll, therefore, be perpendicular to ihe^ 
force* ia their new directions P,* m„ p/ .m„ &c. 



f. M 



Hence the position of the resuUnnt r', in this direction of 
the forces, is determined by the fonnula 



Pi + P, + &C. 

Now having thus found the Talues of o n and o n' we know 
the position of the point c where the resultants it and r' iuter- 
seet This poiut is the centre of gravity. 



h &-C. 



', + p, 1 



similarly k'g ::= -^-^-i — '■ 



'+P,M 



', +P1+P3 + - . . 

Hence the distance n g of the centre of graiity, or any nuni- 
her of bodies in the same plane, from any hue o j; in that plane, 
is obtained by taking the sum of the producla of all the different 
bodies composing the system, each multiplied by its distance 
from the line, and dividing that sum by the sum of the bodies 
themselves. 

Now there is a property precisely analogous to this in re- 
spect to the centre of gravity of any number of bodies not in the 
same plane. 

Proposition 10. 

Ip there be any number of bodies, aiiyivhere situated 

in space, the distance of their centre of gravity from any 



i 



plane is equal to the sum of the jtroduc/s obtained by n 
tiplying each body by its distance from that plane, divi 
by tlie sum of the bodies. 

Let Pi Pi Pj &c., be bodies anywhere situated in space, 
!/ Ox uni/ plane. Draw tlirough any two of the bodies p, 
*,, and (heir centre of gravity Gi, perpendiculars I'l ;)i p; p^, 
O, ff[ upon the plane .r o,i/. 




Then since p, Pi, and the line p,, p„ are in tl 
f ij'i Pi pt it follows, by the last proposition, that 
G, g, P, +P<=P,P| V,-^'^t^,}h- 
bodies p, and Pj to be collected in their cer 
of gravity o„ and find g, the common centre of gravity of th 
bodies, thus collected, and p^. 

Therefore precisely as in the last case, it appears that si; 
G, and Pj, and the line ^'i p^, are in the »arae plane, 

Therefore substituting from the prccecliug equatiou, 

Ojg, +P| +Pa = P| P,7^ + I\I^^'J + l■a'■a?'a■ 
And the same process of reasoning may be continued to f 
number of bodies ; so that if o,g represent the distance of i 
centre of the whole system from the plane y o .r, thou 
P,tVJ^, + PiPi7>, + F.P,;'3 + - . . 



The plane 1/ o.r is any plane whatever. TVe niay,tberefo 
Llty the means stated above, find the distance of the centre 
I gravity from each of the three planes ^ oa", 20 j:, e oy. Ihi 
{'three distances nill determine its exact position. 
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If, instead of a system coinpoBc<i of detached bodies in the 1 
same plane, we wish to determine the centre of graxitj of <»( I 
continuous heavy body, all the piirts of which are in the 
plane, we may apply Uie foLowiiig metLod. 

Tuke any tiro lines ox und oy at right angles to dm I 
another, and diride one of tliem o j: iiito paita m, Hi,,ni 
ra, tn,, equal to one another. Draw lines m|P,,in,p,i 
diriding the figure into as many distinct parts or elemems it 
M, p„ &c. Theji if the lines m, m„ &c., be very small, m 
m, p, may be considered na not differing, each by any appteO- 
nble quantity, from a rectangle. Each may, therefore, be eoa- I 
sidered to have its centre of gravity in the centre of its heiglit. I 
Bisect, therefore, m^p„ m,p^, &c., in g^,gt, Sic, and these I 
points may be considered as the respective centres of gravity oE 1 
the elements. In these points, therefore, the weights of the I 
reBpective elements may he supposed to be collected. 



I 
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Now the masses, and, therefore, the weights of the elements 
are represented by the products 



If, therefore, these weights he supposed to act perpendicular 
to J, and a be the centre of gravity, ' 

Again, supposing the weights of the elements to act perpen- 
dicular to o ^" 



./. 


"'„ ;','"„ on 


+iir7n 


«'P^ 


Vo«,+ .. 




"', M,, p, >« 


+«..» 


,p.» 


.+■ ■■ 




r since w,ni.= 




m,m 


= &c. 




oi.-P''""^ 


v,,+p. 


^, o~ 


7, + . . . 
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Wi t/ig , jPi wi +«i, «i, . p« //Ij + . , , 
Whence observing that 

also wi , iM, =r wjg m^ = &c. 
obtaia 



• • 



jPi ffi' +Pi wii 4 Ps 'Ws + • • • 
This last famishes an easy practical rule for finding the cent 
•f gravity of an area of any form, however irregular; and oi 
ctunly recollected. 

Divide it as above, into elements, by equidistant lines, calk 
ordinates, perpendicular to a given axis. Take the sum of tl 
l^oares of those ordinates, and divide it by their sum. Ha 
tlie quotient will be the distance of the centre of gravity froi 
the axis 

If the forces be now supposed to act perpendicularly to ar 
other axis at right angles to the former, the distance of tl 
centre of gravity from this axis may also be found. And thi 
its actual position will be ascertained. 

On the Direction of the Resistance of a Surface. 

(Note on Art. 72.) 
Let the coefficient of friction be represented hyj*, 
; Let Z P M p'=: d (see fig. page 43. Art. 72.) 

The force p m or p is equivalent to q M and p' m. 

Now Q M = p M sin. 
p'm = p m cos. 
Therefore resolved in the directions of q m and p' m, the valu< 
of P are p sin. 0, and p cos. 0, 

Now the power of resistance produced by friction is equal i 
lihe product of the coefficient of friction J!, by the perpendiculi 
force in p' M . It, therefore, equals^ p cos. 0, 

Also the force tending to move the body is the force in tl 
direction of q m, and equals 

p sin. 0, 
Xherefore the body will move, or not, according as 

P8in.^(.'^^M>«/pcos. ^, 
lis not' ^ ^ » 

or according as 

tan. ^ {."«'}>"/• 
^ is not' 
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LctF 


he the angle 


tv-hoM 


tangent isf. 


ThmForelUeWrf 


more, 


or nof, ttKoi 


riling a 










tan. 6 


'C:,i>'^ 


'lan.P, 



or according as 

p is culled the limiting angle of resistance, the body «ill J 
therefore, rest so long as the direction of p is not inclined to U>'^ 
rerlical, at an angle greater ttian p. 

The exi>erimental fact that the friction is always (for a 
same hodies,) the same fraction of (he perpendicular presanH 
although a rerj near approximation to the true law of iiicds 
cannot be asserted accurately to enunciate that law. 

It appears, from the experiments of Mr. Bennie, that fl 
ratio of the friction to the perpendicular pressure is somewhat^ 
greater for high, than for low, pressures. This yariatiou from I 
the law of friction does not, however, appear to he so consider- | 
able as to claim for itself a place in the discussion of Cie i 
question until the pressure has exceeded a certain linut. I 
Conlomh found that under pressures, varying from 400 to I 
I30O kilograms, the coef&cient of friction for oalc upon oak, ' 
varied only from 5,^ to 5-,^. I 

The true law of friction will, perhaps, best be expressed hy 
considering the coefficient of friction, a function of tlie perpen- 
dicular pressure, which being expanded has for tlie coefficients 
of its terms after the first, exceeding small quantities. 
The Inclined Plane, (l^ole on Arl. 80.) 

Let the inclination of p « to the vertical he represented by 6 
Let t= the elevation c a n of the plane ; 
F=:tlie limiting angle of resistance. 
Then, when the mass m is upon the point of slipping dotiiu- 
fpnfrfj, since the angle which ac makes with the perpendicular 
to A c {Art, 80) equals the angle f, and that the angle which 
ail makes with the perpendicular to a c, equals i; therefore the 
angle c a d, which is, in this case, the difference of these angles, 
equals t — F. 

Similarly, when the mass M is upon the point of slipping 
upwards, as in fig. page 49, the angle cad equals i + p. 

Therefore, generally, 

Acad=iL±v), 
the sign ± being taken according as the mass is supposed to be 
upon the point of slipping upwards or dowinvavds. -^ 
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Now in Aab d 



a h sin. adh 



ad sin. abd 
also adb ^z. cad ^=, (t + f) 
a b d zn TT — c ab -=. tt — (t + p + ^); 
^d ako Art. 80, a b and a d represent the weights of M and n. 

N sin. {l ± p) 
M ^sin. (l jh P + ^)* 

sin. {l + p) 

sin. (t + P + ^) 



Also — ; = 



Sin 



.e 



ad sin. (t + p + ^) 

And d b and a d represent the resistance s and the weight m. 

M sin. Q 

sin. {i + F + ^)* 

If we would cause the force n. to act in such a direction that 
it may be the least possible force which will give motion to the 
body ; it is clear that we must take Q so that sin. (& + p + d) 
may be the greatest possible ; or in other words d must be such., 
that 

L±T + d = — 

or ^ = -^ — t + p. 

The two states in which m is upon the point of slipping 
upwards and downwards^ are said to be its two states bordering 
upon motion. 

If we suppose the direction of the resistance to be perpendi- 
cular to the surface of the plane, as in the case of the carriage 
wheel (Art. 83), then we must, in the expressions for n and s 
make f = o and we shall have 



N = 



S = 



M sm. L 

sin. {6 + 1) 

M sin. 6 



sin. {6 + l)* 
If the force n act in a direction parallel to the plane 

^ = — - t and ^ + t = — 



.*. N £= M sm. 6 

s =r M sin. 6. 




Teb "Wedge. 

TiiK fuUoiving demonstration of tlic (Iieory of tbe 
will probably be better understood liian tLat given in ll 
([■nge C70 It irill further scrre, at once, as au useful illuitra- 
tion and a verification of tbe princi|ile of least pr 

liCt V be the force noting npon the back of the we^gf, 
iind ct' the resiiiancea upon its sides. Noir, 
by the principle of least pressure, n wA 4' 
sliould be the least possible subject to thecoo- 
dition that their resultant shall be P. It ii 
manifest that to satisfy this condition tliHe 
forces must have n direction parallel to the 
direction of P, or one inclined as Utile as pt- 
»ibU to tbnt direction. 

If, therefore, the surfaces in contact at 
Q and q' are such as are capable of supplying 
resistance at those points jmralUl to p, then 
the syijtem will be one of parallel forces, and 
the points q and a' being similarly situated 
M'illi respect to v a, each n-il] sustnin one-half of the force v. 
But if, by reason of the nature of the surfaces in contact at q 
and ti', these be incapable of supplying resistance in directions 
parallel to pa, then will the directions of Q and ij' be those 
arhich the surfaces will supply uearesl (o (be direction of pa. 

Now, ns is shown (Art. 72), there is a cerfaia direction 
hetvreen which and the perpendicular to tlic surface at either 
point, if any force he applied, tbe surfaces will supply a reaisf- 
Bnee opposite to that force, but if the force he applied further 
from tbe perpendicular than this direction, then no equal resist- 
ance will be afforded by the surfaces in an opi>osite direction. 
The angle which this direction makes with the perpendicular is 
called the limiting angle of resistance. The resistances (t and q' 
will manifestly have their directions inclined to pa at the hasl 
possible angles, when they are actually in the directions spoken 
of above, and make each, with the perpendicular at its point of 
Application, an angle equal to (he limiiing angle of resistance. 
Sucb, then, by the principle of least pressure, are the uctual di- 
rections of the pressure at l and ci'. 

Now let us consider what are (he conditions of (he equili- 
brium resulting from this concIuHlon. 

Let p = the limiiing angle of resistance, 
2 I = the angle a of the wedge. 
The angle which q makes with the side of (he wedgi 



I 



ce, therefore, the angle Q vi a, ivhich lualf es it with r a 



' I 



Hence, therefore, the resolved part of q in the direction pa is 

<i.6in.{F + t), 

and the wedge heing Bymmetricai about pa, the resolved part 
Ofiiiathesmne. Ilcnee 

2«sin. (f + O = r; 

■■■''=2;i,r(,-+T)- 



riiis is the case spolien of before, in ivhich tlic directions of 
Q and q' are parallel. 

Now the above results may he nrrived at hy another and an 
entirely iiiiJependent jirocesa of reasoning. 

Lot p' and p" eacli equal one-lialf of p, and let them ho 
ipplied immediately above llie poiiils a and a'; they mny then 
be made to replace p without in the least altering the circum- 
stances of the equilibrium. Now if the direction of p'q be 
midiiii the limits of the resistance of the surfaces at q, the 
preaRure p' will be wholly sustained by that resistance, and the 
direction of the force q will he in the game straight line with 
p'q; the wedge suslaiaing no pressure whatever laterally or in 
a direction perpendicular to P a. But if the direction of p' a be 
without the limits of the resistance at a, then some other force 
must he supplied at a> in order to maintain the cquilihrium. 
That force can only result from the action of the force p'' at a'. 
It acts, therefore, in the line a' a. and, therefore, in a direction 
perpendicular to pa. Also, this force, resulting from the ten- 
dency of the wedge to motion on tlie point a', is only just 
equal to that tendency, or in other words, it is equal to the 
least force which would keep that point at rest, ^ince, then, 
it is equal to the least fijrce which would keep the point a' 
rest, it is also equal to the least force which would keep the 
point a at rest : now the least force which would keep a at 
is manifestly that which will bring the direction of the 
^nce at a just within the limiting angle of resistance nt 
point. Thus, then, it appears that the i\tettv 
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arc inclined to the perpendiculars at those points at angles each '\ 
of them equal to the limiting angle of resistance. This is pre* 
cisely the result which is giren us at once, hy the principle 
of least pressure. 

The Balance. {Note on Art. 103.) 

To determine the mathematical conditions of the equilibriiul 
of the halance, ^ 

I^t the weights in the scale-pans of the halance differ Ijr 
the small quantity m, one heing represented hy m and the other f^ 
hy M + w. f- 

Since, then, the resultant of these forces passes through k^ {- 
we have (Art. 50,) i 

M • 8K:= M + m • S'k, ^ 

or M . S K'-f K K^ = M + m . s k"" * K k'. 
Let s k' = s' k' = fl ; 

.'. M . a + K k' = M + m a — K k'; 

.*. K k' . 2 m + m == m a ; 

2u + tn. 

Now if the inclination of ss' to the horizon equal i it is^ 
easily seen thaf, 

F wi = K k' cos. t + f k' sin. i 

Tlje sign + or — heing taken according as k' is abore or 
below F. 

Let F K = ^, 

and F G = ^ ; 

m a COS. I . , , 

. . F m = Ti + ksmc 

2u + m ~ 

also F n h sin. i. 

Let the weight of the beam =. b i 

.*. F w X 2 M + wi =: P n X B r 



.'. m a COS. I ±2M-\-mk sin. 6 = b A sin, i r 
.*. tan. I = 






BA + 2M + W, k. 

From this expression it appears that the deflexion i of the 
beam, produced by a giren difference m in the weights con- 
tained in the scale-pans^ is greater as the quantW^ 
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BAqp2M + mit 
lest. 

Now this deflexion is a measure of the iensibiiily of the 

mce. 

I^ therefore, as in the figure, the line s s^ joining the points 
4( suspension he above the fulcrum, this sensihility is, the. 
where the two terms of the ahoye expression approach 
nearly to an equality. This approach to an equality may 

brought ahout hy diminishing hoth terms of the expression 
SMrtinually; for if the two quantities themselres he exceeding 
flDsIl, their difference must evidently be exceeding small. 

For weighing, then, the same weight m, the sensiblity of 
tbe balance is greater as A: is less^ and as b and ^, one or both 
of them, are less. That is, we may increase the sensibility of 
the balance hy bringing the line s s' which joins the points of 
raspension continually nearer to the fulcrum f, prorided that 
at the same time we diminish continually either the weight b of 
tbe beam, or the distance f a of its centre of gravity o, from the 
fulcrum F. 

Or whatever may be the form and magnitude of the beam, 
and the position of the fulcrum, we may increase the sensibility 
to any extent by so taking the position of the points of suspen- 
sion that the difference of 



B h and 2 m + '^^ ^ 
may he the least possible, or k most nearly equal to 

Bh 

2 M + m. 

The line joining the points of suspension is commonly made 
to pass accurately through the fulcrum, or only so little above 
it, as to allow for the deflexion of the beam. There evidently 
are cases where it would be advantageous to place it considerably 
above it. 

The great practical difficulty encountered in giving extreme 
sensibility to the balance is this, that as we increase the sen- 
sibility of the instrument we diminish the rapidity of its vibra- 
tions. 

On the Friction of an Axle. {Note on Art. 110.) 

Suppose the force p to be the resultant of two other parallel 
£»rces Q and q^ acting at the extremities of a lever, or at the 
circumferences of two wheels having the common axis F^^ 
shown in the Bgure, 




^HSe opper or lower s 
is ibe greater. 

When the lerer is in the state immediately bordering iq 
motion, equals the limiting angle of friction (Art, 110.) 



The uppLf or lower sign being taken according as n' or a is « 
to preponderate. 

Let Q| be the ralue of li, on the Lypotheais that there il 
friction, or that F = o, 

t^ -^T^rsin.Pj 
ich expression represents (taking the upper sign) the qua 
by tvhiuh q, mny be diminished without giving motion to the 
system ; and taking the lower sign it represents the quantity by 
which it must be increased to give motion to it. On the whole, 
then, the above expression represents the effect of the friction of 

If wo suppose both the forces <i and (t' to fict at equal dis- 
tances from the axis as in the pulley, 

+ 2ti'rsin. 



I n' r («+«') sin- i 



(fl + rsin.p)* 
lit the above we have supposed the two forces tending (o tt 
the system aliout its axis to be always parallel to one another, 
and at perpendicnl.ir distances n and a' from the axis. Where 
the forces do not remain parallel, as in the case of the telndlattt 
capalan, &c., the formula given above, for the effect of fri«t"^ 
is itol applica/i/t: 



iVhere 
idlau. 



« of the iviiidlassandcapstiui the effect of the forces 
i n (see fig. Art. 1 ] 7i) is the same as thougli tliey nctett in 
^rcumferences of two concentric circles A P and d q, wliose 




laon centre is that of the axis c. If we suppose no frictio 
, the reaullunt of the forces 
will pass through c. Also, 
c (I heing inversely as the 
s p and «, c Q will reprusent p on 
|^«ame BCiile on which c p repre- 
; and these tines are inclined 
le another precisely aa they would 
f they were perpendicular to the 
! of the forces which they 
)Ktivel_y represent — that is, as if 
e perpendicular to i', and c p 
Hence (see note, page 109), 
esultant of P and q is represented 
_Bitude hy p n. To determine 
jflirectionof the resultant of pand 
J have only to produce their directions to meet in n, and 
The resultant acts through hoth tlie points c and b, 
i, therefore, in the right line c it. 
It is evident that the direction and magnitude of this resultant 
Yary with the relative positions of P and q. It is greatest when 
PC and ftc are in the same right line, heing then equal to their 
sum and parallel to hoth of them. It is least when p is in the 
line (t n and coincides with p'. In this case it is repreaeiited in 
magnitude hy p' % and equals 

V q' — p". 
If we take into account the friction of the axis, it is evident 
that motion cannot ensue until the resultant n c of p and d 
cuts the circumference of the iisis at such a point )■ that the 
angle it makes with c r may exceed the limiting angle of re- 
fiistauce. 



On the Conditions of tub EqciLinitiuu op Tootjiud Wulils, 

TAKiNo INTO ACCOUKT TOE Fbiction OF THE Teltu : (Xote 

on Art. 125.) 

Let I he ihe length of the teeth on either wheel, a and a 
the radii of the wheels. 

Join the points c and c' with Q, Then, when motion is 
about to ensue — the wheel whose centre is at c moving the 
other — (he angle which an' makes, with the perpendicular 
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to c' a, equals the limitiog angle of resistance f. But this angle 
also equals the angle ft c' u'. Therefore, when motiaD is about 
lo ensue under these circumsliuices, 

c'm' = (a' + () COS. P. 

If the cogs be lupposed in contact at their extremities, 
the lengths of the lines c q and c' n are respectirely a + i 
null a' + t ; 

alsocc' =a + a' + I. 

Knowing the thiee sides c 4, c' Q, and c c' of the triangli 
c c' Q, we can find its angle c c' 4. Let this be found, and let it 

.*. / cc'm' = r — o; 

.-. C SC + C' W' = C C* COS. c c' m' 

• = (« + a' + 1) COS. (F - g); 

.'. C M = (a + o + /) COS. (p - g) - (a' + ( ) 003. F; 
.-., by Art. ]25. ifc'4' = 6'cA = 6 
^ „ (a + a- +1) COS. (F - g) - (fl'+ /) cos, f 

6(a' + 0cos.F. 
The above expression gires the true relation between P and 
y in cog wheels, the friction of the wheels being tuken into 
nccount, and that on the axes neglected, The expression may 
be put uuder the form 



JIgIC 

let it 

I 



cos, (f — g) 



1 w 



¥ 



'=fl('+.-47) 

1 {1 +- 7 7) (cos. Q + tan. F sin. o.) — 1 1 w 

ow if the teeth be small compared with the radii 1 
Is, □ is exceeding small, and cos. g may be taken 
ice by reduction we get 

'-bJoTT)^" +(« + "' + ') «"»■ " tan. p}w. 



The Screw. (Note ou Art. 133.) 



It has been shown in a preceding portion of this Appendix 
that the conditions of the equilibrium in the wedge, or moreable 

inclined plane, 



where t is the inclination of the plane, q the resistance, and 
Q the force applied to the back of the plane parallel to its 
base. 



^^^STow, in the screw, Q is supplied (see 6g. page 106) by the 
W action of llie force p at the extremity of a iever p l. 
\ Let PL = a j.n = b: 

^^ .-. p.fl = ci.6j 

I m 
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■■^-6wn.(P+0 
Note ON Abt. 182, 



The conditions of tlie equilibrium of a system of bodies in 
contact have been fullj/ discussed by the author of this work 
in a paper read before the Camb. Phil. Soc. in October, 1833, 
on the principles laid down in Chap. XV,; these, together with 
the theory of the AKcn dependeot upon thera, are here published 
for the first time. 

The theory of the arch presents another illustration of the 
principle of least pressure. The pressures upon the surfaces 
of the abutment and key-stone should, by thiit principle, be 
each a minimum, subject to the condition that they should 
be sufficient to sustain the semi-arch if it formed one con- 
tinuous solid, itnd that the pressure on the key should be 
korixoatal. Now the weight of the semi-arch being given, as 
the pressure upon the key diminishes, that upon the abut- 
ment also diminishes. Also the pressure upon the key tending 
to support either semi-arch results from the tendency of the 
opposite semi-arch to motion, and just equals that tendency. 
It is, therefore, equal to the least force which would support 
the semi-arch ; or it is a minimum, subject to the con- 
ditions, and, therefore, the pressure upon the abutment is also a 
minimum. 

Note os Aut. 270. 

Sl^pposikg the whole surface to be divided into small parts, 
represented by p, PjP, &c., and their depths by 

then the sum of the products of these forces by their depths will 
be 

^1 Pi • ^I + •"• P' ■ ^» + • ■ • 

and calling eg the depth of the centre of gravity, the product of 
that depth by the ivhole surface will be 

Tg . p,-f-p,+p,-i- .'. . 

But l._j- Pro/josition 10 of this ApipetiAix, 
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o^ 



+ P« + ^ + = ^> P; • P^ + ^tPt • ^* 



t\'bic]i is tlic principle stated in the text. 

Note on Abt. 295. 

Let pq and p' q' be positions of the plane of flotation; 
PL Q and p' L q' being the ports immersed, corresponding to these 

positions. 

Let g be the centre of grarity of p L a, and g' that of p' Ld'. 
Also let m be the centre of gravity of Pa p', and w' that of (iflQ. 
Join m m\ and through g draw g h parallel to m m\ 
moment of p' L oi aboutg A = mt. q a q' + mt. q l p— mt. pap'. 
Now, moment of Q l p about g A = o, since gis in that line, 
/. mt. p' L q' = mt. Q a Q' — mt. pap'. 

Also the centres of gravity m and m\ o{ 
pap' and Q a q' are equidistant from g h^ 
and the volumes pap' and Q a a' are also 
equal to one another, since p l q is equal to 
p' L q'; hence, therefore, it follows that the 
moments of these volumes are equal, and, 
therefore, that the moment of p' l q' about 
g h equals o. The centre of gravity g' of 
p' L q' is, therefore, mgh. 
Now let the angle made by p q and p' q! be indefinitely 
diminished. The points g and g' will then approximate inde- 
finitely to one another, and the plane in which they lie being 
parallel to m m' will ultimately be parallel to the plane P ci or 
p' Q^. But these planes are horizontal; the plane in which g 
and g' are found is, therefore, in its ultimate position, a hori- 
zontal plane. This plane is manifestly a tangent plane to the 
surface spoken of in the text. 
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